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Preface 



This is the first book on the title subject. There are many reasons for presenting this book 
to the engineering community at large. Among which are the enormous literature that 
appeared during the past decades on the subject, the new applications of composite 
structures, and the added attention given to vibration issues by engineering customers. 
Many engineering designs are driven by vibrations in today’s engineering environment. 
This book documents some of the latest research in the field of vibration of composite 
shells and plates and fills certain gaps in this area of research. 

The literature on the subject have exploded during the past few decades necessitating 
such a book. This subject received no or little attention three decades ago. In fact, the 
monographs published then on vibration of plates and vibration of shells by Leissa dealt 
mainly with isotropic plates and shells. It touched only briefly on shells other than 
isotropic. New survey articles revealed that the literature on composite shells and their 
vibrations have expanded rapidly since then. In fact, the literature found on shell 
vibrations between 1989 and 2000 was more than all that found prior to 1970. 

Furthermore, laminated composite shells are increasingly being used in various 
engineering applications including aerospace, mechanical, marine, and automotive 
engineering. With the increasing awareness of, and sensitivity to, structural noise and 
vibration, research covering the vibration of composite plates and shells has received 
considerable attention. 

The book is laid down in various chapters. The first chapter is an introduction with 
some historical remarks. The second chapter reviews the various theories used for 
analyzing composite shells. It covers three-dimensional, shear deformation and classical 
shell theories. The equations are written in curvilinear coordinates so that they can be 
easily specialized later for beams, plates and different shell geometries. Less attention is 
given to nonlinear theories or layer-wise theories. The third chapter of the book overviews 
the methods used for analyzing such structural components. In particular, special attention 
is given to linear analysis using the Ritz, Galerkin and finite element methods. These 
methods will be used in the subsequent chapters. 

Chapter four is about vibration of curved beams. This chapter covers the fundamental 
theories used for analyzing composite curved beams and the fundamental equations used 
in each theory. It also presents results for various configurations including different 
boundary conditions and lamination sequences. Emphasis is on the in-plane vibration of 
curved beams. 

Chapter five covers vibration of plates. Fundamental theories are presented. Analysis 
is given for various plates having rectangular, triangular, trapezoidal and circular 
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planforms. Mode shapes are also presented for various rectangular plate boundary 
conditions and lamination configurations. 

Chapter six covers shallow shell vibrations. In addition to fundamental equations, the 
chapter covers analyses made for such shells on rectangular, triangular, trapezoidal and 
circular planforms. The interesting problem of rectangular lamination, which leads to 
rectangular orthotropy, on a circular planform is also discussed. 

Cylindrical shells are the subject of Chapter seven. Theories and the accompanying 
equations are presented for these widely used structures. Results are presented for open and 
closed cylindrical shells having circular cross-section. Closed cylindrical shells with non- 
circular cylindrical cross-section are also treated. This chapter also covers shells with initial 
curvature in the axial direction of the shells. Such shells are often referred to as barrel shells. 

Other shells, mainly spherical and conical shells are the subjects of Chapters eight and 
nine. Fundamental equations are presented. Results for selected shell configurations and 
boundary conditions are also presented in these chapters. 

Literature on complicating effects is presented in Chapter ten. These include dynamic 
loading, thermal stresses, rotating, stiffened, imperfect, piezoelectric, damped and visco- 
elastic structures. Classical complicating effects like shear deformation consideration is 
covered in earlier chapters and is not treated in this chapter. Literature treating shells 
imbedded in (or filled with) elastic or fluid media is also reviewed. 

This book is intended to be a reference for researchers in the field and practicing 
engineers. It can also be used as a text book, or a reference book, for a graduate course on 
plates and shells, composite structures or vibrations of continuous systems. Prior courses 
on vibrations, elasticity, variational methods, plates and shells and composite structures 
are beneficial before treating this book. 
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I thank first Dr. Leissa, adjunct professor at Colorado State University and Professor 
Emeritus at Ohio State University, whose guidance and encouragement was vital for 
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Chapter 1 

Introduction 



The use of laminated composite plates and shells in many engineering applications has 
been expanding rapidly in the past three decades. This resulted in considerably more 
research and interest in their dynamic behavior. In fact, a 1973 monograph by Leissa 
(1973a) that reviewed shell vibration research up to that point and included about 1000 
references listed only few (less than 20) articles that touched on composite shells. A 
similar observation can be made on plate vibration research (Leissa 1969). As can be seen 
from the list of references in a recent survey article by the author (Qatu 2002a); 
approximately 400 papers are listed between 1989 and 2000 alone on composite shell 
dynamics. Additionally, homogeneous shells received the attention of approximately 600 
articles during the same time (Qatu 2002b). 

Structures composed of composite materials offer lower weight and higher strength 
and stiffness than those composed of most metallic materials. That, coupled with advances 
in the manufacturing of composite materials and structures, gave them a competitive edge 
when compared with normal engineering materials and led to their extensive use. 
Composite plates and/or shell components now constitute a large percentage of recent 
aerospace and submarine structures. They have found increasing use in areas like 
automotive engineering and other applications. In this chapter we will review some 
historical aspects of the theory and applications of composite plates and shells as well as 
their vibration behavior. 



1.1. HISTORICAL REMARKS 

The discussion in this section is intended to review the historical development of the 
subject at hand. It is neither meant to be comprehensive nor complete. Rather, it only 
introduces the reader to some of the early developments in mechanics which were used as 
the foundation for treating vibration of composite structures. 



1.1.1 Development of the theory of plates and shells 

Bernoulli developed the first accurate equation for beams as early as 1735 (Soedel 1993). 
His equations led to interesting discussion with Euler and solutions to several beam 
boundary conditions. The equations developed by Bernoulli assume pure bending, and 
thus, both axial and shear deformations were ignored. It is now known that such equations 
are valid for thin beams undergoing small deformations. It was noted as early as 1877 that 
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rotary inertia terms are important in the analysis of vibrating systems by Rayleigh (1877). 
More than 40 years later, Timoshenko (1921) showed that shear deformation terms are at 
least as important. 

The first accurate treatment of plates can be attributed to Germain (1821) and 
Lagrange (1811) early in the 19th century. A good historical review of the development 
can be referred to in the books of Soedel (1993) and Timoshenko (1983). This theory is 
now referred to as the classical plate theory (CPT). It uses the pure bending concept of 
plates in the development of the equation, where normals to the midsurface remain 
straight and normal. It is valid for small deformation of thin plates. The inclusion of shear 
deformation in the fundamental equations of plates is due to Reissner (1945) and Mindlin 
(1951). Theories that account for shear deformation are now referred to as thick plate 
theories or shear deformation plate theories (SDPT). 

The first accurate shell theory may be attributed to Love (1892). In this theory, Love 
introduced his first approximation for bending analysis of shells. This approximation 
defines a linear analysis of thin shells, in which various assumptions were introduced. 
Among these assumptions, strains and displacements are assumed to be small such that 
second and higher order terms can be neglected. In addition. Love assumed the thickness 
of the shell to be small compared with other shell parameters, the transverse stress to be 
small compared with other stresses in shells, and normals to the undeformed surface to 
remain straight and normal to the deformed surface. Since then, other shell theories were 
introduced that were based on the same Love’s approximation but differed in the detailed 
derivation. 

Since the introduction of these shell theories, inconsistencies appeared in many of 
them. Leissa ( 1973a, b) reported some of these inconsistencies with regard to rigid body 
motion and unsymmetric differential operators. To overcome some or all of these 
inconsistencies, various theories were introduced including that of Sanders (1959) and 
Vlasov’s (1949). Among the additional developments that should be stated are the work of 
Reissner (1941), Novozhilov (1958), Timoshenko and Woinowsky-Krieger (1959), 
Flugge (1962), Donnell (1976) and Mushtari (1961). Review of these developments and 
theories can be found in the monograph by Leissa (1973a,b) and the books by Kraus 
(1967) and Soedel (1993). 

Since then, researchers realized that for thick beams, plates or shells, both rotary 
inertia and shear deformation have to be included in any reliable theory of such 
components. Various studies, however, like that of Koiter (1967) and Gol’denveizer 
(1961), concluded that for thin and moderately thick shells, the transverse normal stress 
remains small compared with other stresses in the shell. The inclusion of shear 
deformation (and rotary inertia) led to a necessary relaxation of some of the assumptions 
in Love’s first approximation, and shear deformation shell theories were born. Among the 
first of such theories were those of Vlasov (1949), Reissner (1941) and others. 
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1.1.2 Development of the theory of laminated plates and shells 
Among the first to work on composite plates was Smith (1953). He analyzed the bending 
behavior of a two-layer rectangular plywood plate in which the fibers of the layers are 
oriented at angles + 0 and —0 to the axis of the plate. A consistent theory for 
symmetrically laminated plates was presented by Reissner and Stavski (1961). There is 
evidence that some Russian scientists may indeed have considered the problem earlier. 
Ambartsumian (1961, 1970) and Lekhnitski (1968), published probably the first books in 
the area of composite plates and shells. They presented the fundamental equations and 
solved for stresses and deformation under static loads. Librescu (1976) covered areas of 
stability and flutter. Vinson and Sierakowski (1986) presented analysis of composite 
beams, plates and shells, while Whitney (1987) analyzed laminated plates. 

The beam, plate and shell theories used for isotropic materials need further treatment 
when composite materials are in consideration. This is because such materials offer higher 
shear deformation than typical metallic materials. Also, laminated structures introduce the 
stretching -bending coupling phenomenon (when the lamination is unsymmetric) and new 
coefficients need to be determined. Such coupling exists for isotropic shells and curved 
beams and does not exist for straight beams or flat plates. 

The inclusion of shear deformation was made for beams by Timoshenko (1921) and 
expanded for plates by Reissner (1945) and Mindlin (1951). It was shown as early as 1970 
that shear deformation effects are higher for laminated plates than they are for isotropic 
ones (Whitney 1969; Whitney and Sun 1973; Pagano 1970; Srinivas et al. 1970). 

Orthotropic cylindrical shells were considered by Dong (1968) and Rath and Das 
(1973). The latter presented equations that included rotary inertia and shear deformation. 
Among other shear deformation theories developed for shells are those of Reddy 
(1984a,b) and Librescu et al. (1989a,b). The latter included higher order terms as did Lim 
and those obtained by Liew (1995a,b). Such theories ignored the trapezoidal shape of the 
shell cross-section in the integration of the stress resultant (i.e., the 1 + z/R term). Leissa 
and Chang (1996) did consider this term but truncated it using a geometric series 
expansion. Qatu integrated the term exactly for curved beams (Qatu 1993a, b) and shells 
(Qatu 1999a). 

In addition to the previous articles, more recent literature on composite shell 
vibrations research can be found in various conference proceedings and journals. Other 
review articles like those by Kapania (1989), Qatu (1992b), Noor and Burton (1990), and 
Noor et al. (1991) covered much of the research done in the earlier decades (prior to 
1990). Liew et al. (1997a, b) reviewed the literature on shallow shell vibrations. Soldatos 
(1999) reviewed the literature on non-circular cylindrical shells. Computational aspects of 
the research were covered by Noor et al. (1996) and Noor and Venneri (1992). 

This book will focus only on the linear free vibration of composite shells and plates. 
Curved beams are also covered. Other subjects of research like shell buckling, 
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postbukling, and stress analysis are not included in this book, although much of the 
fundamental equations and analyses can be expanded to these classes of problems. 



1.1.3 Vibration of composite shells and plates 

This book presents a unified treatment of the theories being used. These theories include 
thin and thick beam/plate/shell theories (including three-dimensional theories), shallow 
and deep shell theories and others. The book focuses only on linear analysis. Most theories 
are classified based on the thickness ratio of the element being treated (defined as the ratio 
of the thickness of the structural element to the shortest of the span lengths or radii of 
curvature for shells and curved beams), its shallowness ratio for shells (defined as the ratio 
of the shortest span length to one of the radii of curvature or vice versa), and the 
magnitude of displacement (compared mainly to the shell’s thickness). Fundamental 
equations are listed. Comparisons among various theories are also made. 

The book also overviews a few methods used frequently in the vibration analysis of 
laminated beams, plates and shells. Among the methods being used are exact methods, the 
Ritz method, finite elements and others. Various geometries of plates and shells are 
considered. Plates (and shallow shells) can have various planforms including rectangular, 
triangular, circular and others. Among classical shell geometries treated in this book are 
the cylindrical, spherical and conical shells. 

The book also reviews recent advances regarding several complicating effects to the 
problem at hand. The classical complicating effects of anisotropy and shear deformation 
are naturally a part of the context of the book. Other classical complicating effects include 
added mass and spring, and elastic supports. Recent articles showed specific attention to 
geometric imperfection, piezoelectric materials, initial stresses and rotating condition of 
the shell as well as others. 



1 . 2 . FUNDAMENTAL EQUATIONS OF ELASTICITY IN RECTANGULAR 
COORDINATES 

The fundamental engineering question in mechanics is to determine the fundamental laws 
that govern the motion (or deformation) of engineering bodies as a result of the 
application of external (and internal) loads. Once determined, the motion and/or 
deformation of engineering bodies can be predicted under a given set of loading and 
boundary conditions for a specified body. The approach followed in mechanics is to first 
relate the external forces to internal stresses (or stress resultants) through external to 
internal force and moment equilibrium. This analysis and the resulting equations will be 
referred to as kinetics. Second, the deformation of the engineering body is related to 
engineering strains or “average” deformation. This analysis and the resulting equations 
are referred to as kinematics. Once the state of stress and that of strains are determined 
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independently, the constitutive (i.e., stress- strain) relations can be used to complete 
the set of equations needed to solve the problem. Solution to the problem is nothing 
but finding the deformation (and/or motion) of an engineering body as a result of the 
application of forces and/or moments. It is assumed here, unless stated otherwise, that 
the materials are perfectly elastic. In this section, we will cover the fundamental equations 
that govern the mechanics of elastic laminated bodies in rectangular coordinates. 



1.2.1 Kinematic relations 

It is assumed that the structure being treated has enough constraints to prevent rigid body 
motion. The only displacement within the body treated here is related to its deformation. 
Furthermore, only small deformations (and rotations) are treated here. The deformation of 
the body is broken into components u, v and w parallel to the a, (3 and z coordinates 
(Figure 1.1). 

Consider a simple differential element of a body with the point O as its origin 
undergoing the deformation u. v and w. The displacement of an adjacent point A along the 
a-axis is u + ( du/da)da . The increase in length of the element OA is thus (du/da)da. The 
unit elongation (or strain s a ) in the a direction then becomes (du/da). Similarly, the unit 
elongation in the [3 and z directions are (9v/9/3) and (9w/9z), respectively. Hence, the 
strain displacement relations can be written as 

9m 

S n — — 

da 



e /3 = 



9v 

fh6 



( 1 . 1 ) 
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9 w 
9z 




Figure 1.1. Simple differential elements in rectangular coordinates. 
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Taking a top view of the first differential element (Figure 1.1), the deformation of point 
A along the a-axis in the [3 direction will be v + (9v/9a)da. Similarly the deformation of 
a point B along the /3-axis in the a direction is u + Giu/i) [3)d[3. The distortion of the right 
angle at point O is ( dv/da + 9m/9/3), which is defined as the shear strain in the a(3 plane. 
Similarly, shear strains can be found in the az and [3z planes 
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1.2.2 Stress-strain relations 

In order to derive stress- strain relations, consider a laminated composite thin structure 
constructed from very thin layers of composite material laminae. The materials of each 
lamina consist of parallel, continuous fibers of one material (e.g., glass, boron, graphite) 
embedded in a matrix material (e.g., epoxy resin). The matrix material has the primary 
purpose of transferring shear stress between the fibers as needed. Unless stated otherwise, 
we will make the following assumptions: 

1 . The fibers are parallel to the upper and lower surfaces of their layer within the shell, 
plate or beam. 

2. The fibers do not follow straight lines for shells or curved beams. Instead, the curvature 
of these fibers follow that of the shell maintaining the same distance from the upper and 
lower surfaces. 

3. The angle between the fibers in one layer to those in another layer remains constant. 

Plates and shells can have various types of orthotropy depending on the fiber 
orientations. The fibers may follow rectangular orthotropy. This can happen when one 
finds a rectangular coordinate system for each layer where the fibers in that layer are 
parallel to one coordinate and perpendicular to other coordinates. This defines rectangular 
orthotropy, as compared with circular or polar orthotropy. In the latter, for each layer there 
exist polar coordinate systems where the fibers are either in the radial or tangential 
directions. This consideration will introduce a fundamental concern in the formulation of 
the problem which is no longer a function of only the boundaries or the geometrical shape. 
The material and its orthotropy must be considered in the formulation of the equations at a 
fundamental level. A challenge will rise when a circular plate, for example, is made out of 
materials having rectangular orthotropy. The analyst then faces the problem of whether to 
formulate the problem using rectangular or polar coordinates. Such problems are seldom 
treated analytically. A treatment will be introduced later in this book for such plates. 
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On a macroscopic level, each layer will be regarded as being homogeneous and 
orthotropic. However, the fibers of a typical layer may not be parallel to the coordinates in 
which the equations are expressed. This yields anisotropy at the macro-level of the 
laminate. 

For an orthotropic layer, the stress- strain relations can be presented in terms of the 
layers’ fiber directions (or coordinates) in three dimensions as 
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Note that we described the fiber coordinates of the laminate as 1 and 2, where direction 1 
is parallel to the fibers and 2 is perpendicular to them. The material constants <2y are 
defined in terms of the material properties of the orthotropic laminae. 
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(1-4) 



where £ n , E 22 and E 22 are moduli of elasticity in the 1, 2 and 3 directions, respectively; 
Gi 2 , G 23 , and Gi 3 are moduli of rigidity and Vy (i. j = 1, 2, 3 ,i¥= j) are Poisson’s ratios. It 
should be noted that the Poisson’s ratios are governed by the equation n, ; - / E u = v^/E^. 
There are only nine independent material properties for each layer. These are E n , E 22 , 
E 331 G\ 2 , G 23 , G 13 , V\ 2 , V 2 3 an d v n- 

Consider a stress element shown in Figure 1.2. The orientation of the fiber makes the 
angle 0 with the rectangular coordinates a and (3. The transformation of stresses (and 
strains) from the 1, 2 coordinates (Figure 1.3) to the a[3 coordinates can be performed by 
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using the transformation matrix T. This matrix is 
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where in = cost 0) and n = sint 0). Note that the inverse of the transformation matrix T can 
be found by replacing 0 with — 6. The transformation from fiber coordinates 1 and 2 to 
global coordinates a and [3 can be done now as follows: 
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The stress- strain relationship for a typical nth lamina (typically called monoclinic) in a 
laminated composite shell becomes 
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where as discussed earlier, cr al cr p, and <r are normal stress components; <r az , cr^,, and cr a p 
are shear stress components; e a , e^, and e, are normal strain components and y a p, 
y az and y^, are the engineering shear strains. The positive directions of the stresses are 
shown in Figure 1 .2. 

The constants Qy are the elastic stiffness coefficients, which are found from the 
equations 

IQ] = [T]- l [Q][T] (1.8) 




Figure 1.3. Coordinate systems of fiber reinforced materials. 
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Performing the matrix multiplication in the above equation, the stiffness coefficients 0,y 
can be written as 

0n = Q\\m 4 + 2(0 12 + 2 Q 66 )nm~ + 0 2 2 n 4 
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1.2.3 Equations of motion and boundary conditions 

The equations of motion can be derived directly from Newton’s second law of motion, 
where the sum of forces is equal to the mass multiplied by the acceleration. Consider the 
stress differential element shown in Figure 1.4. 

Consider also body forces in each of the three direction. In order to get the forces on 
each plane, one needs to multiply each stress vector by the area upon which it is acting. 
Summing the forces first in the a direction yields 

- cr a d/3 dz + ( (T a + da )d/3 dz 
V da J 

-o- afj dadz+(o- a i3+ ^^-dpjdadz ( 1 . 10 ) 
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Note that dV = da d/3 dz, where V is volume. Divide the above equation by dV. It yields 
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a z +(3o z /3z) dz 



ap z +(acp z /3z) dz 
Ci (jy'-(i)Ct :j : J dv. j dz 




Similarly, summing the forces in the (I and z directions yield the other two differential 
equations 

da a o 0CTo 0 2 V 

^ = PTp 

da 0/3 dz p 0 1 ^ 

d(T az do-fc 0£T _ 0 2 w 

~Z !“ “TZy + ~Z 1“ 1z — P^TTT 

0 a d/3 dz dt~ 

The boundary terms have to be obtained by physical arguments. For the boundaries with 
Z = constant, these boundary conditions are 

a- 0 , — <r, = 0 or w° = 0 

ctq^ — cr az = 0 or u° = 0 (1.13) 

a opz — cr az = 0 or v° = 0 

where a 0z , a Qaz and a 0 p z are surface tractions and u°, v° and vr 0 are specified displacement 
functions at z = constant. Similarly for the boundaries a = constant and /3 = constant. 
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A three-dimensional element has six surfaces. With three equations describing boundary 
conditions at each surface, a total of 18 equations can be obtained. 

It should be mentioned that the above equations are developed for single-layered 
bodies. For multiple layered shells (Figure 1.5), the subject of this book, both 
displacements and stresses have to be continuous going from the layer k to the next 
layer k + 1 in a laminate having N number of layers. The following conditions should be 
met to ensure that there are no free internal surfaces (i.e., delamination) between the 
layers. 
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for k = — 1 (1.14) 



1.2.4 Conditions of compatibility 

Studying Eqs. (1.1) and (1.2) closely, one finds that there are three independent unknowns: 
n, v and w. There are, however, six equations. One immediately concludes that the strains 
cannot be independently defined. There are conditions that should be set on these strains to 
assure unique displacement functions u, v and w. These conditions can easily be found. 
For example, derive the first equation in Eq. (1.1) twice with respect to [3. and the second 
twice with respect to a. This yields 

d 2 e a d 3 u 

d/3 2 ~ dad/3 2 
d 2 Sp 9 3 v 

da 2 d (3 d of 



(1.15) 
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Taking the derivative of the first equation in Eq. (1.2) with respect to a and (3 yields 

(1.16) 






a 3 v 



d 3 u 



da d [3 9 a“ 9/3 9/3" da 



Eqs. (2.15) and (2.16) show that 

d 2 s a 9^ = d 2 y af} 

9 /3 2 9 a 2 9 (3 da 



(1.17a) 



which is a constraint that should be met by the strain field. Similarly, the remaining 
compatibility equations can be derived. These are 



9 2 s a d\ = 9 2 y a , 

9 z 2 da 2 dzda 

9 2 e z p = 

9 / 3 " dz 2 df3dz 

2 9 2 e a = 9 ( dy a p 9y a - _ dyp z \ 
d(3dz da\ dz 9/3 9/3 / 

2 9 2 s/i = fSTai _ dy pz \ 

dadz d(3\ dz 9/3 9/3 / 

2 9 2 e ; = 9 / dy gfs 9y^ 9y fr \ 

9a 9/3 9z\ dz 9/3 9/3 / 



(1.17b) 



The above equations are sufficient to ensure the existence and uniqueness of a set of 
displacement functions that correspond to a given set of strains. These equations are 
important when the set of solution functions are “guessed”. If these guessed solutions are 
in terms of displacements, as is usually done in vibration problems, the equations of 
compatibility are identically satisfied. If these functions are in terms of stresses or strains, 
the above equations are needed to assure unique displacement fields. 



1.3. ENERGY AND VARIATIONAL PRINCIPLES 

Energy and variational principles offered great simplification to many derivations of 
fundamental equations in elasticity. They also have been used to introduce and implement 
approximation techniques for structural systems. Energy and variational principles are 
covered in many textbooks (Lanczos 1986; Reddy 1984b). In this book, we will introduce 
the definitions for strain energy, external work and kinetic energy. We will also show how 
Hamilton’s principle can be used to derive the equations of equilibrium and boundary 
conditions. 
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1.3.1 Strain, potential and kinetic energy 

Strain energy is defined as the work done by the internal stresses as they cause elongation 
or shear strains. For a stress element undergoing three-dimensional deformation (and 
exposed to three-dimensional stresses), the strain energy is 




(a a e a + o-pEp + cr z E z + cr afi y af} + cr az y az + a Pz y Pz )da d/3 dz 



(1.18) 



Eqs. (1.1) and (1.2) can now be substituted in the above equation to write the energy 
functional in terms of stresses and displacement. 



U = 



cr, 



du 

da 

du 

9/3 



dw 

P 0/3 z dz 

0W dll \ 



( 0V du \ ( dw dll \ 



y az ' 



n^ + te)r d ' 5d: 



(1.19) 



Note that the strain energy can also be written in terms of strains by substituting Eq. (1.7) 
in Eq. (1.18). 

The work done by body forces (additional energy input to the system) is defined as 



W = 



[uq a + vqp + wq.Jda d/3 dz 



(1.20) 



The work done by traction forces can be found from various books on elasticity 
(Timoshenko and Goodier 1970). The kinetic energy (for constant density p) is 




(T / 9« \ 2 ( dv\ 2 (dw\ 2 

) U) + U) + U) 



do? d/3 dz 



( 1 . 21 ) 



The use of the above energy expressions is illustrated through the discussion of 
Hamilton’s principle. 



1.3.2 Hamilton’s principle 

Hamilton’s principle is a general principle that applies to a large class of problems in 
mechanics. It can be viewed as an axiom, from which other axioms like Newton’s second 
law, can be derived (Soedel 1993). Let us define the potential energy to he II = U — W, 
and the Lagrangian as the function L = T — TI = T — U + W. Hamilton’s principle states 
that the actual displacement that the body actually goes through from instant t x to instant 
t 2 , out of many possible paths, is that which achieves an extremum of the line integral 
of the Lagrangian function. This is achieved if the variation of the time integral of 
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the Lagrangian is set to 0: 



»r 



(T+W - U)dt = 0 



J t 0 



( 1 . 22 ) 



Hamilton’s principle can be used to find the compatible set of equations of motion and 
boundary conditions for given stresses and strains. This is done by substituting the 
equations for strain energy ( U ), external work ( W ) and kinetic energy ( T) . into the above 
equation, performing the integration by parts, and setting the coefficients of the 
displacement variations (also called virtual displacement) equal to 0. The Lagrangian for 
the three-dimensional elasticity problem in rectangular coordinates (subjected to body 
forces) is 



L=T — n=T— U + W 



II 



{© + (^) + (^) }+ { u q a + vqp + wq z } 
If du dv dw ( 

-2V r ''to +(r ‘ > ap +(rt te +a ‘*( 

( 9 w du \ 

+ 9a + ) yaz + 



9v du \ 
9a + 9/3/ 



( 9>v 9v V 

alJj 



da d/3 dj (1.23) 



Applying Hamilton’s principle yields 



(T+W - U)dt = 0 
P 



f |JJ 



(Id u d8u \ / 

+{q a 8u + qp8v + q z 8w] 



9v 9Sv \ I dw 9Svv’ 



dt dt ) \ dt dt 



I dw 0Sw \] 
\~dt~~dt~ )\ 



f 9 8u 


9 8v 


9Svv / 


' 0§v 


0 8u \ 


j 'Li — 
f 9 a 


+ CT ^ 


+ + a a f}\ 


„ 0a + 


~dP) 



da d/3 dz dr 



I d8w 


0 8u ' 


\ 1 


' 05w 


dSv V 


\^ + 


07 , 


j y az 




~9zT /. 



(1.24) 
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Taking the integration by part yields 



(T+W-U)dt = 0 



i)u , 0n> V 1 "I 

— 8«H 8vH 8w}- dad/3dz 

a * Sr dt J J 



iadfidz 



f 

J to 



+ 



(T„$U 



Sn^da 
0 a 



b-JJ{ 



cr fi 8v ■ 



I i j | C {(s' , S) 8 “ + 

+p £ 

J J J {q a §u + qp Sv + (? z 8w}dc 

III 
+JJ! 

+n{< 

L l-n{< 



0 (To ~) 

8v'^-^-d/3jdadz 



( t z 8vr — 



Sw-^dzlda d/3 + 



0z J 



f 



r a/3< 



a(3 



8v — 



8v- 



dcr, 



a/3 



(T az 8vv - 



8w- 



0a J 
0(7, 



VfSz 8w- 



0cr, 



dajd/3dz+ 1 1 |(7 a , 8n - 
L dajd^dz+ Hjcr^ 8v - 



8 u -) d/3jdadz 

8 u — — dz}dad/3 

0Z J 

8v — — dzlda d/3 

3z 3 



8w — ^d/3j-dadz 
0/3 



dr 



(1.25) 



Assuming zero variations at the beginning and end of the time interval; and collecting the 
coefficients of the terms 8 u, 8v and 8w yields 



(T+W-U)dt = 0 

) 

dcr a 0 (T a p 0 &(x 



nil 



0a 



0/3 



0Z 



S O’ap S tip 0(70, 



0a 



0/3 



0Z 



H 



9 (Taz 9 (7, 



0a 






Pz . S(7 Z 

0/3 + 0Z qz * ^ 



dad/3 dzdr + B.T. 



(1.26) 



where B.T. are terms resulting from energy values obtained by traction forces at the 
boundaries. Setting the coefficients of 8 n, 8v and 8w to 0 yields the equations of motion. 
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Hamilton’s principle has proven to be useful in deriving the equations of motion of 
complicated systems (like shells). Its power is in the straightforward mathematical task 
that needs to be done, once the energy functionals are defined. We will use this principle in 
the upcoming chapters to derive the equations of motion as well as the proper expressions 
for boundary conditions. 

The material covered in this chapter introduces fundamental equations for laminated 
structures and the fundamental principles used in mechanics to treat such structures. The 
books of Vinson and Sierakowski (1986), Lekhnitski (1957) and Whitney (1987) as well 
as others are necessary for a more fundamental treatment of composite laminates. The 
books of Timoshenko and Goodier (1970) and Saada (1987), as well as others, on 
elasticity are necessary for detailed treatment of the subject. The books of Lanczos (1986) 
and Reddy (1984b) as well as many other texts may be needed for a more fundamental 
treatment of variational principles. 




Chapter 2 

Shell Theories 



This chapter will focus mainly on shell theories. The treatment of plates and beams will be 
presented later as special cases of shells. In other words, when certain simplifications are 
made, the shell equations collapse to those of plates and/or beams. Both plates and beams 
are discussed in independent chapters later. 

Shells are three-dimensional (3D) bodies bounded by two, relatively close, curved 
surfaces. The 3D equations of elasticity are complicated when written in curvilinear, or 
shell, coordinates. Most engineers who dealt with shells tried to simplify such shell 
equations by making certain assumptions for particular applications. Almost all shell 
theories (thin and thick, deep and shallow, etc.) reduce the 3D elasticity problem into a 2D 
one. This is done usually by eliminating the coordinate normal to the shell surface in the 
development of the shell equations. The accuracy of thin and thick shell theories can only 
be established if the results obtained by these theories are compared with those obtained 
using the 3D theory of elasticity. 

A summary of the equations of laminated composite shells will be made in this 
chapter. In particular, the strain -displacement equations, the stress-strain equations and 
the equations of motion will be described. These equations and the associated boundary 
conditions constitute a complete set of equations. 

The development of shell equations matured over the last century. The expansion of the 
shell equations to laminated composites occurred mostly in the second half of the 20th 
century by mainly a group of Russian researchers. The method that is followed in this 
chapter is to start with the 3D elasticity theory in curvilinear coordinates. This is followed 
by introducing the necessary assumptions to reduce the 3D elasticity equations to those 
which take simpler forms and are applicable to beams, plates and shells. 



2.1. THREE DIMENSIONAL ELASTICITY THEORY IN CURVILINEAR COORDINATES 

A shell is a 3D body confined by two surfaces. If these surfaces are parallel, the shell will 
have a constant thickness. In general, the distance between those surfaces (i.e., the 
thickness) is small compared with other shell parameters like length, width and radii of 
curvature. In this section, the equations of the 3D theory of elasticity in curvilinear 
coordinates are presented. 

2.1.1 Theory of surfaces 

It will be assumed here that the deformation of the shells is completely determined by the 
displacement of its middle surface. This, by itself, does not add constraints to the 3D 
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theory of elasticity. However, this will simplify the treatment of the shell structure by 
taking the coordinate system to be at the middle surface of the shell. Let the equations of 
the undeformed surface be written in terms of the coordinates a and (3 by the vector 

r = r(a, (3) (2.1) 

The increment of the vector r moving from the point (a, /3) on the surface to the point 
(a + d a, (3 + d/3) is (Figure 2.1) 

dr = r a da + r p d/3 (2.2) 

The arc length of the surface between the two points is 

d.s 2 = dr- dr = A 2 da + 2 AB cos * (da)(df3) + B 1 d/3 2 (2.3) 

where 

A = r a -r a , B~ = r p-r p, and AB cos \ = r ,a' r ,p 

The right hand side of the above equation is called the “first fundamental form” of the 
surface. The angle x between the coordinates a and (3 and the unit vectors tangent to the 
surface coordinates are 

X=cos~ 1 (l y lp) 

i,a = rjA (2.4) 

L/3 = 




Figure 2.1. Coordinates of the shell's middle surface. 
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The unit vector normal to the surface is defined by 

i„ = l ,a X ijs/sin \ (2.5) 



The second quadratic form concept of a surface comes up when one finds the curvature of 
a curve on a surface. If r = r(s) is the equation of a curve on the surface with s being the 
arc length, the unit vector tangential to the curve is 



df _ 


da 


d/3 




d^ 


+ d. 



(2.6) 



The derivative of the above vector gives the curvature, according to Frenet’s formula 
(Kreyszig 1993) 



df N 
d.v p 



(2.7) 



where 1 / p is the curvature of the curve and N is the unit vector of the principal normal to 
the curve. 

Substitution of t into the above equations yields 




( 2 . 8 ) 



If cp is the angle between the normal i n to the surface and the principal normal to the curve 
N\ then 

cos (</>) = i n -N (2.9) 

Multiply both sides of Eq. (2.8) by i„ (and noting that i n -r a = i„-r p = 0) yields 

cos </> _ L(da) 2 + 2M(da)(d/3) + N(d/3) 2 fr) lm 

p d^ 2 ' ' 



where 

i ■ ' .aa'in ■ f ,ap‘in 1 ,pa'im and N i .pp'i/i • 



The numerator of the above equation’s right hand side is called the “second quadratic 
form”, and L, M and N are its coefficient. 

The above equation is instrumental in finding the normal curvature. The direction of 
the vector i n is the positive normal to the surface, opposite to the vector N. then <p = tt is 
used, yielding 

1 _ L(da) 2 + 2M(da)(d/3) + N(d/3 ) 2 
R ~ A 2 (da) 2 + 2 AB cos *(da)(d/3) + B 2 (djS) 2 



( 2 . 11 ) 
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The curvature values of the a and [3 curves are obtained by setting (3 = constant and 
a = constant, respectively. This yields 



1 _ L 1 _ _ N 

R^ ~ A 1 ’ ~Ro ~ & 



(2.12) 



and the twist curvature of the surface is 



1 _ _ M 

R a p AB 



(2.13) 



The second derivatives of the vector r can now be performed and written in the matrix 
form as follows 



,aa 




n i 


r 2 

1 11 


L 


,a/3 


= 


r/ 2 


r 2 

1 12 


M 


\p(3- 




(N 

c 

1 


r 2 

1 22 


N 



(2.14) 



r 2 
12 



r j, is 


the Christoffel 


symbols. 


which can 


1 9 A 




A 


9A 


r 1 

i 12 


1 9A 


A 9a 


5 -^11 = 


5 1 


0/3’ 


“ A 0/3’ 


1 05 




B 


05 




1 05 


5 9a 


II 

C4 

c 


“a 1 


0a’ 


^22 


“ 50/3 



(2.15) 



Since i n -i n = 1, taking the derivative with respect to a and (3 yields 



hi ' hi.!: in in.fi ® (-. 16 ) 

Furthermore, deriving the expressions i„-r a = i n -r p = 0 with respect to a and [3 and 
substituting them into the expressions of L. M and N in Eq. (2.10) yields 



M = = -Yffino, (2.17) 

N = -r,/3-in,i3 



Using Eqs. (2.12) and (2.13) with the above expressions yields the Weingarten formulas 



- A - A - 

hi, a D l a T “ Ip 



R a R aj 3 

_ B - B - 
in.J3 — ip + D U 



R 



a/3 



(2.18) 




Shell Theories 



27 



The derivatives of the unit vectors in Eqs. (2.4) and (2.5) can now be found by using 
Eqs. (2.14) and (2.18). They can be written as 



a 

da 




0 -1^ 

b a/3 

— — 0 
b a/3 




a 

a£ 




A A 

R a R(xf3 

o A 9 * 

A 9 a 

1 M Q 
A da 




B 

R afi 

B 

ifa 



B B 

R afi R fi 



(2.19) 



In addition, the following identities can be established 



(ia.a).fi (ia.fi) .a 

(ifi,a),fi = (ifi.fi), a 
(in.al.fi (in.fi). a 



(2.20) 



Using Eq. (2.19) and the above identities, one obtains 



a 


( A \_ 


1 dA 




1 


a / 


' B 2 \ 


a/3 


\ Ra) " 


~Rp a/3 


+ 


B 


3a y 


. R afi / 


a 


( b V 


l a b 


1 


1 


a j 


( — ) 


8a 


UJ 


R a da 


~r 


X 


a/ 3 ! 


[ R afi ) 


a 


/ 1 dB s 


1+ 8 ( 


i 


dA 


\_ 


AB 


3a 


\A fla, 




B 


a/3 


r 


R a R , 



AB 

Wfi 



( 2 . 21 ) 



The first two of the above equations are know as the Mainardi-Codazzi equations, and the 
last is known as Gauss characteristic equation. 

If one assumes an arbitrary vector 

U = U a i a + Upip + U n i„ 



( 2 . 22 ) 




28 



Vibration of Laminated Shells and Plates 



Taking the derivative of the above vector with respect to a and (3, respectively; and using 
Eq. (2.19) yields 



U„ = 



(u aa + — 

( 



- 9A A 

^ — u p +—u h 



B 9a 



R r . 



+ I u„ „ — — U„ — 



R 



a/3 



) >a + ^ 

'fi)'" 



1 9A A 

Up ’ a Bdp Ua+ R^ Ul 






(2.23) 



/ 1 i)B 

U *-[ U ‘* A 9a ^ 



B 



B 



R 



a/3 



+ ( U n,b J-U, 



B 



R 



a(3 



nj*a +\Up,P 
i i ^ in 



1 c)B B 

Ad^ Ua+ R~ Un 



Jb 



These equations will be used in Section 2.1.2. 



2.1.2 Kinematic relations 

Consider a point on the midsurface of the shell with the coordinates (a, (3, 0). The position 
of the point is r 0 (a,/3) before deformation and 7 J {) (a. [3) after deformation. The 
displacement vector at the point is defined as 

r' 0 (a, P) = ?o(“> P) + U 0 (2.24) 

The deformation at the point can be represented by the displacement vector 



Uq — u Q i a + v 0 ip + wq/,, 



(2.25) 



where i a . ip, and i„ are unit vectors in the a, P and z directions, respectively. 

Consider an arc length parallel to the a curve and denote that as d s Qa (= A da). This 
arc length will become d,v( )fl (= A' da) after deformation. The extensional strain is now 
defined as 



e 0 a 



( tl* 1 * 0a ^0a) 

d^Oa 



K-A) 

A 



or A — A( 1 + fiQa) 



(2.26) 



The following equation for strain at the middle surface can now be obtained by deriving 
Eq. (2.24) and dividing it by A. 

(1 + e 0 a )i' a = i a + 



A 



(2.27) 
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Assume that the rotation of the shell about its normal is small; or i' a -i a = 1. 
This assumption allows us to neglect nonlinear terms in the subsequent derivation. 
It will also allow us to refer the analysis to the original configuration of the shell. 
Then 



U, 



£ 0 a 



0,c* ~t 



(2.28) 



The term Uq a is defined as in Eq. (2.23). Similarly, one can obtain 



s 0/3 



U, 



0,13 7 



B 



U, 



e 0af3 



0,a 1 



e 0/3< 



Uq,p -t 

= -•!„ 

B a 



(2.29) 



Uo,a - . Uq q -> 

or yOa/3 ~ 



U() a - 

TO az 'in T U(),z'ia 



U 0,P t j> T f 

T0/3z — ~T~' l n + Uo,z'lp 



The last two equations are shear strains in the z direction. The length of 
an infinitesimal element of thickness dz located at distance z from the shell mid- 
surface is 



d£ rt = 



A da 



(R a + z) = A(1 + z/R a )da = A° da 



dsf = ^-(Rp + z) = B( 1 + z/Rp) dp = B° d .0 



(2.30) 



where A and B are Lame parameters of the middle surface. The terms A, B , R a , Rp 
and R a p are connected together by the Lame equations, which are extensions of 
Eq. (2.21) to the surface at a distance z from the middle surface (Figure 2.2). 
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z 




Figure 2.2. Notations in shell coordinates. 




(2.32) 
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The strain-displacement relations can be derived from the above equations as 

w \ 

R~a) 
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( 1 du 
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(i +z/R a v 


V^4 da 
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( 1 0V 
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u dA 
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1 / 1 du v dB 



R , 



(2.33) 



a/3 / 



(1 + z/Rp) \B 0/3 AB da 



R 



a(5 



7az 



7/3 z 



1 0W 

A(1 + z/R a ) 9a 

1 0W 

B(\+z/Rp) d/3 



+ A(1 + z/Ra)-. 



;(^(1 + z / Sj ) 



dz \ A(l + z/R a ) 7 R a p(l+z/R a ) 



B(\ + z/Rp) 



(fid+z/^)) 



dz\B(l+z/Rp) R a p( 1 +z./Rp) 



The above equations constitute the fundamental kinematic relations of a 3D body in 
curvilinear coordinates. It should be mentioned that other than the assumption of small 
displacements, no additional assumptions are made in the derivation. The range of 
applications of the above equations is indeed wide. They can be easily specialized to some 
of the frequently encountered components like flat plates and cylindrical shells. 



2.1.3 Stress-strain relations 

The assumptions made earlier of fibers being parallel to the upper and lower surfaces of 
their layer within the shells and that they follow the curved surface of the shells are 
maintained here. In general, it is assumed that the stiffness parameters are constant. It will 
be shown later that for general shells and plates, this assumption is not easy to maintain for 
circular plates, spherical and conical shells. The orthotropy of the material is assumed here 
to follow the coordinates chosen (or vice versa). For materials with rectangular 
orthotropy, rectangular coordinates are chosen. Similarly for materials having polar, 
elliptical or other types of orthotropy. In addition, the angle between the fibers in one layer 
to those in another layer is to remain constant. This assumption will make it necessary for 
the fibers in an angle-ply laminate to have a curvature that may not necessarily be 
constant. Such arrangement is encountered for building angle-ply circular plates and some 
shells. 

The stress -strain relationships for a typical /7 th lamina (typically called monoclinic) 
in a laminated composite shell are the same as those derived earlier (Eq. (1.7)). 
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2.1.4 Equations of motion 

In order to develop a consistent set of equations, the boundary conditions and the 
equations of motion will be derived using Hamilton’s principle (Eq. (1.22)). Substituting 
the equations for strain energy ( U ), external work (W) and kinetic energy (T). performing 
the integration by parts, and setting the coefficients of the displacement variations equal 
to 0, in a normal manner, yields the equations of motion (Saada 1987; p. 178). 
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(2.34) 



The above equations do not depend on the shell material. Hamilton’s principle will also 
yield boundary terms that are consistent with these equations. The terms for the 
boundaries with z = constant are given in Eq. (1.13). Similar terms can be found for the 
boundaries a = constant and /3 = constant. A 3D shell element, in curvilinear 
coordinates, has six surfaces. With three equations at each surface, a total of 18 equations 
can be obtained for a single-layered shell. Eq. (1.14) applies for multiple layered shells, 
where continuity between layers must be assured. 



2.1.5 Recent developments 

The recent research that used the 3D elasticity theory in the analysis of laminates shell 
structures is covered in a recent book (Ye 2003). In addition, the following work should 
be reported. Bhimaraddi (1991) obtained results based on the 3D theory of elasticity for 
doubly curved composite shallow shells. Others, including Wang et al. (1995), Jiang 
(1997) and Tsai (1991), obtained results based on the 3D theory of elasticity for closed 
cylindrical shells. 3D solutions for cylindrical shells with initial stresses are found by Xu 
et al. (1997). Ye and Soldatos (1996, 1997) used 3D elasticity theory to treat cylindrical 
shells with arbitrary point supports and clamped edge boundaries, respectively. Chen and 
Shen (1998) used 3D analysis to study orthotropic piezoelectric circular cylindrical 
shells. Chen et al. (1998a,b) presented 3D study for free vibration of transversely 
isotropic cylindrical panels. Ding and Tang (1999) studied 3D free vibration of thick 
laminated cylindrical shells with clamped edges. Yin (1999) found simplifications for 
the frequency equation of multilayered cylinders and developed some recursion 
formulae of Bessel functions. Chern and Chao (2000) used 3D theory to study the 
natural frequencies of laminated curved panels. A review of the 3D literature can be 
found in Soldatos (1994). 
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2.2. THICK SHELL THEORY 

The first reliable approximation for bending analysis of shells was introduced by Love 
(1892). Love made several assumptions to reduce the general 3D equation of elasticity in 
curvilinear coordinates to 2D equations that can be applied for shells. First, he assumed 
that strains and displacements are small such that second and higher order terms can be 
neglected. Love’s second assumption was that the thickness of the shell is small compared 
with other shell parameters. His third assumption was that the transverse stress is small 
compared with other stresses in shells. Finally, Love assumed that normals to the 
undeformed surface remain straight and normal to the deformed surface. The first of these 
assumptions defines a linear analysis of shells (Timoshenko and Woinowsky-Krieger 
1959). This assumption needs to be relaxed if the strains and/or displacements become 
large. Displacement is considered definitely large if it exceeds the thickness of the shell. 
This is typical for thin shells. Nonlinear behavior can be observed even before this level of 
deformation for various boundary conditions. A recent study (Qatu 1994a) concluded that 
this assumption generally applies to most of the analyses of thick shells. This is because 
stresses exceed allowable values before the deflection becomes large enough for the 
nonlinear terms to be important. 

The remaining assumptions in Love’s first approximation need to be re-examined 
when thick shells are treated. For thick shells, the thickness is no longer small compared 
with other shell parameters, nor do the normals of the undeformed surface remain as such. 
Various studies (Koiter 1969; Gol’denveiser 1961; and Noor 1990) concluded that even 
for thicker shells the transverse normal stress (and strain) remains small compared with 
other stresses (and strains) in the shell. 

As pointed earlier, many shell theories were derived based on Love’s first 
approximation. Inconsistencies, however, appeared in many of these theories and were 
reported in much of the literature on shell theory during the middle of the 20th century 
(Leissa 1973a). For example, the strain-displacement relations used by Naghdi and Berry 
(1964) are inconsistent with regard to rigid body motion. Other theories including Love 
(1892) and Timoshenko and Woinowsky-Krieger (1959), although free from rigid body 
motion inconsistencies, introduced unsymmetrical differential operators, which contra- 
dicts the theorem of reciprocity and yields imaginary numbers for natural frequencies in a 
free vibration analysis. Other inconsistencies appeared when the assumption of small 
thickness (h/R and z/R « 1) is imposed and symmetric stress resultants (i.e., N a p = 
Np a and M a p = Mp a ) are obtained. This is not true for shells that are not spherical. To 
overcome some or all the above inconsistencies, various theories were introduced 
including that of Sanders (1959). Vlasov (1949) tried to resolve some of these 
inconsistencies by expanding usually negligible terms appearing in the denominator of the 
stress resultant equations using a Taylor series. 
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On the other hand, Rayleigh noted the importance of rotary inertia terms in the 
analysis of vibrating systems (Rayleigh 1877). Timoshenko (1921) showed that shear 
deformation terms are at least as important. This led to a necessary relaxation of some of 
the assumptions in Love’s first approximation and shear deformation shell theories 
(SDST) were born. Among the first of such theories were those of Vlasov (1949), Reissner 
(1941, 1952), Naghdi and Cooper (1956) and others. 

Ambartsumian (1961) expanded the stress resultant equations of earlier theories to 
those for anisotropic shells. Orthotropic cylindrical shells were considered by Dong 
(1968) and Rath and Das (1973). The latter presented equations that included rotary 
inertia and shear deformation. Various survey articles appeared on the treatment of 
homogeneous and laminated composite shells (Ambartsumian 1962; Bert el al. 1969b; 
Noor 1990; Soldatos 1994; Liew et al. 1997a,b; Qatu 2002a.b). These articles reviewed 
theories and analyses of laminated composite shells. It was found that shear 
deformation effects for laminated composite materials are generally more important 
than those for isotropic materials. Unfortunately, while SDST, including higher order 
ones, include shear deformation and rotary inertia, they fail to consider the 1 + z/R 
terms in the stress resultant equations. This led to inaccurate results in the constitutive 
equations used for laminated deep thick shells. This was initially observed by Bert 
(1967) and investigated thoroughly only recently by Qatu (1993a,b) for curved beams 
and Leissa and Chang (1996) and Qatu (1995a, 1999a) for laminated shells. Leissa and 
Chang truncated this term using a geometric series expansion. Qatu integrated the term 
exactly. Results obtained using this theory show closer comparison with 3D theory of 
elasticity (Qatu 1999a, 2002a). Other shear deformation theories included higher order 
terms for shear strains, but neglected the 1 + z/R (Reddy 1984a; Reddy and Liu 1985; 
and Librescu et al. 1989a,b). Interestingly, the results obtained by these authors were 
presented for shallow shells. For such shells the term (1 + z/R) is less important. 



2.2.1 Kinematic relations 

Thick shells are defined here as shells with a thickness smaller by approximately one order 
of magnitude when compared with other shell parameters, like its vibration mode shape 
wavelength and/or radii of curvature (thickness is less than (l/10)th of the smallest of the 
wave lengths and/or radii of curvature). Thick shells require the inclusion of shear 
deformation and rotary inertia factors in a vibration analysis. Thin shells, on the other 
hand are shells with the thickness smaller than ( l/20)th (probably smaller for composite 
materials) of the smallest of the wave lengths and/or radii of curvature. For such shells, 
both shear deformation and rotary inertia can be neglected. Theories that include shear 
deformation are referred to as thick shell theories, or SDST. A consistent set of equations 
is presented here for both thick and thin shell theories (Leissa and Qatu 1991; Qatu 
1999a, b, 2002a, 2004). 
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In thick shell theories, the midplane shell displacements are expanded in terms of 
shell thickness. Such an expansion can be of a first or a higher order. In the case of first 
order expansion, the theories are referred to as first order shear deformation theories. 
The 3D elasticity theory can then be reduced to a 2D theory using the assumption that 
the normal strains acting on the plane parallel to the middle surface are negligible 
compared with other strain components. This assumption is generally valid except 
within the vicinity of a highly concentrated force. In other words, no stretching is 
assumed in the z direction (i.e., e z = 0). 

Assuming that normals to the midsurface strains remain straight during deformation 
but not normal to the midsurface, the displacements can be written as 

u(a, , z) = u 0 (a , /3) + Si j/ a (a, P) 

v(a, P, z) = v 0 (a, P) + Z*lfp(a, P) (2.35) 

w(a, P,z ) = w 0 (a,P ) 



where u (i . v 0 and vv 0 are midsurface displacements of the shell and i jj a and < <pp are 
midsurface rotations. The third of the above equations yields e, = 0. An alternative 
derivation can be made with the assumption <x, = 0 (Librescu 1976). The subscript (0) 
will refer to the middle surface in the subsequent equations. The above equations describe 
a typical first order SDST and will constitute the only assumption made in this theory 
when compared with the 3D theory of elasticity described earlier. Eq. (2.35) can be 
substituted in Eq. (2.33). The strains at any point in the shells can then be written in terms 
of midsurface strains and curvature changes as 



S “ = (1 + z/R a ) (e ° a + ZKa) 

8/3 = (1 + 1 z/R p ) (Bop + ZKp) 
e ^= {l + z/Ra) {e W + ZK ^ 

(l+z/R ^a + ^a) 
y az 7l i ,, (TO az a/RcS) 

(1 +z/R a ) 

ypz = + z j R ^ (yopz + zt'l'p / R p>) 



(2.36) 



The contribution of the terms zipa/Ra a nd ztyp/Rp to the overall accuracy of the 
theory needs to be determined. The midsurface strains are (obtained by setting z = 0 in 
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Eq. (2.33)) 
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(2.37) 



and the curvature and twist changes are 



_ 1 9 K h dA 
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= J_ ta 9A 
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= Hfp dB 
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(2.38) 



Eqs. (2.36)-(2.38) constitute the strain -displacement relations needed for first order 
SDST. 



2.2.2 Stress resultants 

The force and moment resultants (Figures 2.3 and 2.4) are obtained by integrating the 
stresses over the shell thickness. The normal and shear force resultants are 
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(2.39) 
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Figure 2.3. Force resultants in shell coordinates. 




Figure 2.4. Moment resultants in shell coordinates. 
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The bending and twisting moment resultants and higher order shear resultant terms are 



' M a - 


rh/2 


" " 


M a p 


= , 


a ap 


J -h/ 2 


. Pa . 




_ _ 


- Mp~ 


rh/2 


' ' 


Mp a 


= , 


a ap 


J ~hj 2 


- P P - 




. ( 7 / 3 z _ 



(1 + z/R p)z<k 



(1 +z/R a )z dz 



(2.40) 



where P a and Pp are higher order shear terms. It should be noted here that the actual 
contribution of these terms to the accuracy of the shell equations needs to be determined. 
These terms will be kept here. 

Force resultants have dimensions of force per unit length. The moment resultants are 
the moments per unit length. It should be mentioned that, although the stresses cr a p and 
crp a are equal, the stress resultants N a p and Np a are not equal. Similarly, M a p and Mp a are 
not equal. These stress resultants will be equal ( N a p = Np a \ M a p = Mp a ) only if R a = Rp 
which is the case only for spherical shells or flat plates. 

The above equations include the term (1 + z/R „ ), where n is a or [i in the denominator. 
This term creates difficulties in carrying out the integration. Such difficulties do not exist for 
plates. The term was ignored in most thin shell theories (Leissa 1973a). In some thin shell 
theories (e.g., Vlasov’s), the term was expanded in a geometric series form. Numerical 
investigations revealed that such expansion did not introduce better results for isotropic 
thin shells. This is understandable for thin shells because the term (1 + z/R n ) is close to 1. 

For thick shells, shear deformation and rotary inertia should be considered. However, 
many researchers failed to include the above term in the stress resultant equations (Librescu 
etal. 1989a,b; Bhimaraddi 1991). When the term was included, results closer to those of the 
3D elasticity theory were obtained (Qatu 1999a). Including the term (1 + z/R„) yields the 
following stress resultant equations (Qatu 1999a, 2002a): 
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where K, and Kj are shear correction coefficients, typically taken at 5/6 (Timoshenko 1921), 
and where 

A,„=i r c$ ) Y ^ nr =Rnt% ) 

k=\ J hk-i ^ z/ Rn ^=1 V Rn h/c—i / 
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n = a,(3 

One can also use the truncated equations (Leissa and Chang 1996), for better numerical 
stability. The term 1/(1 + z/R„) is expanded in a geometric series as 

1 z z 2 

— — — = 1 - — + -j + (Higher order terms) (2.45) 

1 T" z/R n R n R n 

The terms having orders higher than ( z/R „) 2 are truncated. Then the Eq. (2.43) are replaced 
by the following equations 
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and 

A u = £ K,K0(h k - V,) 

k= 1 

1 * 

Z A— 1 

1 ^ 

Dij= -^K.KjQf (hi- hU) 

5 k= 1 

where 



i,j = 4,5 



c ° (*« fy) (2 48) 

h k is the distance from the midsurface to the surface of the A'th layer having the farthest 
z coordinate (Figure 1 .5). For shells which are laminated symmetrically with respect to their 
midsurfaces, all the B-,j terms become 0’ s. The above truncated equations are similar to those 
obtained by Leissa and Chang (1996). 



2.2.3 Energy functionals 

The energy functionals are important for their use in approximate methods as well as 
deriving a consistent set of equations of motion and boundary conditions. The strain 
energy of a shell element is defined as 
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Substituting Eqs. (2.36), (2.39) and (2.40) into the above equation yields 

U = — [N a SQ a + N pS Q p+ N a pSQ a p+ N p a s 0 p a + M a K a + MpKp+ M a pK a p 

4 J a J p 

+ Mp a Kp a + Q a y 0az + Qp a y 'op z + P a 4> a / R a + Pp4’p/Pp }AB dad/3 (2.50) 

The external work is 
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(2.51) 



where q a , and q n are the distributed forces in the a, [3 and z directions, respectively. 
Also, m a and nip are the distributed couples about the middle surface of the shell. 
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The kinetic energy of the shell can be expressed as 
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Expanding the terms yields 
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Carrying out the integration yields 
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where the inertia terms are 

N rh 
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(2.55) 



fl K) is the mass density of the kth layer of the shell per unit midsurface area. The energy 
expressions described here are used to derive the equations of motion. 



2.2.4 Equations of motion 

The equations of motion can be obtained by taking a differential element of a shell having 
thickness h and midsurface lengths A d« by B dp (Figures 2.3 and 2.4), and requiring the 
sums of the external and internal body forces and moments each to be 0. 
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Figure 2.3 shows such an element (although the thickness is not described) with all the 
internal forces (per unit length) acting upon it. These include the force resultants N a , Np, 
N a p, Np a tangent to the midsurface (also called “membrane force resultants”) described 
earlier, and the transverse shearing force resultants Q a and Qp. Figure 2.4 depicts the 
element with the moment resultants acting upon it. Summing moments on the element, 
including both the moment resultants and the force resultants, yield the remaining 
equilibrium equations. m a and m p represent possible body couples (moments per unit 
length) which may be applied to the shell. Hamilton’s principle can also be used to derive 
the consistent equations of motion and boundary conditions. The equations of motion are 
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where q a , qp and q n represent external forces (per unit area) applied either to the surface or 
as body forces and where the two dots represent the second derivative of these terms with 
respect to time, and where 



/,= 





i= 1,2,3 



(2.57) 



where the terms /, are defined in Eq. (2.55). 

The sixth equation of motion is typically ignored in shell analysis. Although it may 
not be identically satisfied, the non-zero residual that will be found on its right hand side 
after the solution is substituted into it, which may be interpreted as a body moment about 
the n-axis, will typically be small. 
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Boundary conditions for a shell may be derived by physical arguments or by using 
energy functionals and the Hamilton’s principle. On each boundary one must specify five 
conditions. The boundary terms for the boundaries with a = constant are 
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Similar equations 


can be obtained for ft = 


constant. The above boundary conditions 



produce eight possible combinations for each of the classical boundary conditions (free, 
simple support, clamped). These are given in Table 2.1. 

Boundaries may also be elastically constrained, with the constraints being represented 
as translational and rotational springs distributed along the boundaries. In such cases the 
boundary conditions can be generalized (Qatu and Leissa 1991a,b) to include elastic 
constraints. 

The above set of equations describe a first order shear deformation theory. This theory 
was recently used to analyze thick shallow shells and closed circular cylindrical shells by 
Qatu (1999a). This theory will be specialized later for beams, plates and various shells. 
Higher order shear deformation theories can also be generated by choosing different 
displacement fields from those of Eq. (2.35). A displacement field that will allow the shear 
to be quadratic as a function of thickness. This will allow the shell surfaces to be free of 
shear (as they should be). Such displacement, however, will introduce terms at the 
boundaries that are not easily applicable or yet understood. Higher order theories will not 
be described here. 

Thick shell theories have been used for thickness ratios (thickness to the smallest of 
wavelength and radii of curvature) as large as 1/10 and arguably for thickness ratios up to 
1/5. It should be stated that including shear deformation increases the order of the 
differential equations from 8 to 10 (for first order shear deformation theories) or more (for 
higher order shear deformation theories) when compared with thin shell theories. 



2.2.5 Recent developments 

Many recent research papers appeared where thick, or shear deformation, shell theories 
have been used. Such theories were used by Kabir (1998), Kabir and Chaudhuri (1991, 
1994a, b), Nosier and Reddy (1992), Piskunov et al. (1994, 1995), Soldatos (1991), Wang 
and Schweizerhof (1996a,b, 1997), Sivadas (1995a, b), Sharma et al. (1999), Xi et al. 
(1996), Argyris and Tenek (1996), Chonan, (1988), Ding et al. (1997) and Toorani and 
Lakis (2000). 
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Table 2.1. Combinations of boundary conditions for thick shells at each edge a = constant. 



Boundary type 


Conditions 


Free boundaries 


FI 


Q a = M a = u = v = t/tp = 0 
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Higher order shear deformation theories were developed and used for composite 
shells by Librescu et al. (1989a, b), Mizusawa (1996), Ma and He (1998), Messina and 
Soldatos (1999a, b) and Timarci and Soldatos (1995). Thick circular cylindrical shells 
were considered by Birlik and Mengi (1989), Sivadas and Ganesan (1991a, b, 1993), 
Kolesnikov (1996), Sun et al. (1997), Zenkour (1998), Soldatos and Messina (1998) and 
Mizusawa (1996). Non-circular cylindrical shells were reviewed by Soldatos (1999). 
Spherical thick shells were studied by several researchers (Chao and Chern, 1988; 
Dasgupta and Huang, 1997; Gautham and Ganesan, 1994). Lu et al. (1996), Ramesh and 
Ganesan (1993) and Sivadas and Ganesan (1992) considered thick conical shells. 

The second approach to the development of shell theories is a stress-based approach. 
The work of Reissner is the first to adopt this approach, which has recently been used by 
Yong and Cho (1995), Carrera (1999a,b) and Xi et al. (1996). This will not be described 
here. 



2.3. THIN SHELL THEORY 

If the shell thickness is less than 1/20 of the wavelength of the deformation mode and/or 
radii of curvature, a thin shell theory, where both shear deformation and rotary inertia are 
negligible, is generally acceptable. Some researchers question the value of 1/20 and 
choose a smaller value, particularly for laminated composite materials. Depending on 
various assumptions made during the derivation of the strain -displacement relations, 
stress-strain relations, and the equilibrium equations, various thin shell theories can be 
derived. Among the most common of these are the Love, Reissner, Naghdi, Sander and 
Fliigge shell theories. All these theories were initially derived for isotropic shells and 
expanded later for laminated composite shells by applying the appropriate integration 
through lamina and stress- strain relations. 

Leissa (1973a) showed that most thin shell theories yield similar results. The 
exceptions were the membrane theory and that of Donnell and Mushtari. The equations of 
Donnell and Mushtari describe shallow shells and are shown later as a part of shallow 
shell theory. The equations shown in this section are equivalent to those of Reissner and 
Naghdi (Leissa 1973a) with the extension to laminated composite thin shells. The reason 
for adopting these equations is the fact that they offer the simplest, most accurate and 
consistent equations for laminated thin shells. 



2.3.1 Kinematic relations 

For very thin shells, the following additional assumptions simplify the shell equations and 
reduce their order; 
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1. The shell is thin such that the ratio of the thickness compared to any of the shell’s radii 
of curvature or its width or length is negligible compared to unity. In vibration analysis, 
the length of the shell is replaced by the wave length. 

2. The normals to the middle surface remain straight and normal to the midsurface when 
the shell undergoes deformation. 

The first of the above assumptions assures that certain parameters in the shell 
equations (including the z/R term mentioned earlier in the thick shell theory) can be 
neglected. The second of the above assumptions allows for neglecting shear deformation 
in the kinematics equations. It allows for making the inplane displacement to be linearly 
varying through the shell’s thickness: 



e 0 a T ZK a 
e /3 = e 0/3 + ZKp 
JaP = yOa/3 + ZT 



where the midsurface strains and curvature and twist changes are 



e 0a 



1 du Q 
A da 



Vq dA 
AB 0/3 



w 0 



R 



a 



(2.59) 
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£o/3 B 0j8 



u Q dB 
AB da 



w Q 




1 0vo «o 9A 1 du 0 
TOa/3 ~ A Ja AB0/3 + Z?~a/3~ 



Vo ^ 2 w 0 

AB 8 a R a p 



1 dljj a l/jp dA 
A da + AB 0/3’ 



j_ Wfy 4>a 9# 

B 0/3 + AB da 



__ 1 bijfp i^ a dA 1 dijj a i/tp dB 

1 A 0a AB 0/3 + B 0/3 AB da 

where 

, = «o_ _Vo_ _ J_ 9vvo , = Vo^ _ j_ avvo 

R a + R a p A da ’ ^ R p + R a p B d(3 



(2.60) 



(2.61) 



2.3.2 Stress resultants 

Applying the Kirchhoff hypothesis of neglecting shear deformation and the assumption 
that s. is negligible, the stress- strain equations for an element of material in the A:th 
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lamina may be written as 



CT a 




Q 11 Gl2 016 






°/S 
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012 022 026 




e P 


a ap- 


k 


-016 026 066- 


k 


-y a p- 



Although the layers are orthotropic in their material coordinates, the above equations are 
the same as those of material with general anisotropy. This is a result of the lamination at 
an angle other than 0 or 90° with respect to the global coordinates. In other words, the 0 16 
and Q 2 (, coefficients result from a coordinate transformation and arise only if the shell 
coordinates (a, (3) are not parallel nor perpendicular to the fibers. Subsequently, if the 
shell coordinates (cr, /3) are parallel or perpendicular to the fibers, then the terms Q l(t and 
026 are 0. 

The stresses over the shell thickness (h) are integrated to obtain the force and moment 
resultants. Note that, for a thin shell, the terms z/R a and z/Rp are much less than unity and 
may, therefore, be neglected. Doing so results in equal inplane shear force resultants (i.e., 
N a p = Np a ), and twisting moments (i.e,, M a p = Mp a ). Thus the force and moment 
resultants are 
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dz 



z dz 



(2.63) 



Substituting Eqs. (2.59), (2.60) and (2.62) into Eq. (2.63) and carrying out the integration 
over the thickness, from layer to layer, yields 
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(2.64) 
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where Ay, By and Dy are the stiffness coefficients arising from the piecewise integration 
over the shell thickness: 

N 

Ay = X Qf(Zk ~ Zk- 1) 

k= 1 

By = \ X Qfti ~ ^-l) (2 ' 65 > 

Z k=\ 

Oy = ' X Gf(4 - 4-l) 

J A=1 

and where is the distance from the midsurface to the surface of the kth layer having the 
farthest z coordinate (Figure 1.5). For shells which are laminated symmetrically with 
respect to their midsurfaces, all the By terms become 0. Note that the above equations for 
thin shells are the same as those for laminated plates (Ambartsumian 1970; Whitney 
1987). This is a consequence of neglecting terms of the type z/R in comparison with unity. 
This is also made in many of the isotropic deep shell theories, but not all of them (Fliigge 
1962). 



2.3.3 Energy functionals 

The energy functionals are important for their use in approximate methods as well as 
deriving a consistent set of equations of motion and boundary conditions. The strain 
energy of a shell element is defined as 




^ { a a e a + cr l3 e l3 + ^a/3 Ta/3 1 d V 




+h/2 

—h/2 



{(T a e a + apEp + o- a/3 y al3 }AB da d/3 dz 



( 2 . 66 ) 



The strain energy can also be written in terms of the midsurface strains and stress 
resultants as 




{N a e 0a + NpEQp + N a py 0al 3 + M a K a + MpKp + da d/3 (2.67) 



The external work is 



W = 



a J 



{ q a u 0 + q p v o + q n w 0 }AB da d/3 



(2.68) 
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The kinetic energy of the thin shell can be expressed as (note that rotary inertia terms are 
neglected) 

If Iff f+*/2 

T = — {ii 2 + v 2 + w 2 }dV = — (ill + >’o + wl)AB d a d/3 d-; (2.69) 

2 J v 2 J a J 0 J -h/2 

Expanding the terms yields and carrying out the integration yields 

T= \ \ {(iil + vl + wlXIMABdctdp (2.70) 

2 J a J 0 

The energy expression described here are used to derive the equations of motion. 

2.3.4 Equations of motion 

Using Hamilton’s principle, in the manner similar to that described earlier, yields the 
following equations of motion: 

a , s a _ s dA dB ab „ ab „ , ... 

t— (BN a )+ — ( ANp a )+ —N a p — Np + -—Q a + — — Qp + ABq a — ABUfuf) 

3a 0/3 8/3 da R a R a p 

a a a b a a ab ab , 

—(ANp)+——(BN a p)+ —N0 a ~ —Q 0 + — — Q a + A Bqp — A B(fv 0 ) (2.71) 

d/3 r 9a H da H 3/3 Rp r R a p H 

( N n N a N a fi-\ - N n a \ 8 3 

— + — H — ] + v— (BQ a )+ — (AQp)+ABq„ =AB(I 1 iv 0 ) 

\R a Rp R a p J da d/3 

where 

3 9 dA a B 

ABQ a — — ( BM a ) + —(AMp a ) + —M a 0 ~ t~^ 0 
da 3/3 a p 3 a 

a a a b dA 

ABQp ~ 3jS (AM/?) + a a {BMafi) + a a Mpa - 3/3 M “ 

where /, is defined in Eq. (2.55). Rotary inertia terms are omitted from the right hand sides 
of the above equations because, as it is known, they are less important than shear 
deformation effects, which are being neglected in the present analysis. 

It should be noted that the summation of forces and moments actually yield five 
equations of equilibrium. Two of these (the moment summation equations considered) can 
be substituted in the third equation (summation of forces in the normal direction). This 
reduces the five equations to the three equations described in Eq. (2.71). 
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The following boundary conditions can be obtained for thin shells (for a = constant): 
N 0a — N a = 0 or u 0 = 0 





1 3M 0a|8 
B 9/3 




1 

B 9/3 j 



or w 0 = 0 



(2.72) 



M 0a — M a = 0 or ifj a = 0 
= 0 

Similar equations can be obtained for /3 = constant. Because of the coupling between the 
inplane displacements (u and v) and the out-of-plane displacement ( tv) . the classical 
boundary conditions of simply supported, clamped and free that exist for homogeneous 
plates have to be revisited. For general shells and unsymmetrically laminated plates, each 
of the mentioned boundary conditions can exist in one of four forms. For example, a 
clamped boundary condition at a = a 0 can take the following forms: 

Cl u 0 (a 0 ,P) = v 0 (a Q ,P) = w 0 (a 0 ,p) = </f a (a 0 ,/3) = 0, (completely clamped) 

C2 v o (a o ,0) = w o (a o ,0)=ilj a (a o ,l3) = O, N Qa ~N a = 0 

C3 u 0 (a 0 ,P) = w 0 (a 0 ,p) = ^(« 0 , P) = 0, (n^ - ^ J - ^ ^ j = 0 

C4 w 0 (a 0 ,p) = ijj a (a 0 ,p) = 0, N Qa — N a = 0, ^No a p ~ ^ ~ ^ — yN a p — ^ j = 0 

(2.73) 

Similarly, there are four possible simply supported boundary conditions: 

51 u 0 (a 0 ,P)=v 0 (a 0 ,P)=w 0 (a 0 ,P)=0, M Qa -M a = 0 

52 v 0 (a 0 ,/3) = w 0 (a 0 ,/3)=0, N 0a —N a =0, M 0a — M a = 0 (Shear diaphragm) 

53 u 0 (a 0 ,f3) = w 0 (a 0 ,{3)=0, ^ = 0, M Qa -M a = 0 

54 w 0 (a 0 ,p) = 0, N 0a -N a = 0, ^ ^ j =0, M 0a -M a = 0 

(2.74) 

The S2 boundary condition is of particular interest. It is a reasonable presentation of stiff 
thin perpendicular plate attached to the end of the structure at hand. Such end will prevent 
translation in the out-of-plane direction as well as the direction tangential to the boundary, 
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but permits translation normal to the boundary. It also permits slope at the boundary 
because of its small thickness. 

Four possible free boundary conditions can also be described: 
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(2.75) 



2.3.5 Recent developments 

We will describe some of the recent literature in which thin shell theories were used to 
analyze composites. Love’s shell theory was used by Sivadas and Ganesan (1992), Ip et al. 
(1996), Shu (1996) and Lam and Loy (1995a, b). Sanders’ theory was employed by 
Selmane and Lakis (1997a-d), Lam and Loy (1995a,b), Mohd and Dawe (1993a, b) and 
Bhattacharyya and Vendhan (1991). Flugge’s theory was used by Narita et al. (1993), 
Lam and Loy (1995a, b) and Sivadas and Ganesan (1991a, b, 1993). Loy et al. (1999) 
studied cylindrical panels with different boundary conditions. Recently, Qatu (1999b) 
presented a theory for isotropic and laminated barrel thin shells, and used it to study 
vibrations. 



2.4. LAYER- WISE THEORIES 

Other thick shell theories exist. Among these are layer- wise theories. In these theories, each 
layer in a laminated shell is considered to be a shell, and compatibility conditions are 
applied between various layers. Layer-wise shell theories have been used by Huang and 
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Dasgupta (1995), Dasgupta and Huang (1997) and Gaulham and Ganesan (1994) for free 
vibrations of thick composite cylindrical and spherical panels. Carrera used layer-wise 
theories to evaluate doubly curved shells. Xavier et al. (1995) used one to study the effect of 
various curvatures. Basar and Omurtag (2000) examined vibrations of laminated structures 
using layer-wise shell models. These types of theories will not be covered in this book. 



2.5. NONLINEAR THEORIES 

The magnitude of transverse displacement compared to shell thickness is another criterion 
used in classifying shell equations. It can be shown that if such magnitude approaches the 
thickness of the shell (often earlier than that), the results of a linear analysis can be in gross 
error. The nonlinear terms were neglected in the thin, thick and 3D shell theories 
described earlier. In nonlinear shell theories, such terms are retained. In many cases, they 
are expanded using perturbation methods, and smaller orders of the rotations are retained. 
Most frequently the first order only is retained and, recently, even third orders have been 
included in a nonlinear shell theory by Pai and Nayfeh (1992a,b, 1994). In some shell 
dynamics problems, the material used can also be nonlinear (e.g., rubber, plastics and 
others). Theories that include nonlinear material behavior are also referred to as nonlinear 
shell theories (Klosowski et al. 1995). The vast majority of shell theories, however, deal 
with geometric nonlinearity only. 

A nonlinear thin shell theory was used to study open cylindrical shells by Selmane 
and Lakis (1997a,b) and closed ones by Li (1996) and Ganapathi and Varadan (1996). 
A nonlinear shallow thin shell theory was used by Raouf and Palazotto (1994), Li 
(1993) and Xu and Chia (1994a, b). Doubly curved shallow shells having simple 
supports were treated by Shin (1997) using a nonlinear shell theory. Shallow shells of 
revolution including spherical and conical shells were also studied by Li (1992). Effects 
of shear nonlinearity on the free vibration of laminated shells was discussed by Xi et al. 
(1999). 

In various research articles both shear deformation and nonlinear terms were included 
(Reddy 1989). It is argued that such theories will solve only a limited number of problems 
and are not needed for general composites (Qatu, 1994a). Large deformation of open 
doubly curved shallow shells was treated by Tsai and Palazotto (1991), Noor et al. (1991, 
1994) and recently by Shin (1997) and Wang et al. (1997). Xu et al. (1996) studied 
truncated thick shallow shells. Shallow spherical shells were considered by Xu and Chia 
(1994a, b) and Sathyamoorthy (1995). 

Tang and Chen (1998) studied the nonlinear analysis of laminated composite 
cylindrical panels. Fu and Chia (1989a,b, 1993), Ganapathi and Varadan, (1995, 1996), 
Soldatos (1992), Cederbaum (1992a, b) and Iu and Chia (1988) studied thick circular 
cylindrical shells. Selmane and Lakis (1997a) and Lakis et al. (1998) studied the influence 
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of geometric nonlinearities on the free vibrations of orthotropic open and closed 
cylindrical shells. Roussos and Mason (1998) studied the nonlinear radial vibrations of a 
hyperelastic cylindrical tube. Pai and Nayfeh (1992a, b. 1994) presented equations that 
included higher order shear deformation terms as well as higher order nonlinearities for 
composite cylindrical shells. Gummadi and Palazotto (1999) used finite elements to 
analyze nonlinear dynamics of composite cylindrical shells considering large rotations. 
Conical shells were considered by Xu et al. (1996). Zarutski (1998) developed 
approximate nonlinear equations of motion of cylindrical shells. Abe et al. (2000) 
studied the nonlinear vibration of clamped composite shallow shells. Cho et al. (2000) 
studied nonlinear behavior of composite shells under impact using finite elements. Other 
studies on nonlinear dynamics of composite shells include Nayfeh and Rivieccio (2000). 



2.6. SYNTHESIS OF LAMINATED SHELL EQUATIONS 

The equations presented thus far are complete in the sense that the number of equations is 
equal to the number of unknowns for each of the theories presented. Table 2.2 summarizes 
the number of equations and unknowns for each of the theories. As seen there, the number 
of equations using 3D elasticity theory is 15. The difficulty of these equations is not in 



Table 2.2. Synthesis of shell equations (Qatu, 2002a). 
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the number of equations (as they are less than those needed in some of the other theories, 
particularly thick shell theories) but in the fact that such equations present three 
independent space variables (a, (3 and z). Other shell theories use only two variables (a 
and /S) . The 3D elasticity theory requires the satisfaction of three boundary conditions at 
each boundary. 2D thin shell theories require the satisfaction of four conditions at each of 
the edges of the shell, along with an additional one at each of the free corners. 

The assumption needed to reduce the 3D theory to a 2D one is given by Eq. (2.35). 
The accuracy of this assumption depends heavily on how the unknowns are assumed to 
vary with the thickness. Indeed, one can expand Eq. (2.35) to include higher order terms. 
Generally, this yields results closer to that of the 3D elasticity theory. This is established in 
the literature for plates (Khdeir 1986, 1988a, b). It has also been shown here that accurate 
treatment of a first order expansion for shells yielded rather sophisticated stress resultant 
equations. The degree of difficulty is expected to become even higher when third orders 
are included in Eq. (2.35) (yielding higher order shear deformation theories). Such 
equations, once derived properly, may indeed yield results closer to those obtained using 
the 3D elasticity equations. As stated earlier, such equations will introduce boundary 
terms that are not easily conceptualized. 




Chapter 3 

Methods of Analysis 



The equations described for shells using curvilinear coordinates show the level of 
complexity that can be reached when treating laminated composite structures. This 
complexity in the equations of motion and the associated boundary conditions resulted 
only in a limited number of problems where exact solutions are possible. In general, 
however, it is known that there is no exact solution for a laminated structure (solid, plate 
or shell) with general boundary conditions and/or lamination sequence. This resulted in 
seeking solutions using experimental and computational methods. 



3.1. INTRODUCTION 

Researchers have searched for information about the dynamic behavior of laminated 
composite structures using various methods. Some used experimental methods for 
determining the frequencies and mode shapes of such structures, while others used 
analytical methods. This is an overview of these methods. 



3.1.1 Experimental methods 

Experimental results for laminated composite shells were obtained by a limited number of 
studies (Sivak 1998). Some of these studies included using scaled down models and 
similitude theory (Rezaeepazhand et al. 1996a,b). The use of similitude was explained for 
isotropic shells by Soedel (1993). 

Influence of enclosed air on vibration modes of a shell structure was discussed by 
Isaksson et al. (1995). Experiments show that enclosed air in a thin walled structure affects 
some modes of vibration significantly. Air coupling between vibrating sides of the 
structure cannot always be neglected, and frequencies may not be predicted accurately if 
calculations are performed as if in a vacuum. Optical modal analysis of the real, physical, 
violin model has been performed by using electronic holography (Isaksson et al. 1995). 
Calculated modes of vibration were compared with experimental ones. For the lowest 
modes, a good agreement between measured and calculated frequencies was reached. A 
mixed numerical and experimental approach for the dynamic modeling of a composite 
shell was discussed by S wider et al. (1996). More discussion of experimental analysis of 
shell dynamics can be found in the article by Noor et al. (1996) and Qatu (2002a). 
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3.1.2 Exact solutions 

The term “exact solutions” is used here to mean finding a solution that satisfies both the 
differential equations and boundary conditions exactly. It will not mean finding an exact 
solution to the 3D elasticity equations. Instead, the exact solutions will be searched for and 
presented only for the various theories that were described and will be given in further 
details for more specific geometries like curved beams, plates and shallow and cylindrical 
shells. Finding an exact solution to the set of shell equations and boundary conditions for a 
general lamination sequence and/or boundary conditions is out of reach. Only a limited 
number of boundary conditions and lamination sequences have exact solutions. Generally 
speaking, untwisted (i.e., R a p = oo), symmetric and unsymmetric cross-ply (e.g., [0°, 90°]) 
laminated singly or doubly curved shells (and plates) with two opposite edges having 
shear diaphragm boundaries permit exact solutions (Librescu, et al. 1989a). Exact 
solutions can also be found for plates with antisymmetric (e.g., [^45°, 45°]) lamination 
sequence with S3 boundaries at opposite edges. Such solution cannot be expanded for 
shells. Details of these solutions will be discussed later. The complexity of the analysis 
and solution available for such shells with two opposite edges simply supported, while the 
others are arbitrary, prevented many researchers from getting results. For closed shells, 
cylindrical or barrel, and open doubly curved shells or flat plates having all four edges 
with shear diaphragms, the solution becomes relatively simple. That is the reason for 
using such a solution in many publications on the subject. 

3D solutions for cylinders were presented by Soldatos (1994). Recently, laminated 
cross-ply, thin, noncircular cylindrical shells were analyzed exactly for their natural 
frequencies by Suzuki et al. (1994). Laminated thick noncircular cylindrical shells were 
analyzed exactly as well by Suzuki et al. (1996). 

Exact solutions will be discussed later for the specific structural elements discussed 
here (curved beams, plates or shells). On the other hand, numerous approximation 
methods are available for researchers to study shell dynamics and obtain natural 
frequencies and mode shapes. The most used analytical methods will be the emphasis of 
this section. The various experimental methods used by researchers to obtain the needed 
information for laminated shell and plate vibrations will not be treated in this chapter. 



3.1.3 Approximate solutions 

In the previous chapters, variational and energy methods were presented and used to 
obtain the governing differential equations and boundary conditions of solids, plates and 
shells using Hamilton’s principle. The methods described here can be used to obtain 
approximate solutions. The methods fundamentally assume a solution with undetermined 
coefficients. These coefficients are minimized to achieve a stationary value for certain 
functionals or minimize errors. In the Ritz analysis this functional is the energy functional 
(i.e., Lagrangian). In other methods like the weighted residuals methods, this functional is 
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some expression of deviation from the solution (i.e., error). The assumed functions can be 
continuous functions describing the whole structure or a linear combination of various 
functions. Unless the assumed functions are actually the exact solution itself, which is 
rarely the case, errors are introduced. As the number of terms, or functions, increases, 
error is reduced, and convergence is observed. An issue that is treated considerably in the 
literature about these methods is to find whether these solutions converge to the exact 
solution or to some other solution within the vicinity of the exact solution. 

It is worth mentioning here that the analytical models described earlier, including the 
3D elasticity model, are themselves approximate. The shell theories derived earlier are 
based on, and an approximation of, the 3D theory of elasticity. Thus, the accuracy of these 
theories in analyzing the actual physical problem is less than that of the 3D theory of 
elasticity. Approximate solutions introduce less accurate results when compared with 
exact solution, unless proper convergence characteristics are established. 

The variational or energy methods used for vibration analysis of continuous systems 
are the Ritz, and Ritz-based finite element methods (FEM). The most widely used 
weighted residuals methods are the Galerkin method and Galerkin-based FEM. The FEM 
are piecewise applications of Galerkin and Ritz methods. Finite elements, however, is the 
dominant method used by application engineers to study the vibration behavior of 
structures including composite ones. Other variational methods are also used to a lesser 
degree by researchers in the field. Most of these are other weighted residual methods 
including Treffetz, collacation and point matching. 

There are other approximate methods used in the literature. One method that was used 
frequently by researchers is the finite difference method. This method approximates the 
derivatives in the governing differential equations by difference equations. While this 
method received considerable attention decades ago (Kraus 1967), it is receiving less 
attention in recent literature. We will briefly describe the Ritz method and the weighted 
residual Galerkin method in Sections 3.2 and 3.3, respectively. The reader is encouraged 
to consult other texts for a comprehensive review of these methods (Reddy 1984b; 
Langhaar 1962; Washizu 1982). 



3.2. THE RITZ METHOD 

The Rayleigh and Ritz methods are among the most common approximate methods used 
in the vibration analysis of continuous systems. A displacement field is assumed in both 
methods. The coefficients of the displacement field are completely determined beforehand 
in the method of Rayleigh. In the Ritz method, undetermined coefficients are used in the 
displacement field. The displacement field is then substituted in the energy functional (i.e., 
Lagrangian). The Lagrangian is then minimized by taking its derivatives with respect to 
these coefficients and making them equal to zero. This yields equations that can be written 
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in a matrix form and give the displacement in a static analysis and natural frequencies in a 
vibration analysis. The method of Rayleigh, which assumes a completely determined 
mode shape, generally yields a less accurate frequency corresponding to the assumed 
mode shape when compared with the Ritz method. 

For free vibration analysis, the motion is assumed to be harmonic, and the 
displacements take the form 

u(Vi,V 2 ,V 3 ,t) = U((p u <p 2 ,<p 3 )sin(Dt 

v(<Pu<P 2 ,<P 3 ,t) = V((p u (p 2 ,(p 2 )smwt (3.1) 

w(VuV 2 ,Vi,t) = W((p u (p 2 ,tp 2 )sin cot 

where <p, , cp 2 and cp 2 are the coordinates used in the problem and t is time. In the Ritz 
method, displacement functions U, V and W are approximated by using certain functions 
or a linear combination of such functions. For example, the displacements in a 3D 
problem can be approximated by using 

/ J K 

U(Vl,V2,Vi) = III <Xijkfijk(Vl,V2,<Pi) 

i= 0 y'=0 k=0 
L M N 

V(<Pu<P2, Vi) = I I I PlmJlmniV 1, V2, Vi) (3-2) 

1=0 m = 0 n = 0 
P Q R 

W(<PuV2,Vi) = III JpqrfpqriVl, V2, Vi) 

p= 0 q = 0 r=0 

where a ijk , p lmn and y pqr are the undetermined coefficients and f ijk , f lmn and f pqr are the 
assumed functions. These functions will need to be determined first. They must satisfy 
two conditions for the solution to be of any value. First, they should be continuous (for a 
continuous structure), linearly independent and differentiable to the degree needed in the 
problem. Second, they should satisfy at least the geometric boundary conditions. They do 
not need to satisfy the forced boundary conditions (Reddy 1984b). Numerical 
investigations, however, showed that when these assumed displacements satisfy the 
forced boundary conditions, a more rapid convergence would be observed. In order to 
guarantee convergence to the exact solutions, an additional condition must be met. This 
condition is that the series of these functions (frequently referred to as trial functions or 
shape functions) need to be mathematically complete. Mathematical completeness of a 
series of functions will mean that any function (actual displacements) can be adequately 
represented by these complete functions. Completeness has been proven for many series 
of functions (Kreyszig 1989, 1993). These include both algebraic polynomials and 
trigonometric functions. Both are widely used with the Ritz method to obtain natural 
frequencies. The method of least squares in curve fitting proves that practically any 
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function can be represented by an infinite series of algebraic polynomials (Kreyszig 
1993). Fourier series expansion proves the same for trigonometric series of functions. For 
a detailed discussion on completeness of functions, one can consult the books by 
Kantorovich and Krylov (1964) and Kreyszig (1989, 1993). 

For algebraic polynomials, Eq. (3.2) can be written as 

1 j K 

U(<Pl,<P2,<P3) = III <*ijk<p Wi<& 

1=0 7=0 k—0 
L M N 

V(<iPl, <P2, <Pl) = I I I PlmnV' 1<P2<P3 

1=0 m= 0 n= 0 
P Q R 

W(<p U <P2,<P3) = III ypqMvWi 

p = 0 q= 0 r =0 

The first equation in Eq. (3.3) can be expanded as 

/ j K 

U(<Pl,<P2,<P3) = III <Xijk<PW2<A 

i = 0 7=0 k = 0 

= a 000 + a 001<P3 + a 010^2 + «100<Pl + + Q! 1129l92¥ , 3 



(3.3) 



a 113^ > l < P2 l P3 ' 



a UK<Pl<P2<($ + ai21^1<P2<P3 + «131<Pl<P2<P3 



+ ' • ' + < XIJI<P 1 <P 2 <P 3 + “211^1 ^2^3 + a 311?’l? > 2? , 3 + ' ' 



«/l 1 <Pl <P2 <P3 + «222 <P\ ‘Pi V3 ■ 



(3.4) 



It should be noted here that no higher order term should be used unless the needed lower 
order term is used for the same power series. The needed lower order terms are all the 
lower order terms that do no violate the necessary geometric boundary conditions. 

Once the displacement field or assumed functions are determined, they need to be 
directly substituted in the Lagrangian energy functional L = T — U + W. The total 
expression of the Lagrangian needs to be minimized in search of a stationary value. This 
search requires minimization of the expression with respect to the undetermined 
coefficients: 



dL 
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d filmn 
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/ = 0 , 1, ...,/, 7 = 0,1,...,/, k = 0,l,...,K, 
1=0, 1,...,L, m = 0, 1 , — , M , n = 0, 1, ...,1V, 
p = 0,l,...,P, q = 0,1, ..., Q, r = 0,l,...,R 



(3.5) 
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In a typical problem with no geometric constraints, this yields a system of equations of the 
size (/ + 1)(7 + l)CfiT + 1) + (/ + 1 )(M + 1 )(N + 1) + (P + 1 )(Q + \)(R + 1). In order to 
avoid the trivial zero solution, the determinant must be taken to zero. In a free vibration 
analysis, this yields a set of eigenvalues. 

It should be mentioned that for the class of problems treated in this book, 
symmetric stiffness and mass matrices will result from the Ritz analysis. Furthermore, 
generally speaking, the force resultants and stresses obtained by using the Ritz method 
will be less accurate when compared with displacements and frequencies. 

The assumed displacements in a Ritz analysis converge to the exact frequencies 
only if a complete set of assumed functions is used. Since that is not the case in typical 
problems where the series get truncated at some level, the assumed displacement field 
usually represents a stiffer system than the actual one. This results in higher frequen- 
cies than the exact solution. This is established numerically by observing the con- 
vergence characteristics of the natural frequencies. These frequencies converge 
monotonically from above in a Ritz analysis. 

The Ritz method has been widely used in mechanics for a variety of problems, 
most notably in vibrations of continuous systems. The method can be used in 
nonlinear vibration analysis, resulting in a nonlinear system of algebraic equations. 
These equations are then solved using numerical techniques leading to more than 
one answer. The method of Ritz permits obtaining as many natural frequencies as 
needed. If a complete set of functions is used, the Ritz method has excellent con- 
vergence characteristics and is relatively easy to program (Qatu 1989). The Ritz 
method, sometimes referred to as Rayleigh-Ritz, has been used successfully to 
analyze thin cylindrical shells (Ip et al. 1996; Sharma et al. 1996; Kumar and Singh 
1996; Heyliger and Jilani 1993). It has also been used to study thin shallow shells 
(Chun and Lam 1995; Qatu and Leissa 1991a, b; Qatu 1993a, 1994b, c, 1995b, c; 
Messina and Soldatos 1999a, b, Sheinman and Reichman 1992). The Ritz method 
has also been used to study thick shallow shells by Singh and Kumar (1996) and 
spherical shells by Chao and Chern (1988), and other shells by Lee (1988). Raouf 
and Palazotto (1992) used the Ritz method with harmonic balance to analyze non- 
linear vibrations of shells. 

One has to start with a displacement field that satisfies at least the geometric 
boundary conditions when using the Ritz method. Furthermore, it is somewhat 
difficult to obtain a displacement field for a relatively complex shell structure or set 
of such structures. For example, a problem of a plate attached to a shell at a certain 
angle is challenging if the Ritz method is to be used, as found by Young and 
Dickinson (1997). Special treatments were introduced to overcome the difficulty of 
using the Ritz method with general boundary conditions (Kumar and Singh 1996; Li 
and Mirza 1997). 
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3.3. THE GALERKIN METHOD 



The Ritz method is used to obtain approximate solution to problems having an energy (or 
variational) expression. There are problems in mechanics which do not allow for such an 
expression. The weighted residual methods are basically a generalization of the Ritz 
method to handle problems that do not allow an energy expression. The Galerkin method 
is a special case of the general weighted residual methods. In these methods, the 
governing differential equations and corresponding boundary conditions are needed. For a 
typical problem treated in this text, the governing equations can be written in the form 
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(3.6) 



where the Z,,y terms are the differential operators (which may contain derivatives with 
respect to time), U, V and W are the displacement fields and p x , p 2 and p 2 are the forcing 
function. Additional boundary terms will represent specified boundary conditions. The 
solution of the displacement field using the Galerkin method is searched for in a form 
similar to Eq. (3.1) for a free vibration analysis. The displacement field is approximated 
with trial functions, similar to Eq. (3.2). This displacement field is directly substituted in 
the governing differential equations (3.6). This yields an expression for the residual (error) 
that can be written as 
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(3.7) 



P Q R 

III y P qrfpqr(<Pl,V2,(P3) 

p = 0 < 7=0 r = 0 

where the E t , E 2 and E 3 are expressions for the residual terms. They are functions of the 
undetermined coefficients, the forcing functions and the coordinate system. The weighted 
residual methods require these coefficients to be orthogonal to some weight functions ip, . 
This is achieved by setting the integral below to 0. 



<!hE n dV = 0, 



i = 1, 2, ..., n 



(3.8) 



The term n in the above equation includes all the undetermined coefficients in the 
problem. This yields a system of equations that is equal to the undetermined coefficients. 
To avoid a nontrivial solution, the determinant is set to 0, which yields the eigenvalues. 
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Various weighted residual methods differ from each other in the selection of the 
weight functions. Galerkin’s method requires those functions to be the trial functions 
themselves. Interestingly, for many problems this yields computations similar to those of 
the Ritz method. 

The Galerkin method has been used mainly to study nonlinear vibration problems. It 
was used to analyze doubly curved shallow shells in many research articles (Ohnabe 1995; 
Shin 1997; Raouf and Palazotto 1994; Heuer 1994; Chaudhuri and Kabir 1992, 1994). The 
Galerkin method was also used to study the nonlinear vibration of cylindrical shells in 
various studies (Palazotto and Linnemann 1991; Tighe and Palazotto 1994; Fu and Chia 
1993). Other researchers used the method to deal with conical shells (Khatri and Asnani 
1995, 1996; Khatri 1996; Xu et al. 1996). Spherical shells were studies by Chao et al. 
(1991), Narasimhan and Alwar (1992), and Xu and Chia (1994a, b, 1995). Other shells 
were considered by Fu and Chia (1989a, b). 



3.4. THE FINITE ELEMENT METHODS 

The FEM have been growing rapidly in the last three decades. Most of these methods have 
been based upon the Ritz method (minimizing the energy functional) or other weighted 
residual methods including Galerkin on an element level to obtain an element stiffness 
matrix. FEM overcome the difficulties the Ritz and Galerkin methods have in dealing with 
various boundary conditions and relatively complex shapes. For simple structures, the 
Ritz method shows better convergence and less computational needs. For complex 
structures, loading functions and/or boundary conditions, the FEM have proven to be an 
excellent tool. A considerable number of FEM commercial codes and packages exist to 
obtain vibration results. Good literature survey articles on the subject were presented by 
Noor and Burton (1992), Noor et al. (1993) and Reddy (1989). 

The main difference the finite element methods have from the previous methods is 
that the equations are derived at the subdomain (called finite element) level. The finite 
elements themselves are simple in shape. Algebraic polynomials are typically used as 
the trial functions at the element level which makes the computation relatively 
straightforward. The undetermined coefficients are the values of dependent variables at 
certain selected points within the structure (called nodes). Finite element analysis will be 
described briefly here. For a detailed derivation, the reader is advised to consult one of 
the major texts on the subject. 

In today’s commercial finite element packages, the actual computations are 
transparent to the user. What the user actually encounters are three fundamental 
components of the finite element package. The first is the preprocessor. In this component, 
a finite element model is built. This modeling part constitutes the major task done by 
today’s finite element engineers. In this task, the structure at hand is divided into elements. 
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The user must decide whether solid elements, shell elements or other elements are to be 
used. There are some general guidelines on the applicability and usage of each of these 
elements. These guidelines are driven by the accuracy needed, the complexity of the 
structure at hand, and the computational time available. Generally speaking, smaller 
element sizes (i.e., larger number of elements for the whole structure) will need more 
computational time and deliver more accurate results. If shell elements are used, only the 
middle surface needs to be defined in the model and the thickness is presented as an 
element property. As a general rule, the element side lengths used when modeling a 
structure using shell elements should be larger than the thickness by one order of 
magnitude. Otherwise, solid elements should be selected. Also, if solid elements are used, 
there should be at least two, preferably four, elements across the thickness. Once the 
general type of elements is decided (e.g., solid versus shell), the type of element should be 
further specified. There are many different solid and shell elements available to the user. 
For solid elements, the user can use tetrahedron elements, parallel-piped ones (referred to 
as brick elements) or others. Each type of these has its own advantages and shortcomings. 
For shell elements, the user often has to choose triangular, rectangular or other element. 
For each of these, there are multiple derivatives. For example, there are four-noded 
rectangular elements, eight-noded ones and others. Again, advantages and shortcomings 
are reported for each. The user can also mix elements relatively easily when elements are 
chosen from the same category (e.g., solids), and with great care when elements from 
different categories are connected together (e.g., connecting solid elements with shell 
elements). The mismatch of the degrees of freedom (DOF) at the nodes when shell 




Figure 3.1. A shell modeled by shell elements. 
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Figure 3.2. A shell modeled by solid elements. 

elements are connected to solid elements should be treated very carefully. Figures 3.1 and 
3.2 display a shell modeled by shell elements and solid elements, respectively. 

Once the model is built, most commercial packages have a variety of tools to check 
the model. Among the most important checks is the inner-connectivity of the elements. 
This is important to avoid unintended internal boundaries between the elements. For shell 
elements, the normals of the elements should be in the same direction. Once the finite 
element is built, it produces a file which is used as an input data file for the processor, 
which is the main component of the finite element package. 

The finite element processor code reads the input data prepared by the preprocessor. 
This code contains material properties of each element, nodal coordinate data as 
well as the nodes surrounding each element. The code is usually editable by the user. 
The processor itself is usually transparent to the user and is the portion that requires 
considerable computational timing depending on the refinement of the model and the 
speed of the computing machine. The processor produces an output data file which is read 
by a post-processor to view and evaluate results. The description that follows is a brief 
summary of the computations performed by the processor portion of the code. 



3.4.1 Deriving element parameters 

A finite element formulation begins with a formulation at the element level. The 
undetermined coefficients used in the previously described methods of Ritz and weighted 
residuals are replaced by unknown values (e.g., displacements) at the nodes. Algebraic 
polynomials that represent the displacements over the element are derived based upon 
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the nodal values of the displacements. For solid elements, the nodal displacements u h v, 
and Wj (where i is a typical node) constitute the DOF used at each node. For the least 
possible tetrahedron element that has four nodes, with 3 DOF per node, a total of 12 DOF 
will be needed per element. For shell elements, midsurface displacements u Qh v 0l - and v% 
(where i is a typical node) as well as the slopes (see, e.g., Eq. (2.60)) represent the needed 
DOF per node. This yields a total of 5 DOF per node. For a triangular shell element, with 
three nodes, this results in at least 15 DOF over the element. Appropriate algebraic 
polynomials are then carefully selected for the u, v and w displacements over the domain 
of the element with the same number of undetermined coefficients. For shell elements that 
include shear deformation, five independent variables exist at each boundary. This, in 
principle, added complexity to the problem at hand. Interestingly, the treatment of 
elements with shear deformation is easier than that of classical shell elements. The reason 
is the condition of compatibility. 

For classical shell elements, compatibility requires both displacements and slopes 
to be continuous across the boundary of the elements (and not only at the nodal points). 
For classical elements, this requires a higher degree polynomial over the domain. 
For elements with shear deformation and with higher number of DOF per node, the 
polynomial needed is of lesser degree, and thus the formulation is simpler. A typical 
displacement function within the element can be represented by the following polynomial: 

U(<Pi, <P2, <Pl) = a 000 + “001^3 + a 010<P2 + a 100 ( Pl + £*110^1^2 + £*101^1^3 

+ «011<P2<P3 + “200“?! + £*020^2 + £*002 <P3 + a lll < Pl < P2‘P3 

+ «210<Pl<P2 + £*201<Pl<P3 + “021^2^3 + a 120<Pl <P2 + a 102‘Pl^3 

+ “01292^ + £*300 *Pl + £*030^2 + <*003 <P3 + £*112<Pl <P2 <P3 

+ a 12 1<P1<P2<P3 + <*2 n<Pt <P2‘P3 + • • • (3-9) 

The above expression is written carefully such that it begins with a constant term a 0 oo 
followed by three linear terms. These four terms would be enough interpolation functions 
for a solid element. If a higher order element is selected, then quadratic terms must be 
included. Some or all of the quadratic terms described in the above equations can be 
selected for that purpose. 

Similar displacement functions can be written for other displacements like V and W 
(and shear functions for shear deformable shell elements). The coefficients in the 
polynomial are determined by using proper interpolation functions that achieve a 
displacement (or curvature) value at one of the nodes. 

The stiffness matrix for the element is determined by using either the Ritz method or 
one of the weighted residual methods. If the Ritz method is used, the trial functions of 
Eq. (3.9) are substituted into the Lagrangian expression, which in turn needs to be 
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minimized using 



07 

d«i/* 



o 

i= i 



(3.10) 



The superscript (e) is used to refer to a particular element. The K ;J terms refer to stiffness and 
inertia terms, uj refers to the DOF, and F t refers to the force vector at the prescribed DOF. 

The stiffness matrices of laminated shell and plate elements exist in the literature and 
are available in many books including those of Reddy (1984b, 2003). 

Coordinate transformation is needed to write the above equations in the global 
coordinates used in the total system, which are typically different than those used at the 
element level. 



3.4.2 Assembly of the elements 

Once the stiffness (and mass) matrix as well as the force vector are written for each 
element in terms of global coordinates, the elements need to be connected together to 
obtain one global stiffness matrix and another mass matrix as well as a force vector. 

Each node will have a global displacement in a certain direction. This displacement 
must be the same for each of the surrounding elements at that node. A total energy 
expression (77) can be reached by summing all the potential energies of the elements 

N 

n=^n i (3.ii) 

i=l 

where N is the total number of elements. The variation of the total energy is then taken to 
be 0, satisfying the principle of minimum potential energy for the whole system. This 
yields 

|^=0, I = 1,2, ...,n (3.12) 

oUj 

The above expression yields equations for each DOF for the global system. This, when 
connected together, can be written as a global matrix of the form 

K ljU , = F, (3.13) 

Note that the terms include both stiffness and mass coefficients needed in a dynamic 
analysis. The resulting stiffness and mass matrices are symmetric. 



3.4.3 Imposing the boundary conditions and post-processing 

The boundary conditions need to be imposed on the global equations. The specified 
boundaries can either be written in terms of specified displacements or specified forces 




Methods of Analysis 



71 



(at any of the nodes). If the displacement is specified at a certain node, then the row 
and column corresponding to the node should be deleted. The force column should be 
modified by subtracting the product of the stiffness coefficient in the column with the 
specified displacement. For applied forces at any node, the internal forces should be equal 
to the external forces at that node (equilibrium at the node). 

Once the system is fully determined with only the displacements as unknown, typical 
mathematical procedures can be applied to obtain a solution (i.e., find the displacements at 
each of the nodes). Forces can then be computed at each of the boundaries as well as the 
nodes. 



3.4.4 Recent literature 

Various finite elements for composite shells were discussed by Carrera (2001, 2002). 
Thin shell elements were used to analyze the vibrations of composite shells by 
many researchers (Cyr et al. 1988; Singh et al. 1990; Lee and Saravanos 2000; 
Lakshminarayana and Dwarakanath 1992a, b; Chen et al. 1993; Gotsis and Guptill 1995; 
Isaksson et al. 1995; Soares et al. 1995; Chang and Shyong 1994; Lakis and Sinno 1992). 
Thin and thick shallow shell elements were developed and used for composite shell 
vibration research in various studies (Beakou and Touratier 1993; Singh and Kumar 1996; 
Chakravorty et al. 1995a, b, 1996; Argyris and Tenek 1996; Kapania and Mohan 1996; 
Kosmatka 1994; Zhu 1996). 

Finite elements were also developed using various shear deformation theories 
(Sivadas and Ganesan 1991a,b, 1993; Chakravorty et al. 1996; Touratier and Faye 1995; 
Chun and Dong 1998). Vibration and damping analysis of pretwisted composite blades 
was performed by Nabi and Ganesan (1993). FEM were used to analyze stiffened shells by 
many authors (Rao et al. 1993; Liao and Cheng 1994a, b; Goswami and Mukhopadhyay 
1995; Lee and Lee 1995; Bouabdallah and Batoz 1996). Predictor-corrector procedures 
for stress and free vibration analyses of multilayered composite plates and shells were 
performed by Noor et al. (1990). 

Sanders’ shell theory was modified to include shear deformation and used to develop 
conforming finite elements by Abu-Farsakh and Qatu (1995). Thick conical shells were 
analyzed using finite elements by Sivadas (1995a,b). Hybrid-mixed formulations were 
used to study vibrations of composite shells (Wilt et al. 1990; Gendy et al. 1997; Selmane 
and Lakis 1997a,b). A higher-order, partial hybrid stress, FEM formulation was given by 
Yong and Cho (1995). Bardell et al. (1999) used h-p FEM to study the vibration of open 
conical sandwich panels. 

3D elements were also used in the analysis of composite shells by Dasgupta and 
Huang (1997). A discrete layer analysis using FEM was performed for cylindrical shells 
by Ramesh and Ganesan (1992, 1993, 1994) and Gautham and Ganesan (1992, 1994). 
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Finite elements were developed for the new piezoelectric materials. FEM models 
were generated for shells with embedded layers of these materials by Jia and Rogers 
(1990). Other models were developed for shells made of such materials by many 
researchers (Lammering 1991; Hussein and Heyliger 1996; Tzou and Bao 1995; Tzou and 
Gadre 1989; Tzou and Ye 1996). Shells made of shape memory alloys were treated by 
Hurlbut and Regelbrugge (1996). Berger and Gabbert (2000) used finite element analysis 
to design piezoelectric controlled smart structures. 

Nonlinear vibration analysis was performed by many researchers using various types 
of composite shell elements (Martin and Lung 1991; Lakis and Laveau 1991). Flutter was 
considered by Chowdary etal. (1994) and Liao and Sun (1993). Kapania and Byun (1992) 
considered imperfections using finite element analysis. 



3.5. OTHER METHODS 

Other techniques exist for solving the vibration problem of composite shells including 
finite differences, boundary element methods (BEM), differential quadrature and others. 
Differential quadrature is evolving rapidly lately, and the same is true for BEM. 

Differential quadrature was used to analyze laminated conical shells by Shu (1996) 
and Wu and Wu (2000). Argyris and Tenek (1996) developed the “natural mode method” 
and used it in their analysis. Boundary domain elements were employed to analyze free 
vibration of thick shells by Wang and Schweizerhof (1996a,b, 1997) and Beskos (1997). 
A spline strip method was used to analyze thick cylindrical shells by Mizusawa and Kito 
(1995) and Mizusawa (1996). Boundary continuous displacement based Fourier analysis 
was conducted for laminated panels using a classical shallow shell theory by Chaudhuri 
and Kabir (1992). Li and Mirza (1997) used a method based on the superposition and 
state-space techniques to study the free vibration of cross-ply laminated composite shell 
panels with general boundary conditions. 

The relative ease, accuracy and dependability of the Ritz method for linear analysis 
and the Galerkin method for nonlinear analysis has proved to be valuable for simple 
structures and/or boundary conditions. The FEM have also been widely used and accepted 
for complex structures and boundary configuration. The availability of commercial codes 
in obtaining natural frequencies using the FEM and the user friendliness of these codes 
have made finite elements the industry standard in many applications that involve 
dynamic analysis of composite structures. 




Chapter 4 

Curved Beams 



Laminated composite materials are used to build components like beams, plates or shells. 
Often encountered among various applications are laminated beams. The same structural 
component can be referred to as a beam, a rod, a column or a shaft. The name is a function 
of the loading encountered by this component. It is a rod or a bar when under tension, 
a column when under compression and a shaft when under torsional loads. Beams support 
mainly bending and shear loads. These structural components are also called “beams” 
when they are under combined loading including bending. 

Beams can be straight or curved. Curved beams can have deep or shallow curvature 
and can be open or closed. Closed beams are often called rings, and open curved beams 
are often referred to as arches. This chapter addresses the vibration of laminated curved 
beams and rings. The treatment includes both thin and thick beams. 

It should be mentioned here that the treatment presented in this chapter considers 
beams vibrating (or deforming) in their plane of curvature. This will help build some 
significant insight to their behavior and the impact of curvature on the beam’s vibration. 
The difference between the vibration of straight and curved beams will constitute an 
introduction to build insight about the difference between flat plates and shells. Out-of- 
plane vibration of laminated beams is beyond the scope of this book. 

Vibration analysis of curved beams was the subject of few survey studies 
(Chidamparam and Leissa 1993; Markus and Nanasi 1981; Laura and Maurizi 1987). 
These studies list more than 200 references on the subject. Almost all the references dealt 
with isotropic beams. Only a limited number of these references dealt with composite 
beams. The work of Kao and Ross (1968) should be reported to be among the first to deal 
with composite beams. The in-plane, or planar, vibration treated here received most 
interest by researchers. 

The finite element method was used to study the dynamic response of sandwich 
curved beams (Ahmed 1971, 1972). Elements having three, four and five degrees of 
freedom (DOF) per node were analyzed (Ahmed 1971). Shear deformation and rotary 
inertia effects on the natural frequencies were further studied (Ahmed 1972). Free and 
forced vibrations of a three-layer damped ring were investigated (DiTaranto 1973). 
The same problem was solved using analytical formulation (Lu 1976; Nelson 1977). 
Transient response was analyzed for three-layer rings (Sagartz 1977). Damping properties 
of curved sandwich beams with viscoelastic layer were studied (Tatemichi el al. 1980). 
Viscoelastic damping in the middle core layer was emphasized. A consistent set of 
equations was developed for slightly curved laminated beams (Qatu 1992a) and results 
were obtained for such beams having different boundary conditions. It was shown that 
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the stretching -bending coupling due to lamination have significant effect on the natural 
frequencies. Thin and thick theories for laminated curved beams were presented and used 
in vibration analysis by Qatu (1993b). 

This chapter is concerned with the development of the fundamental equations and 
energy functionals for laminated composite curved beams and closed rings and present 
results using both exact and approximate solutions, which can be useful for design 
engineers. Equations for straight beam can be derived by setting the curvature to zero (i.e., 
radius of curvature goes to infinity). Two theories are developed for laminated curved 
beams. In the first theory, thin beams are studied where effects of shear deformation and 
rotary inertia are neglected. This theory will be referred to as thin beam theory or classical 
beam theory (CBT). In the second theory, shear deformation and rotary inertia effects are 
considered. This theory will be referred to as thick beam theory or shear deformation 
beam theory (SDBT). Kinematical relations, force and moment resultants, equations of 
motion and boundary condition are derived and shown to be consistent for both theories. 
Stretching-bending coupling due to both curvature and unsymmetrical lamination are 
distinguished. Natural frequencies are presented for simply supported open curved beams 
and closed rings by exact and approximate methods. Shear deformation and rotary inertia 
effects as well as those of the thickness and orthotropy ratios and lamination sequence 
upon the natural frequencies are studied. 



4.1. FUNDAMENTAL THEORY OF THIN BEAMS 

A CBT will be developed here to treat thin beams. A laminated curved beam is 
characterized by its middle surface, which is defined by the polar coordinate a 
(Figure 4.1), where 



a = RO 



(4.1) 



The constant R identifies the radius of curvature of the beam (Figure 4.1). The equations 
derived earlier for deep shells can be specialized to those for curved beams by deleting all 
derivatives with respect to the out-of-plane axis and all terms containing displacement in 
the out-of-plane direction. The equations derived here are for curved beams subjected to 
in-plane loading and/or vibrating in the a-z plane. 



4.1.1 Kinematic relations 

Middle surface strain and curvature change are obtained from Eqs. (2.59) and (2.60). This 
is done by introducing constant Lame parameters and ignoring out-of-plane components. 




Curved Beams 



77 




Figure 4.1. Parameters used for laminated curved beams. 



This results in the following equations for midsurface strains and curvature change: 



eo = 



9«o 

da 



w 0 _ d 2 w 0 

R ’ da 2 



1 d« 0 
/? da 



The strain at an arbitrary point can be found from 
8 = (e 0 + zk ) 



(4.2) 



(4.3) 



where u Q and wq are displacements of the beam’s middle surface in the a and z directions, 
respectively. Note that the term z/R is small in comparison with unity and is neglected for 
thin beams. The well-known Kirchhoff hypothesis (normals to the middle surface remain 
straight and normal during deformation) was used. 



4.1.2 Force and moment resultants 

Consider now a laminated curved beam composed of composite material laminae. The 
fibers of a typical layer may not be parallel to the coordinate in which the beam equations 
are expressed (i.e., the a coordinate). The stress- strain equations for an element of 
material in the kth lamina may be written as 

c r=Q n s (4.4) 

where cr is the normal stress component. The constant Q u is the elastic stiffness 
coefficient for the material. The subscript (11) could be omitted but is maintained here 
for the direct use and comparison with the shell equations. Vinson and Sierakowski (1986) 
used a different constant that takes into consideration the effects of Poisson’s ratio and 
free surfaces. 
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The force and moment resultants are the integrals of the stresses over the beam 
thickness ( h ): 



[N.M] = b 



f/>/2 



-A/2 



[ 1 , Z] cr dz 



(4.5) 



where b is the width of the beam. Keeping in mind that beams of n number of layers are 
considered, then the above equations may be rewritten as 



[ n . m ] = /? jr 



[l,z]crd; 



(4.6) 



k= 1 



Substituting Eq. (4.4) into Eq. (4.6), utilizing Eq. (4.3), and carrying out the integration 
over the thickness piecewise, from layer to layer, yields 



(4.7) 



where the A n , B n and D n are the stiffness coefficients arising from the piecewise 
integration (Eq. (2.65)) 



' N ' 




^11 


B n ' 


" eo " 


_ M _ 




_B n 


£>n . 


K 



[^lii^ti^it] — 



5>eff| "(z* 

k= 1 L 



1 



1 



Zk- 1 ), 2 _ z*-t)> 3 (z* - Z k - 1) 



(4.8) 



where z is the distance from the midsurface to the surface of the kth layer having the 
largest "-coordinate. The above equations are valid for cylindrical bending of beams. For 
beams with free stress surfaces, the above equations can be modified. This approach can 
be found in the book of Vinson and Sierakowski (1986). 



4.1.3 Equations of motion 

The equations of motion may be obtained by taking a differential element of a beam 
having thickness h and midsurface length da (Figure 4.2) and requiring the sum of the 
external and internal forces in the a and z directions and the sum of the external and 
internal moments in the out-of-plane direction to be zero. The equations of motion can 
also be obtained by specializing the thin shell equations derived in Chapter 2 to those of 
beams. The equations of motion are 



a/v 



_ Q = , 9 2 Mq 

8a R 1 9r 2 



N 



9G a 2 w 0 

R 8a 1 'dt 2 



-P n 



0M 

t- -2 = 0 
da 



(4.9) 
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where 7) = Yl=\ J/|‘ l p (k) dz, = Yd=i bp (k) (h k — h k - 1 ); N, Q and M are the normal and 
shear forces and the bending moment, respectively; and p a and p n are external force 
(or body force) components tangent and normal to the beam midsurface, respectively. 
Solving the third equation in Eq. (4.9) for Q, and substituting this into the second equation, 
the equations of motion become 



dN 1 dM d° ug N d 2 M d~wg 

da R da 1 dt 2 R ^ da 2 1 dt 2 



(4.10) 



Multiplying the last of Eq. (4. 10) through by — 1 and substituting Eqs. (4.2) and (4.7) into 
Eq. (4.10), the equations of motion may be expressed in terms of the midsurface 
displacements in matrix form as 



^11 ^12 


" «0 ’ 




O 

1 


a 2 


" M 0 " 




" -Pa " 






+ 








= 




. ^21 Lns _ 


. W 0 . 




. 0 /, . 


dt 2 


. ^0 . 




_ +Pn _ 



where 



At 

L22 



= A 
= D 



d 2 
11 da 2 

d 4 
11 9a 4 



+ 2 - 



Bn 
R 

,Bn 

R 



d 2 
da 2 

da 2 



DnJ^ 

R 2 da 2 

An 

R 2 
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and 



L\2 — Lo i — B 



21 



0 a 3 



An 
R da 



Du^_ 

R 0a 3 



Z?i! A 

R 2 0 a 



For symmetrically laminated beams, all terms containing B n vanish. Note that even when 
the curved beam is symmetrically laminated, there exist coupling between in-plane and 
transverse displacements. Only if the beam is straight and symmetrically laminated that 
the in-plane and transverse displacements are decoupled. 



4.1.4 Energy functionals 

The strain energy stored in a beam during elastic deformation is 

1 



U = 



H 



(c re)dV = 



(Ns 0 + Mhc)da 



(4.12) 



where V is the volume. Writing the strain energy functional for the Mi lamina, and 
summing for n number of laminates yields 



1 

U= 2 



[An(eo) + 2 -BhEok + Z?nK"]da 



(4.13) 



The above equations can also be derived straightforwardly by substituting Eq. (4.7) 
into Eq. (4.12). Substituting the strain-displacement and curvature -displacement 
equations (4.2) into Eq. (4.13) yields the strain energy functional in terms of the 
displacements 



U = 



1 

2 



J L 




W 0 \ 


2 

+B>i i 


( 9 2 w 0 


+ R) 


^ 0a 2 


0M O 


wo\( 


d 2 w 0 


0a 




da 2 



1 0«o y 

R da J 

1 du o\\ 
R da J J 



da 



(4.14) 



Using the distributed external force components p a in the tangential (polar) direc- 
tion, and p„ in the normal direction, the work done by the external forces as the beam 
displaces is 



W = 



j^(p a u 0 + p n w 0 )da 



(4.15) 



The kinetic energy for each lamina is 




da 



(4.16) 
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where fi k) is the lamina density per unit volume, and t is time. The kinetic energy of the 
entire beam is (neglecting rotary inertia terms): 



N 



r=Xr, 

k= 1 




(4.17) 



where /, is the average mass density of the beam per unit length. 

The above energy expressions can be shown to be consistent with the equations of 
motion, strain -displacement relations and boundary conditions by means of Hamilton’s 
principle. This requires taking the variation of the Lagrangian energy functional (T — 
U + W), at time t , 



8 (T-U+W) 




+ initial conditions 



(4.18) 



Hamilton’s principle require the coefficients of 8 u and 8w to vanish independently. The 
two equations of motion (Eq. (4.10)) can be obtained by separating the terms multiplied 
by the variation of u 0 (i.e., 8« 0 ) and w 0 , respectively. 



4.1.5 Boundary conditions 

Boundary conditions can be obtained from the last terms of the variational equation. On 
each boundary, one must specify three conditions: 



«o = 0 
Wq = 0 



3 w 0 
3a: 



= 0 



or N H =0 

R 

or 2 = 0 

or M = 0 



(4.19) 



Note that there is an additional term, ( M/R ), in the first boundary condition. This term does 
not exist for straight or slightly curved beams (Qatu 1992a). Boundaries may also be 
elastically constrained, with the constraints being represented as translational and rotational 
springs at the beam edges. In such cases, the boundary conditions are generalized to 



K, u o + ( N + — j — 0 

k w w () + 2 = 0 



(4.20) 
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at the edge a = —a/2, where k u and k w are translational spring stiffnesses and k ^ is the 
rotational spring stiffness. The signs of N. M and Q in the above equations change at the edge 
a = a/2. 

The above equations constitute a complete and consistent set of equations for the 
static and dynamic analyses of laminated composite curved thin beams. By introducing 
the stiffness and kinematical relationships into the equations of motion, they have been 
expressed in terms of displacements. If the assumed displacement functions have 
sufficient continuity, then the equations of compatibility are identically satisfied. 



4.2. FUNDAMENTAL THEORY OF MODERATELY THICK BEAMS 

A SDBT will be developed here to treat thick beams. The equations derived for 
moderately thick beams are different from those derived for thin beams. Shear 
deformation and rotary inertia should be included in the derivation of a thick beam 
theory. An accurate formulation is made for the stress resultants of thick beams (including 
the z/R term). 



4.2.1 Kinematic relations 

Specializing the equations derived in Chapter 2 for thick shells (Eqs. (2.36)— (2.38)) to 
those of beams, in a manner similar to that described earlier for thin beams, yields the 
following middle surface strain and curvature change 



_ 9«o . w 0 

s ° — 2 ^ ~o~ ’ 

da R 

a wo u 0 

y= — i- />- 

da R 



dif 

da 



(4.21) 

(4.22) 



where y is the shear strain at the neutral axis, and f is rotation of a line element originally 
perpendicular to the longitudinal direction, about the out-of-plane direction. 

Normal strain at an arbitrary point can be found from 

s= <4 ' 23) 



4.2.2 Force and moment resultants 

The force and moment resultants are the integrals of the stresses over the beam thick- 
ness (h): 

rh/2 
. -h/2 



[- N,M , Q\ = b 



[cr, o z, T]dz 



(4.24) 
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where b is the width of the beam. For a laminated beam, with n number of layers, the 
above equations may be rewritten as 



[N,M,Q] = b'£ 

k= 1 



'h 

[cr, <77, r]d" 



(4.25) 



Substituting Eq. (4.21) into Eq. (4.25), utilizing Eq. (4.23), and carrying out the 
integration over the thickness yields 



~N~ 




M 


= 


-Q- 





D\\ 

_ 0 0 



o - 




- s 0 _ 


0 




K 


^ 55 - 




- y - 



(4.26) 



where the A n , B n ,D n and A 55 are the stiffness coefficients arising from the integration. 
The integration is carried exactly, with the z/R term of Eq. (4.23) included 






A n = R 

k= 1 

B u =R^bQ\ k :( 

k= 1 ' 






D u = R 



N / | 

X b Qn[ 2 ( [ * + A * ]2 ~ [R + ^-i] 2 ) - 2R < h k 

k= 1 V Z 

R 2 Inf 

\R + h k - j ) ) 



h- 1) 



^55 “ — 



x*4< 

k=l 



^ l) 2/,2 h k —\) 






(4.27) 



Table 4.1 shows a comparison between the above terms when both Eqs. (4.27) and (4.8) 
are used. Eq. (4.27) is accurate and the comparison should give a hint on the limitation of 
the constitutive relations used in the thin curved beam theory. The difference becomes 
large as the orthotropy ratio increases. This difference reaches approximately 8% for 
beams with an orthotropy ratios of 15 and 40 and thickness ratio h/R of 0.2, which is taken 
as the limit of thick beam theories. This should also be a benchmark for establishing the 
limitations of shell equations. In general, the z/R term should be included to obtain 
accurate equations for thick beams (or shells). 
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Table 4.1. A comparison between approximate and accurate equations for the coefficients A n , and 
Du °f [0°,90°] curved beams. 



h/R 


Approximate equations (4.8) 
A„/E 2 bR B u /E 2 bR 2 D u /E 2 bR 3 


Accurate equations (4.27) 

A„/E 2 bR B„/E 2 bR 2 D„/E 2 bR 3 


E,/E 2 = 


1 ( i.e., single layer) 










0.01 


0.01 


0 


0.00000008 


0.01000008 


-0.00000008 


0.00000008 


0.02 


0.02 


0 


0.00000067 


0.02000067 


-0.00000067 


0.00000067 


0.05 


0.05 


0 


0.00001042 


0.05001004 


-0.00001042 


0.00001042 


0.10 


0.10 


0 


0.00008333 


0.10008346 


-0.00008346 


0.00008346 


0.20 


0.20 


0 


0.00066667 


0.20067070 


-0.00067070 


0.00067070 


A* 


-0.3% 


- 


-0.6% 








e,/e 2 = 


15 












0.01 


0.08 


0.000175 


0.00000067 


0.07982566 


0.00017434 


0.00000066 


0.02 


0.16 


0.000700 


0.00000533 


0.15930530 


0.00069470 


0.00000530 


0.05 


0.40 


0.004375 


0.00008333 


0.39570700 


0.00429300 


0.00008200 


0.10 


0.80 


0.017500 


0.00066667 


0.78314576 


0.01685424 


0.00064576 


0.20 


1.60 


0.070000 


0.00533333 


1.53501321 


0.06498679 


0.00501321 


A* 


4.2% 


7.7% 


6.4% 








e,/e 2 = 


40 












0.01 


0.205 


0.0004875 


0.00000171 


0.20451420 


0.00048579 


0.00000170 


0.02 


0.410 


0.0019500 


0.00001367 


0.40806357 


0.00193643 


0.00001357 


0.05 


1.025 


0.0121875 


0.00021354 


1.01302231 


0.01197769 


0.00020981 


0.10 


2.050 


0.0487500 


0.00170833 


2.00289986 


0.04710014 


0.00164986 


0.20 


4.100 


0.1950000 


0.01366667 


3.91776771 


0.18223229 


0.01276771 


A* 


4.7% 


7.0% 


7.0% 









The percentage difference between Eqs. (4.8) and (4.27) for h/R = 0.2. 



4.2.3 Equations of motion 

Considering rotary inertia terms, the equations of motion become 



_ 0 2 m 



m q 

— — — /i — 2 

da R 'dt~ 



- 0 2 t// 

h—r 

i)t 2 



6 2 w 



— + — =/, j 

da 0f 2 



R 



Pn 



0M 

0a 



- 0 2 h 



^ „ „ _ 0-t It 

Q — i 2 — T ~ 

~ 0t 2 3 0/ 2 



(4.28) 
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where 

Q\jiih) = + ^7 2 + -^,7 3 j 



[7 1 i hi 7 3 ] — 



N rh 
hi. 



k=\ 



p {k) [l,z,z 2 ]dz 



(4.29) 



or 



N / 

[IuhM= ^>P W Uh k 

k= 1 ' 



hk—l)i 2 



3 ) 



The term (7 2 ) is of particular interest. It may be referred to as the coupling inertia and only 
appears if the material density is not symmetric about the middle surface, which is rarely the 
case. This term does not exist for symmetrically laminated plates and even unsymmetrically 
laminated plates if the material used is the same, regardless of the fiber orientation. 

It will be shown later that the above equations are consistent with the energy functionals. 
Multiplying the second equation in Eq. (4.28) of the equations of motion through by — 1 and 
substituting Eqs. (4.22) and (4.26) into Eq. (4.28), the equations of motion may be expressed 
in terms of the midsurface displacements and slope in matrix form as: 



^11 


7-12 7- 13 




- M 0 _ 




"7, 0 I 2 “ 


a 2 


- M 0 _ 




'“Fa" 


^21 


7-22 7-23 




W 0 


+ 


O 

1 

O 


8r 2 


w 0 


— 


+Pn 


-^31 


7-32 7-33 - 




- 4* - 




_7 2 0 7 3 _ 




- <A- 




_ 0 _ 



where 



T-ii — Ai 



0 a 2 



A 55 

R 2 



L \ 2 — Lm — 



21 



(ir + A -i) 



a 

9a 



L \ 3 — 7-3 1 — B 



31 



2 

9 a- 



A 55 

R 2 



-A 11 



_ _ 9 a 

7-23 — 7-32 — 7?i 1 — — — A 55 — 

da da 



0 “ 
da 2 



7-33 — 77 1 1 — -j + A 55 



(4.30) 



For symmetrically laminated beams, all terms containing B n vanish. Similar to CBT, both 
curvature and unsymmetric lamination cause the coupling between tangential and transverse 
deformation. 
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4.2.4 Energy functionals 

The strain energy stored in a beam during elastic deformation is 



U = 



1 



JV8 n 



M 



dlf 

da 



Q y da 



(4.31) 



Writing the strain energy functional for the kth lamina, and summing for n number of 
layers yields 




J ^ [j4-ii(sq) + B u e 0 k + D u k 2 + A 55 y 2 ]da 



(4.32) 



The above equations can also be derived straightforwardly by substituting Eq. (4.26) into 
Eq. (4.31). Substituting Eqs. (4.21) and (4.22) into the above energy expression yields the 
strain energy functional in terms of the slope and displacements 







T I +z> " 



1 55 



/ Two 
V da 



4'- 




VVq\ 

R ) da 



(4.33) 



The work done by the external force components (p a in the tangential (polar) direction, 
and p n in the normal direction) as the beam displaces is 



W = ] L (PaU<i + PaWo) d “ 



(4.34) 



The kinetic energy for the entire beam (including rotary inertia) is 

//, , z\ f)M o 



b 

T ~ 2 



dj da 



((, , z\du 0 \ 2 ( z\ du 0 dip ( di/j\ 2 (dw 0 \ 2 

+ +2 \ 1+ ^/ Z ”a7"a7 + v"07j + l^j 



d z d a 



Integrating over z and summing for N number of layers yields 



v- b 

T =l T i = s 



k=l 






da 



(4.35) 




Curved Beams 



87 



Hamilton’s principle is used again to show that the above energy functionals are 
consistent with the equations of motion and the kinematical relations. This requires taking 
the variation of the Lagrangian energy functional (T — U + W). at time t , 



8 (T - U+W) = 



' , T s , .. s s 7 s j "o9«o - 9w 0 9w 0 
N 8e 0 + M 8k + Q 8y - /i 8 — — — - /j 8—— — — 
l at at at at 



9«o 7 9 «o r 9(// 9<A 9<A 

i 9 O i 9 O 1 7 O 

9t 9t 9t 9t 9f 9f 



§Mo “ Pn 8^0 da 



9/V TV 9M 9 Q 0 

t — 8m 0 — — 8w() + — — hip+ — — 8m^o — Q S(//+ —8 u Q 



9a 






9a 



9a 



ft 



2 2 

- 3 Wq - 8 Wq _ 

+ Pa 8 m 0 + p n 8w 0 - /i — — 8m 0 - /, — — 8w 0 
dr 9r 



d 2 ip 



8 Ml 



9 2 m 0 



2— 2^0 12^2 



9r 



8 '/' - / 3^rzr&<Md“ 



/V 



i/2 



0 8w 0 



\ I— «/ 2 

initial conditions 



,a/2 



-a/2 



3r 



M Si// 



i/2 



“ fl /2> 



(4.36) 



Again, the equations of motion can be obtained by separating the terms multiplied by the 
variations of u (i.e., 5m 0 ), vv 0 and </f, respectively. 



4.2.5 Boundary conditions 

One can get the consistent boundary conditions from the last terms of the variational 
equation. On each boundary, one must specify three conditions. 



u = 0 


or 


ii 

o 




o 

II 

£ 


or 


Q = o 


(4.37) 


-e- 

II 

o 


or 


M = 0 





It is worth mentioning that for moderately thick curved beams, the term M/R in the first of 
the above equations drops. This is hard to find without the variational derivation. For 
elastically constrained boundaries, with the constraints being represented as translational 
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and rotational springs at the beam edges, the boundary conditions are generalized to 



k u U{ j + (V — 0 

k w w 0 + <2 = 0 (4.38) 

k^i/j — M = 0 



at the edge a = —a/2. The signs of N, M and Q in the above equations change at the edge 
a = a/2. 

The simple support boundary conditions can take two forms for curved beams at one 
boundary, namely: 



SI: wq = N = M = 0 on a =— a/2, a/2 

S2 : wq = uq = M = 0 on a = —a/2, a/2 



(4.39a) 



Similarly, the free boundary conditions can take the following forms: 

FI: Q = N = M = 0 (completely free) 

F2 : Q = Uq = M= 0 

and the clamped boundary conditions can take the following forms: 
Cl: Wo = (V = if = 0 

C2 : wq = «o = <A = 0 (completely clamped) 



(4.39b) 



(4.39c) 



This completes the set of equations for the analysis of laminated composite moderately 
thick curved beams. The equations of compatibility will be identically satisfied if the 
assumed displacement functions have sufficient continuity, which is less than that of thin 
beams. 



4.3. SIMPLY SUPPORTED BEAMS AND CLOSED RINGS 

Simply supported curved beams (with SI boundary condition) will be studied in this 
section. For such beams, straightforward exact solution can be used. Vibration analysis 
is conducted to compare the thin and moderately thick beam theories derived earlier in 
this chapter. Thin beams will be considered first, followed by thick ones. 
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4.3.1 Thin beams 

The above SI boundary conditions are exactly satisfied at both ends (a = — a/2 and 
a = a/ 2) by choosing 

m 

[Mo, W 0 ] = Y. [ A »> c m cos(a,„a)]sin(wf) (4.40) 

m= 1 



where a m = mir/a, m is proper integer and A m and C m are arbitrary constants. 

The external forces (important in a static or dynamic analyses) can be expanded in a 
Fourier series in a: 

m 

[Pen Pz\ = TIP am sin (a m a),p zm cos(a m a)]sin(wr) (4.41) 

m= 1 



where 



Pam 



p a sin(a,„a)da and p. m = — 

' a 



p z cos(a m a)da 



Substituting Eqs. (4.40) and (4.41) into the equations of motion written in terms of 
displacement 



'C„ 


C, 2 _ 


~ A ~ 

1 


+ w 


l 


1 

O 


1 

S 


+ 


1 

P 

3 

1 


— 


1 

0 

1 


_ C21 


C22 _ 


r 

L '-'m J 




Lo 


-p J 


L C m . 




Pzm _ 




Lo j 



(4.42) 



where 



Cu ~ a m [A n +2B n /R + D n /R 2 ] 

C 22 = 3~(D u af n ) + 2 (B n /R)a~ m + (A u /R~) 



and 

C21 = ~C \2 = + a m [(A n /R) + ( B n /R 2 )] + D u /R 

Eq. (4.42) is actually valid for problems of forced vibrations. The static problem results 
when the frequency is set to 0. The free vibration problem arises by setting the pressure 
terms equal to 0. If one assumes that u 0 = cos(«,„a)sin( cot): and vv’ () = sin( a, H a)sin( cot) in 
Eq. (4.40), then the problem of laminated curved beams having vertical hinge supports 
(i.e., uq = dwo/da = Q = 0) is solved. This will yield a frequency determinant which is 
the same as that of simply supported beams, and consequently, and interestingly, the same 
natural frequencies. 
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4.3.2 Moderately thick beams 

Similar to thin curved beams, The simple support S 1 boundary conditions for thick beams 
at a = —a/2\ a / 2 are 

dib , , 

SI : wq = N a = — =0 on a = — a/2, a/2 (4.43) 

da 

The above S 1 boundary conditions are exactly satisfied by choosing 

m 

[u 0 , w 0 , i/A = ^ [A m w 0m , C m w 0m ,B m il/ m ]sin(cot) (4.44) 

m= 1 

where u 0m = sin(a m a), w$ m = cos(a m a), i p m = sin(a„,a) and a m = imr/a. 

The external forces can be expanded in a Fourier series as in Eq. (4.41). Substituting 
Eqs. (4.43) and (4.44) into the equations of motion written in terms of displacement for 
moderately thick beams Eq. (4.30) yields 

"Cti C \2 c 13 -i Am ”1 rh -^2 I I Am ~ I n Pam "1 P ^ ”1 

C21 C22 C23 C m + a>" 0 —I I 0 C m + —p Z m = 0 ( 4 . 45 ) 

-C31 Q2 C33- - B m _ _I 2 0 7 3 _ _B m _ _ 0 _ _ 0 _ 

where 

C11 = -a m A n — A 55 /R 2 

C 22 = A n /R 2 +A 55 a 2 n 

C33 = —D n a~, — A 55 

C 2 i = -C l2 = a m [(A n /R) + (A 55 /R)] 

C31 = Cl 3 = + (^55/7^) 

and 

c 2 3 = ~C 22 = a mi(Bn/R) — A55] 



Again, Eq. (4.45) is actually valid for problems of forced vibrations. The static problem 
results when the frequency is set to 0, and the free vibration problem arises when the 
pressure terms are Os. Similar to thin beams, if one assumes that u 0m = cos (a m a), w 0m = 
sin(a m a) and i j/ m = cos (a m a) in Eq. (4.44) then the problem of laminated curved beam 
having vertical hinge supports (i.e., u 0 = t// = Q = 0) is solved. 

It should be mentioned that the above exact solutions are exact with respect to the 
theory presented here. They are not exact with respect to the theory of elasticity. 
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4.3.3 Closed rings 

The analysis of closed rings can be performed by assuming u 0 = sin (mO), w 0 = cos (mO), 
in Eq. (4.40) and integrating over 6 instead of a using Eq. (4.1). This will yield a 
determinant similar to that of Eq. (4.42) for thin rings. Similar treatment can be made for 
moderately thick rings by further assuming <//■„, = sin(md). which will yield a third order 
determinant similar to that of Eq. (4.45). 



4.3.4 Numerical results 

Table 4.2 shows a comparison of the first four natural frequencies obtained for simply 
supported beams using equations of slightly curved beams (Qatu 1992a) or shallow 



Table 4.2. Exact frequency parameters Cl = ox i 2 ^l2I t /E il h 2 for simply supported [0°, 90°] laminated 
curved thin beams using deep and shallow beam theories, a/h = 100. 



a/R 


Deep beam theory (Eq. (4.42)) 
m=l m = 2 m = 3 m = 4 


Shallow beam theory (Qatu 1992a) 
m=l m = 2 m = 3 m = 4 


Eh/E 22 


= 1 (i.e., single layer) 














0.0 


9.8702 


39.491 


88.892 


158.12 


9.8702 


39.477 


88.826 


157.91 


0.1 


9.8549 


39.475 


88.876 


158.11 


9.8642 


39.473 


88.820 


157.91 


0.2 


9.8102 


39.431 


88.830 


158.06 


9.8493 


39.460 


88.807 


157.89 


0.3 


9.7364 


39.356 


88.757 


157.99 


9.8249 


39.434 


88.781 


157.87 


0.5 


9.4993 


39.116 


88.516 


157.75 


9.7490 


39.352 


88.702 


157.79 


0.8 


8.9473 


38.538 


87.935 


157.16 


9.5683 


39.162 


88.510 


157.59 


1.0 


8.4516 


38.000 


87.335 


156.42 


9.4024 


38.987 


88.330 


157.42 


E 11 /E 22 


= 15 
















0.0 


4.7037 


18.810 


42.320 


75.222 


4.7037 


18.810 


42.320 


75.222 


0.1 


4.6936 


18.795 


42.295 


75.181 


4.6987 


18.805 


42.307 


75.202 


0.2 


4.6707 


18.767 


42.255 


75.131 


4.6911 


18.792 


42.291 


75.179 


0.3 


4.6348 


18.721 


42.198 


75.059 


4.6783 


18.777 


42.271 


75.151 


0.5 


4.5176 


18.593 


42.049 


74.881 


4.6400 


18.731 


42.214 


75.082 


0.8 


4.2483 


18.296 


41.721 


74.509 


4.5491 


18.629 


42.094 


74.940 


1.0 


4.0115 


18.030 


41.431 


74.188 


4.4725 


18.539 


41.992 


74.823 


E 11 /E 22 


= 40 
















0.0 


4.0072 


16.024 


36.040 


64.061 


4.0072 


16.024 


36.040 


64.061 


0.1 


3.9938 


16.011 


36.017 


64.021 


4.0027 


16.015 


36.032 


64.043 


0.2 


3.9758 


15.980 


35.985 


63.976 


3.9938 


16.006 


36.013 


64.021 


0.3 


3.9442 


15.944 


35.933 


63.918 


3.9848 


15.989 


35.997 


63.994 


0.5 


3.8432 


15.831 


35.805 


63.757 


3.9533 


15.953 


35.945 


63.936 


0.8 


3.6179 


15.576 


35.521 


63.433 


3.8710 


15.863 


35.845 


63.811 


1.0 


3.4153 


15.349 


35.271 


63.156 


3.8105 


15.786 


35.753 


63.708 
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Table 4.3. Exact frequency parameters (1 = (oa 2 -^ \2f / E u h 2 for simply supported [0°, 90°] laminated 
curved thin and moderately thick beams, a/R = 1.0, = Gn/E 3 — 0.5. 



h/a Classical beam theory (Eq. (4.42)) Shear deformation beam theory (Eq. (4.45)) 

m = 1 m = 2 m = 3 m = 4 m = 1 m = 2 m = 3 m = 4 



e,/e 2 = 
0.01 


1 (i.e., single layer) 
8.4520 38.001 


87.335 


156.41 


8.4508 


37.980 


87.229 


156.07 


0.02 


8.4520 


37.998 


87.331 


156.41 


8.4478 


37.919 


86.909 


155.06 


0.05 


8.4488 


37.985 


87.300 


156.35 


8.4270 


37.504 


84.790 


148.58 


0.10 


8.4401 


37.938 


87.183 


156.12 


8.3546 


36.153 


78.546 


131.57 


0.20 


8.4047 


37.730 


86.558 


154.40 


8.0874 


32.122 


63.760 


98.806 


E,/E 2 = 

0.01 


15 

4.0116 


18.031 


41.432 


74.190 


4.0094 


18.000 


41.286 


73.738 


0.02 


3.9960 


17.949 


41.227 


73.786 


3.9885 


17.839 


40.681 


72.095 


0.05 


3.9471 


17.690 


40.526 


72.278 


3.9109 


17.089 


37.667 


64.041 


0.10 


3.8656 


17.212 


39.083 


68.854 


3.7419 


15.329 


31.300 


49.452 


0.20 


3.7015 


16.118 


35.403 


59.676 


3.3312 


11.808 


21.481 


31.295 


e,/e 2 = 

0.01 


40 

3.4145 


15.349 


35.270 


63.157 


3.4108 


15.298 


35.034 


62.438 


0.02 


3.4014 


15.274 


35.081 


62.778 


3.3871 


15.093 


35.220 


60.178 


0.05 


3.3559 


15.034 


34.424 


61.355 


3.2932 


14.111 


30.283 


50.017 


0.10 


3.2809 


14.591 


33.077 


58.157 


3.0814 


11.964 


23.180 


35.118 


0.20 


3.1315 


13.592 


29.743 


49.981 


2.5935 


8.3979 


14.446 


20.425 



beams, and those presented here for thin beam s with deep curvature. The nondimensional 
frequency parameter fl = coa 2 yj 12/! /E n h 2 (= coa 2 3 Jl l A/E u I), where A is the cross- 
sectional area and I is the moment of inertia of bh 2 / 12 is used in the comparison. As 
shown in the results, the shallow beam equations give higher frequencies than the 
equations of deep beams. As the curvature increases, the difference between both theories 
increases and reaches a maximum of approximately 10% for the fundamental frequency 
when a/R reaches 1, which is taken as the limit of the shallow beam equations. This 
difference decreases for high frequencies because the mode shapes associated with the 
higher frequencies divide the beam into sections, each of which is shallower (in terms of 
the half wavelength to radius ratio) than the original beams. 

Table 4.3 shows a comparison between the results obtained using classical and shear 
deformation curved beam equations. The same frequency parameter is used. The 
thickness ratio h/R is varied from 0.01 to 0.2, which is taken as the limit of the moderately 
thick beam equations (to be proven when and if these equations are compared with those 
obtained by 3D theory of elasticity). The results show criteria for establishing the limit 
of the thin beam theory. The effect of shear deformation and rotary inertia increases as 
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Figure 4.3. The fundamental frequency parameters Cl = eva 2 -^ 12^/ E u h 2 for simply supported [0°, 90°] 
beams, a/R = 1.0, Gi 2 /E 2 = G\ 3 /E 3 = 0.5 using CBT and SDBT. 



the orthotropy ratio increases. While the maximum difference (in the fourth frequency) 
between the frequencies obtained by thin beam equations and moderately thick beam 
equations is 5.2% for a thickness ratio of 0.05 and single layer beams, this difference is 
12.9% for [0°, 90°] cross-ply beams with an orthotropy ratio of 15 and it is 22.7% for an 
orthotropy ratio of 40. The difference between both theories becomes large, even for the 
fundamental frequencies, when the thickness ratio exceeds 0.05, which is taken as the 
limit of the thin beam theory. The results are shown graphically in Figures 4.3 and 4.4 for 
the first and second modes, respectively. Both orthotropy ratios of 1 and 15 are shown in 
each figure. The figures show how the difference between CBT and SDBT increases with 
higher thickness ratio and higher modes. 

These results can be used in establishing the limits of shell theories and shell 
equations. They can also be used as benchmarks for future research on using approximate 
methods, like the Ritz and finite element methods. 



45 1 



a 40- 

<L> 

| 35- 
e3 

30- 
| 25- 
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u. 
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10 
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Figure 4.4. The second lowest frequency parameters fl = coa 2 ^ 12/j /E u h 2 for simply supported [0°, 90°] 
beams, a/R = 1.0, G 12 /E 2 = G^/E^ = 0.5 using CBT and SDBT. 
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4.4. LAMINATED CURVED THIN BEAMS WITH ARBITRARY BOUNDARIES 

In Section 4.3, exact solutions are presented for laminated curved beams having simply 
supported boundary conditions. In this section, other boundary conditions will be studied, 
and their effect on the structural behavior of these components will be explored. Only thin 
curved beams are considered in this section. 

Exact solutions are found for the boundary value problem with arbitrary boundary 
conditions. A solution procedure is described to obtain frequencies. The Ritz method, 
known for the shortcoming of being difficult to apply for arbitrary boundaries, will be 
presented here in a general but simple form which can be used for arbitrary boundary 
conditions. This is done using the same numerical procedure and computer program. The 
method can be expanded to plates and shells. 



4.4.1 Exact solutions for thin beams 

Exact solutions (i.e., solutions which satisfy both the equations of motion and the 
boundary conditions) are possible for laminated curved beams. For arbitrary boundary 
conditions, the displacements in the equations of motion can be assumed as 

m 0 (x, t) = C e' s “ sin tot , vv 0 (x, t) = D e' s “ sin cot (4.46) 



Substituting Eq. (4.46) into the equations of motion yields two equations with the 
unknown coefficients C and D. In order to avoid the trivial solution of C = D = 0. the 
determinant has to be set to 0. This yields the following equation: 



‘ IF 


A „ A 


r , 4 „ 1 


2 F 


_ If 


+ pco D\ 1 s + 


All + T>#11 + 7,2^11 

L R R 


P&r+ If l S 



+ poo 2 ^A u - (pco 2 ) 2 = 0 (4.47) 



where F = A n D n — B n . This is a third order equation in .v 2 , the roots of which can be 
found. Numerical experimentation of these roots showed that they are all real ones, and 
typically one of them is negative (—of), where v l is positive, and the remaining two are 
positive (r|, i%). These roots yield the following general solution: 



u Q (a ) = C\ sinfr’jo:) + C 2 cosfi^a) + C 3 sinh( i^a) + C 4 coshfi^a) 
+ C 5 sinh( v 3 a) + C 6 cosh( v 3 a) 

Wo(a) = D x sin( v\ a) + D 2 cos( v x a) + D 3 sinh( v 2 a ) + Z ) 4 cosh( v 2 a) 
+ Z ) 5 sinh( v 3 a) + Z ) 6 cosh( v 3 a) 



The equations of motion can be used again to determine the ratios (Cf Dp. Eq. (4.48) 
involves six independent unknowns which are solved for by using the six boundary 
conditions (three on each edge). The six resulting equations are written and the 
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determinant is taken as 0, which yields the frequency parameters. The solution has to be 
verified by checking the roots (— v\, v\, v\). If these roots are not found as assumed, other 
forms of solutions have to be found. 

The above procedure yields exact frequencies. It does, however, involve considerable 
amount of work and subsequent programming for finding the roots of the determinant. The 
solution has to be verified for each frequency. The frequency determinant will be different 
for each set of edge supports. Symmetry in particular problems can be used to simplify the 
mathematics. 

The above difficulties justify looking for an approximate, but reasonably accurate, 
solution. This is done by using the Ritz method. 



4.4.2 Vibration of curved beams using the Ritz method 

The deformation is assumed to be sinusoidal with time. Displacements are thus 
assumed as: 

u Q (a,t ) = t/ 0 (a)sin u>t, w Q (a,t ) = TV 0 (a)sin cot (4.49) 

Various functions can be used for Uq and W {) . Among the mostly used functions are 
trigonometric functions, beam functions and algebraic polynomials. Beam functions are 
actually the mode shapes obtained in the analysis of straight beams. They are not widely 
used because they do not form a complete set of functions and thus cannot guarantee 
convergence to the exact solution. 

Algebraic polynomial trial functions are used in the analysis because they form a 
mathematically complete set of functions which guarantees convergence to the exact 
solution as the number of terms taken increases. They are also relatively simple to use in 
the algebraic manipulation and computer programming subsequently required and can 
be differentiated and integrated exactly in the energy functionals needed. Using algebraic 
polynomial, one can solve for all possible combinations of boundary conditions for 
these beams. Thus, the displacement functions U 0 and W Q are written in terms of the 
nondimensional coordinate £. as 
/ 

t/o(0 = I^( 1 -f) A (4-50) 

i=i 0 

L 

w 0 (® = y - fr (4.5i) 

h 

where £ = a/a , and a, and y, are arbitrary coefficients to be determined subsequently. 

The Ritz method requires the satisfaction of the geometric "forced” boundary 
conditions only. Thus by suitable selection of i 0 and / 0 , one can solve for any boundary 
conditions at £ = 0. and by suitable selection of j Q and ;n 0 , one can solve for 
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Table 4.4. Values of ; 0 , j 0 , lo and m o required in the Ritz method for various boundary conditions at f = 0 
and 1. 



Boundary conditions 


At ^ = 0 
io 


lo 


At 1 

jo 


m 0 


FI (completely free) 


0 


0 


0 


0 


F2 


1 


0 


1 


0 


Si 


0 


1 


0 


1 


S2 


1 


1 


1 


1 


Cl 


0 


2 


0 


2 


C2 (completely clamped) 


1 


2 


1 


2 



any boundary conditions at the other end (i.e., t = 1 ). For example, if one chooses the 
cantilever boundary conditions, where the edge at £ = 0 is clamped and that at £ = 1 is 
free, then one should satisfy u Q = wq = dwo/da = 0 at £= 0. This is done by choosing 
i 0 as 1 to satisfy u Q = 0 and / 0 = 2 to satisfy vv 0 = dwo/da = 0. One needs to satisfy no 
geometric boundary conditions at £ = 1 , which results in the selection of j 0 and m Q as Os. 
Table 4.4 shows these values for six possible boundary conditions per edge. 

In order to make the subsequent analysis and computer programming easier, the terms 
( 1 — f) h> and (1 — £) m ° are expanded in the following forms: 



(1 - £/° =/, -M (1 - tr° =h - 

j 0 = 0 or 1 and m 0 = 0, 1 or 2 



For example, if j 0 is 0 then/! = 1 and f 2 = 0, and if m 0 is 2 then/. = 1 ,/ 4 = 1 and/ 5 = 1 , 
and so on. 

The Ritz method requires minimization of the functional L = T — U in a free 
vibration analysis, where U and T are the maximum strain and kinetic energies, 
respectively. This can be accomplished by taking the derivatives: 



i)L m 

9 ot p 



= 0, 



9T„, 

9y 9 



= o, 



P — io, io + 1) -il 



1 — Iq^q + 



(4.53) 
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This yields simultaneous, linear equations in an equal number of unknowns a p . and y q : 



— m _ Y “<' ( M+P+ 1)( fi l P 

^—kA 2s ‘ a 



fifipd + 1 ) MHp + 0 , fid + 1 )(p + 1 ) ' 

i+p i + p i + p+ 1 



( ff 


2 m 


/ 2 2 \\ 


y i + 77 + 1 


p ~\~ i + 2 


i+p +3 1 1 



Y 7/ / 

Zy S2fl 

l=‘o \ 



(p+l+ 3 ) I Mp _ 2 AUp , fifsP _ Mi(p + 1) 
y /? + / / + p + 1 p + 1 + 2 p + / + 1 

, 2 M(P+D _ /afe(p+l) \ 

v+r+nf fif&Kl - 1) 0 AAM/+ 1) , /,Ap(/ + 2)(/+ l) 
f3fl p + 1 — 2 - p + 1 — 1 + 7T^ 

/aMp+pg-n vmp +1K/+D 

l + p - 1 / + p 

fiJ 5 (I + 2 )(p+[)(l+D \\ 

I+P + 1 JJ 



dLm = y a (,- +g +3)/A^i_ 2 / 1 / 4 / | /l/+ /#’+!) | ^#'+ 1 ) /z/sP'+lA 

3y ? 2 y 2 yi +<7 /+ 9 +I Z+ 9+2 Z+< 7 +l i+< 7+2 i+<?+3 / 

| ^ a(i+q+X) ( fif 1 ,iq(q- 1) _ 2/|/ 4 /r/(<7+l) | j\f 5 i{q+ 2 )(q+\) _ f 3 f 2 q(i+l)(q- l) 
y i+q — 2 i+q~ 1 <7+/ <7+/ — 1 

I 2/2/417(1+ 1 )(< 7 + 1 ) / 2 / 5 (<:/+ 2 )(/+l)(<?+l) \\ 

< 7+1 < 7 +/+l JJ 

, y 77 / g+q+i)( — 1) 2M/(/+l) , M(/+2)(/+l) 

^ 2 y 4 y < 7 + 1-1 < 7 +/ Z+< 7 +l 

2 // 4 /(/-l) 4 / 2 /(/+ 1) 2 // 5 (/+ 2 )(Z+l) 

Z+<7 <7+/+l q+I +2 

MsKi-i) 2/4/5!/+ 1)/ / 5 2 (/+2)(/+i) 

//+/+ 1 g +/+2 ^H-ZH-3 

| /f <?(<?— !/ _ 2/5/49’!'?+ 1) /3 /s(‘7+2)(<7+1) 

q~\~l 1 q~\~l l+q+1 

2M,q(q ~ 1) | 4fjq(q+ 1) 2M 5 (q + 2)(q+ 1) 

q+l q+l+ 1 q-\-l-\-2 
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_ WsCg+i)/ + fl (q + 2 )(q + 1) 



<7 + /+ 1 



q-\-l~\- 2 



^ + / + 3 



+ 2,s$ci 



(l+cl+]) ( fiq(q- !)/(/- 1) _ 2 / 3 / 4 ^+ 1)Z(Z-1) 
y cj ~\~ 1 3 ci -\- 1 2 



| // 5 /(/ - !)(<? + 2)(g + 1) - 1)1(1 + 1) 4/ 4 2 < ? (< ? + 1)1(1 + 1) 

l cj 1 1 2 ~ l - / 1 

2 / 4 / 54 ( 4 + l )(4 + 2)/(/+ 1) | A/s 4(4 - 1)(Z + 2)(Z + 1 ) 



4 + / 



4 + 1 ~ 1 



2 / 4 / 54(4 +!)(/+ !)(/ + 2) , ^(9+l)(? + 2)(Z+l)(Z + 2)\ 



“l - 2s^a 



,(/+«+ 5) 



4 + 1 

(- 3 - 



■ + 



4 + /+ 1 






4A 



W 5 

^<7 + /+l <7 + / H- 2 <7 + / H- 3 <7 + / + 3 g + / + 4 



4M . + _M. . 



+ 



// 

4 + Z + 5 



-2a rfa (l+q+5) ( —4 



4A/ 5 | 2M 

y 4 + /+ 1 4 + ( + 2 4 + ( + 2 



+ 



4/1 



4/4/5 , / 5 2 



+ ■ 



<7 + Z + 3 g + / + 4 <7 + / + 5 



0 ) 



(4.55) 



where 

_ A , 2Bh Z)h _ 24 1 , 2Z? n 
5-1 -An + —^ + -^ 5 -, *+ h " 



R 

_ 2 D U - OR 
s 3 — ^ 2 B n , 



54 = 



ZZ 
2 /B n 
Z? 



z+ 



(4.56) 



^5 — Z^n, S 6 — 



R 2 



The above equations can be described by 
(K - Q 2 M)A = 0 



(4.57) 



where K and M are the stiffness and mass matrices, respectively; fl is the frequency 
parameter, and A is the vector of unknown coefficients. 

The determinant of the coefficient matrix is set equal to zero which will yield a 
set of eigenvalues. Substituting each eigenvalue back into Eqs. (4.50) and (4.51) yields 
the corresponding eigenvector (amplitude ratios). The mode shape corresponding to 
each frequency can be determined by substituting the eigenvector back into Eqs. (4.50) 
and (4.51). 
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4.4.3 Convergence studies 

Table 4.5 shows convergence studies made for the first six frequency parameters of 
laminated curved beams with a typical curvature ratio (a/R) of 0.5 and various orthotropy 
ratios for SI and S2 boundary conditions at both edges. The ratio a/h is held constant at 
100 and two orthotropy ratios are used. Table 4.6 shows a similar convergence study for 
Cl and C2 boundary conditions. The first row shows results obtained by using six terms in 
both the U and W functions. This yields a total of 2 X 6 = 12 DOF. 

The convergence studies start with 2X6=12 terms. The frequency parameters 
obtained using these terms are good for the first three and not as good for the last three in 



Table 4.5. Convergence of the frequency parameters Cl = coa 2 ^jl2I l /E u h 2 for simply supported [0°. 90°] 
laminated curved beam, a/R = 0.5, a/h = 100. 



DOF 


m = 1 


m = 2 


in = 3 


m = 4 


in = 5 


m = 6 


SI boundary conditions, E 1 /E 2 = 
2X6 9.5004 


1 (i.e., single layer ) 
40.982 93.003 


215.81 


523.25 


869.78 


2X7 


9.5003 


39.116 


92.911 


167.76 


304.65 


868.46 


2X8 


9.5000 


39.116 


88.531 


164.82 


270.11 


430.04 


2X9 


9.5000 


39.105 


88.527 


157.91 


256.49 


406.57 


2X 10 


9.5000 


39.105 


88.452 


157.79 


247.77 


368.90 


2X11 


9.5000 


39.105 


88.452 


157.54 


246.96 


359.41 


E,/E 2 = 15 


2X6 


4.5177 


19.365 


45.859 


155.77 


258.14 


529.58 


2X7 


4.5174 


18.604 


44.578 


81.859 


231.48 


418.65 


2X8 


4.5173 


18.598 


42.121 


81.203 


130.60 


326.60 


2X9 


4.5173 


18.593 


42.097 


75.150 


130.58 


195.28 


2X 10 


4.5173 


18.593 


42.050 


75.119 


117.93 


194.45 


2X11 


4.5173 


18.593 


42.050 


74.884 


117.92 


194.40 


S2 boundary conditions, E 1 /E 2 = 
2 X 6 38.871 


1 (i.e., single layer ) 
83.269 167.448 


168.07 


509.64 


865.70 


2X7 


38.861 


82.334 


163.895 


165.58 


273.72 


856.14 


2X8 


38.860 


82.296 


157.651 


165.45 


270.22 


406.09 


2X9 


38.860 


82.284 


157.497 


165.25 


251.26 


402.71 


2X 10 


38.860 


82.284 


157.292 


165.25 


250.97 


359.11 


2X11 


38.860 


82.283 


157.290 


165.25 


249.83 


358.67 


E x /E 2 = 15 


2X6 


18.445 


38.332 


81.389 


116.14 


273.16 


396.87 


2X7 


18.434 


37.974 


77.631 


103.68 


157.91 


386.67 


2X8 


18.434 


37.940 


74.809 


102.25 


155.00 


193.68 


2X9 


18.434 


37.935 


74.645 


100.08 


144.55 


190.00 


2X 10 


18.434 


37.935 


74.551 


99.985 


144.17 


170.16 


2X11 


18.434 


37.935 


74.549 


99.888 


143.10 


169.68 




100 



Vibration of Laminated Shells and Plates 



Table 4.6. Convergence of the frequency parameters fl = wa 2 ^12I\/E n h 2 for clamped [0°, 90°] 
laminated curved beams arch, a/R = 0.2, a/h = 100 



DOF 


m = 1 


m = 2 


m = 3 


m = 4 


m = 5 


in = 6 


Cl boundary 
2X6 


conditions E 2 /E 2 
21.976 


= 1 (i.e., 
70.713 


single layer) 
134.05 


254.86 


383.38 


551.70 


2X7 


21.976 


61.401 


133.98 


215.97 


341.87 


550.87 


2X8 


21.967 


61.400 


120.89 


215.82 


318.18 


456.75 


2X9 


21.967 


61.300 


120.89 


200.41 


315.93 


443.95 


2X 10 


21.967 


61.300 


120.51 


200.40 


299.96 


436.27 


2X11 


21.967 


61.299 


120.51 


199.50 


299.91 


420.06 


E,/E 2 = 15 


2X6 


10.449 


33.262 


66.208 


243.233 


335.78 


464.84 


2X7 


10.449 


29.200 


66.200 


112.473 


312.84 


446.17 


2X8 


10.445 


29.200 


57.588 


112.470 


173.96 


393.14 


2X9 


10.445 


29.145 


57.588 


95.882 


173.93 


252.84 


2X 10 


10.445 


29.145 


57.291 


95.882 


144.65 


252.57 


2X11 


10.445 


29.145 


57.291 


94.837 


144.65 


244.85 


C2 boundary 
2X6 


conditions Ej/E 2 
61.124 


= 1 (i.e., 
103.12 


single layer) 
169.22 


215.52 


363.12 


549.70 


2X7 


61.025 


103.10 


168.97 


200.81 


321.78 


535.05 


2X8 


61.025 


102.96 


168.41 


200.02 


307.39 


443.36 


2X9 


61.025 


102.96 


168.40 


199.14 


303.68 


430.01 


2X 10 


61.025 


102.96 


168.39 


199.12 


302.07 


420.95 


2X11 


61.025 


102.96 


168.39 


199.10 


301.96 


417.32 


E,/E 2 = 15 


2X6 


29.069 


51.552 


112.18 


114.26 


180.60 


445.51 


2X7 


29.016 


51.506 


95.736 


114.21 


180.10 


257.36 


2X8 


29.015 


51.350 


95.697 


111.84 


152.19 


252.40 


2X9 


29.015 


51.350 


94.664 


111.83 


152.18 


204.85 


2X 10 


29.015 


51.348 


94.663 


111.64 


149.21 


204.60 


2X11 


29.015 


51.348 


94.637 


111.64 


149.21 


198.58 



the cases of SI and Cl supports. Better convergence is observed for S2 and C2 supports. 
The number of terms is increased in both a and z directions until 2X11 terms are reached. 
The convergence is fairly good, and the frequencies converged to the first three significant 
figures in almost all the parameters presented in these results (except for the sixth 
frequency). The maximum difference between the 20 and 22-term solutions is less than 
1.0% in all the cases (except for the sixth frequency). From the above analysis it is 
observed that convergence is achieved with 2 X 10 = 20 terms for all the results. 
Subsequently, 20 terms will be used in the following analysis. Only the first five frequency 
parameters will be reported. 
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4.4.4 Numerical results 

Table 4.7 shows the effect of curvature upon the first five frequency parameters obtained 
for the S 1 type of simply supported arches. The curvature ratios included in the study are 
0.01, 0.05, 0.1, 0.2, 0.5, 0.8, 1.0, 2.0 and tt. The opening angle 0 of the curved beam in 
radians is the curvature ratio ( a/R ). This means that the curvature ratio of 2.0 corresponds 
with an opening angle of 1 14.6°. The last curvature ratio of tt, corresponds to curved beam 
which is half the closed circle (i.e., 0 = 180°). Tables 4.8-4.10 show similar studies for 
the S2, Cl and C2 boundary conditions, respectively. 

The first important observation is the effect of the constraint on the tangential 
displacement. Increasing the curvature slightly has very limited effects for curved beams 
with no constraints on the in-plane displacement (i.e., SI and Cl boundaries). The effect 
starts to be large when these beams become deep in curvature ( a/R > 1). 

When the constraint on the tangential displacement (n) is introduced (i.e., S2 and C2 
boundaries), curvature effects become very large. Very slight curvature or deviation from 



Table 4.7. Curvature effects on the frequency parameters 11= (M 2 -\jl2I\/E n h 2 for simply supported 
[0°, 90°] laminated curved beams, a/h = 100; SI boundary conditions. 



a/R 


m = 1 


m = 2 


m = 3 


m = 4 


m = 5 


e/e 2 


= 1 ( i.e., single layer) 










- 


9.8696 


39.478 


88.827 


157.92 


247.86 


0.01 


9.8695 


39.478 


88.826 


157.92 


247.86 


0.05 


9.8659 


39.475 


88.823 


157.92 


247.86 


0.10 


9.8546 


39.463 


88.812 


157.91 


247.86 


0.20 


9.8097 


39.418 


88.767 


157.90 


247.85 


0.50 


9.5000 


39.105 


88.452 


157.79 


247.77 


0.80 


8.9441 


38.527 


87.870 


157.52 


247.63 


1.00 


8.4517 


38.000 


87.336 


157.21 


247.48 


2.00 


4.9512 


33.805 


82.978 


153.76 


245.73 


17 


- 


26.480 


74.904 


146.06 


240.74 


e,/e 2 


= 15 










- 


4.7031 


18.811 


42.320 


75.283 


118.05 


0.01 


4.7028 


18.810 


42.318 


75.283 


118.04 


0.05 


4.7003 


18.805 


42.309 


75.280 


118.02 


0.10 


4.6939 


18.796 


42.294 


75.274 


118.00 


0.20 


4.6705 


18.766 


42.254 


75.255 


117.96 


0.50 


4.5173 


18.593 


42.050 


75.119 


117.93 


0.80 


4.2481 


18.295 


41.720 


74.856 


117.95 


1.00 


4.0115 


18.030 


41.432 


74.608 


117.98 


2.00 


2.3449 


15.982 


39.210 


72.531 


117.60 


17 


- 


12.482 


35.258 


68.616 


115.10 
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Table 4.8. Curvature effects on the frequency parameters (1= roury I2f/ E n h 2 for simply supported 
[0°, 90°] laminated curved beam, a/h = 100; S2 boundary conditions. 



a/R 


m = 1 


m = 2 


m = 3 


m = 4 


m = 5 


E, /E 2 


= 1 (i.e., single layer) 










- 


9.8696 


39.478 


88.827 


157.92 


247.86 


0.01 


10.351 


39.478 


88.832 


157.92 


247.86 


0.05 


18.430 


39.472 


88.979 


157.91 


247.87 


0.10 


32.467 


39.453 


89.501 


157.89 


247.92 


0.20 


39.378 


60.147 


93.095 


157.82 


248.13 


0.50 


38.860 


82.284 


157.29 


165.25 


250.97 


0.80 


37.925 


82.627 


156.34 


229.93 


283.00 


1.00 


37.092 


82.184 


155.48 


237.09 


340.00 


2.00 


31.058 


77.298 


148.91 


235.50 


355.68 


7 T 


22.367 


68.288 


137.92 


225.81 


349.87 


Ei /E 2 


= 15 










- 


6.4291 


18.807 


44.533 


75.166 


120.44 


0.01 


7.9180 


18.806 


44.781 


75.160 


120.53 


0.05 


14.722 


18.796 


46.079 


75.131 


120.93 


0.10 


18.779 


22.703 


48.751 


75.089 


121.54 


0.20 


18.727 


32.625 


59.743 


74.988 


123.36 


0.50 


18.434 


37.935 


74.551 


99.985 


144.17 


0.80 


17.948 


38.389 


73.925 


109.50 


169.95 


1.00 


17.529 


38.288 


73.410 


110.82 


169.84 


2.00 


14.602 


36.125 


69.880 


109.93 


169.13 


77 


10.493 


31.874 


64.415 


105.17 


166.52 



straightness for these beams results in noticeable increase in the frequency parameters. 
This deviation can be as small as the thickness of the beam to show this effect. Increasing 
the curvature ratio from 0 (i.e., straight beam) to 0.5 (i.e., moderately deep curved beam) 
more than tripled the fundamental frequency for S2 supports and more than doubled it for 
C2 ones. This is shown in Figure 4.5. 

The first natural frequencies correspond to the first symmetric mode. The second 
frequency corresponds to the first antisymmetric mode. The effect of curvature is very 
large for the symmetric modes. For these modes, the normal force (N) develops fast as the 
curvature increases when constraints are imposed to the normal displacement. This 
normal force is tensile, and so its effect is to increase the frequencies. For the second 
frequency, which corresponds to the first antisymmetric mode, the effect of curvature is 
limited. This is also true for the other symmetric and antisymmetric modes. 

As the curvature increases, the rapid increase in the frequencies corresponding to the 
symmetric modes make them exceed the frequencies corresponding to the antisymmetric 
modes. For single layer beams with S2 boundaries, as the curvature ratio is changed from 
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Table 4.9. Curvature effects on the frequency parameters fl = coa 2 ^ HR/E^h 2 for clamped [0°, 90°] 
laminated curved beam, a/h = 100; Cl boundary conditions. 



a/R 


m = 1 


m = 2 


in = 3 


m = 4 


m = 5 


E/E 2 = 


1 (i.e., single layer ) 
22.373 


61.673 


120.90 


199.86 


298.75 


0.01 


22.373 


61.677 


120.90 


199.86 


298.74 


0.05 


22.369 


61.669 


120.90 


199.87 


298.76 


0.10 


22.357 


61.658 


120.89 


199.89 


298.80 


0.20 


22.307 


61.613 


120.84 


199.96 


298.95 


0.50 


21.967 


61.300 


120.51 


200.40 


299.96 


0.80 


21.362 


60.724 


119.90 


200.93 


301.51 


1.00 


20.833 


60.199 


119.35 


201.17 


302.64 


2.00 


17.303 


56.068 


114.87 


199.95 


306.18 


77 


13.358 


49.077 


106.79 


194.01 


303.25 


e/e 2 = 


15 

10.661 


29.386 


57.601 


95.567 


143.58 


0.01 


10.660 


29.385 


57.599 


95.576 


143.61 


0.05 


10.657 


29.378 


57.587 


95.611 


143.70 


0.10 


10.649 


29.366 


57.569 


95.653 


143.82 


0.20 


10.621 


29.332 


57.522 


95.731 


144.05 


0.50 


10.445 


29.145 


57.291 


95.882 


144.65 


0.80 


10.146 


28.835 


56.928 


95.881 


145.07 


1.00 


9.8882 


28.562 


56.616 


95.789 


145.23 


2.00 


8.1941 


26.505 


54.275 


94.248 


144.72 


77 


6.3218 


23.130 


50.264 


90.249 


141.92 



0.10 to 0.20, the frequency corresponding to the first symmetric mode changes from being 
the fundamental frequency to being the second frequency. Similar observations can be 
made for the second and third symmetric modes (the third and fifth frequencies), which, as 
the curvature ratio increases, become higher frequencies. They change at higher values of 
curvature because for these higher modes, the curved beam is divided into sections, each 
of which is shallower than the original arch (per each half sine wave). 

This mode overlapping phenomenon happens earlier for [0°, 90°] laminates with 15 
orthotropy ratio. The first frequency becomes the second one as the curvature changes 
from 0.05 to 0. 10. Similar observations are made for beams with C2 boundaries. For these 
boundaries, this mode overlapping occurs at higher curvature ratio. 

The natural frequencies tend to reach a maximum value as a/R increases for supports 
with constraints on the normal displacement (i.e., S2 and C2). The maximum fundamental 
frequency parameter was obtained when a/R = 0.1 for S2 boundary condition and it is 
0.3 for C2 boundary condition. For higher frequency parameters, the maximum values are 
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Table 4.10. Curvature effects on the frequency parameters Cl = axi 2 ^12Ii/E n h 2 for clamped [0°, 90°] 
laminated curved beam, a/h = 100; C2 boundary conditions. 



a/R 


m = 1 


m = 2 


in = 3 


m = 4 


m = 5 


e,/e 2 = 


1 (i.e., single layer) 
22.373 


61.673 


120.90 


199.86 


298.74 


0.01 


22.558 


61.673 


120.91 


199.86 


298.74 


0.05 


26.589 


61.666 


121.07 


199.85 


298.77 


0.10 


36.306 


61.647 


121.58 


199.83 


298.84 


0.20 


60.164 


61.568 


124.16 


199.74 


299.13 


0.50 


61.025 


102.96 


168.39 


199.12 


302.07 


0.80 


60.040 


107.57 


197.99 


241.26 


316.50 


1.00 


59.159 


107.85 


196.98 


268.54 


349.40 


2.00 


52.691 


103.87 


189.29 


280.19 


428.09 


77 


43.258 


95.119 


176.46 


271.24 


417.50 


e/e 2 = 


15 

10.661 


29.386 


57.601 


95.208 


142.27 


0.01 


10.866 


29.384 


57.606 


95.204 


142.27 


0.05 


14.941 


29.376 


57.777 


95.185 


142.27 


0.10 


23.265 


29.361 


58.411 


95.155 


142.33 


0.20 


29.311 


39.735 


62.683 


95.074 


142.67 


0.50 


29.015 


51.348 


94.663 


111.64 


149.21 


0.80 


28.513 


51.741 


94.011 


132.79 


193.62 


1.00 


28.074 


51.558 


93.451 


134.45 


205.54 


2.00 


24.936 


49.179 


89.422 


133.17 


202.31 


77 


20.441 


44.834 


82.723 


128.09 


173.12 




Figure 4.5. Curvature effects on the frequency parameters Cl = coa 2 yj \2f/E n h 2 for various boundaries 
of a curved beam, a/h = 100; E l /E 2 = 1. 
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obtained for higher a/R ratios. It should be mentioned that as the opening angle reaches 
180°, the fundamental frequency becomes 0 which represents a rigid body mode. 

In conclusion, vibration of laminated thin and thick composite curved beams is 
studied in this chapter. It is shown that exact solutions are possible. Alternatively, the Ritz 
method is used to obtain accurate numerical frequencies for arbitrary boundary conditions 
using CBT. The effects of curvature, in-plane constraints on the frequency parameters are 
clearly outlined. A similar analysis can be performed for thick curved beams. The material 
of this section is used as an introduction to the analysis of shells, which will be the subject 
of later chapters. 




Chapter 5 

Plates 



Plates can be defined as shells with zero curvature, or infinite radii of curvature. If slight 
curvature exists, the plates can be referred to as “curved plates” or “shallow shells”. More 
often, these plates are referred to as shallow shells. These shells will be the subject of 
Chapter 6. There is no need for the term “flat plates”, as all plates are flat. As was indicated 
earlier, the first accurate equations for plates appeared in the early 19th century. These 
equations described homogeneous plates. Laminated plates were treated by the middle of 
the 20th century (Lekhnitski 1957). 

Laminated plates were the subject of various studies and books. Hearmon (1946) 
presented what could be the first study on composite plates. He obtained the 
fundamental frequency of vibration of rectangular wood and ply-wood plates in a closed 
form. Ambartsumian (1970) and Ashton and Whitney (1970) presented fundamental 
equations of laminated plates. Whitney (1987) presented various structural analyses, 
including free vibrations, of laminated anisotropic plates. The subject was also picked 
up by Mohan and Kingsbury (1971) as well as Noor (1973) among the many researchers 
in the field. 

In this chapter, the previously derived equations for shells will be specialized to those 
for plates by setting the curvatures to zero (i.e., setting the radii of curvature to infinity). 
We will begin with the fundamental equations of thin plates, followed by those for 
moderately thick plates. Vibrations of rectangular, triangular, trapezoidal and circular 
plates will then be treated in the later sections of this chapter. 



5.1. FUNDAMENTAL EQUATIONS OF THIN PLATES 

There are some fundamental differences in the equations of laminated plates as they are 
compared with those obtained for homogeneous plates. The most important fundamental 
difference is that for generally laminated plates, the bending is coupled with stretching. 
This is of great importance, as the equations will be of order eight, just like shells, 
instead of the fourth order equations, which describe thin homogeneous plates. The 
equations will reduce to order four only if the lamination sequence is symmetric with 
respect to the plate’s middle surface. The inplane modes are then totally decoupled 
from the out-of-plane ones and often ignored in the analysis because they usually are of 
higher frequencies. The theory described here is referred to as classical plate theory 
(CPT). 
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5.1.1 Kinematic relations 

Like shells, if the plate thickness is less than 1/20 of the wavelength of the deformation 
mode, a thin plate theory (also referred to as CPT), where shear deformation and rotary 
inertia are negligible, provides reasonable accurate results. Some researchers question the 
value of 1/20 and choose a smaller value. Unlike thin shells, where a variety of shell 
theories exist, thin plates have one theory that is agreed upon by most researchers. 

For thin plates, like shells, the plate is thin enough such that the ratio of the thickness 
compared to any of the plate’s width or length is negligible compared to unity; and the 
normals to the middle surface remain straight and normal to the surface when it undergoes 
deformation (Kirchoff’s hypothesis). The latter of these assumptions allows for neglecting 
shear deformation in the kinematics equations. It allows for making the inplane 
displacement linearly varying through the plate’s thickness: 

S a £ft a T ZK a 

e /3 = e o /3 + z k /3 (5-1 (2.59)) 

r«/S = yoafi + ZT 



where the midsurface strains, curvature and twist changes are 



s 0 a 



1 du 0 
A da 



e 0/3 



y0a/3 



1 3Vq 
B 3/3 

- 1 
A da 



Vq dA 
AB 3/3 
« 0 3 B 
AB da 
Uq dA 
AB 3/3 



1 3« 0 Vq 3 B 

B~d t B AB 3a 



_ 1 4>p 9A _ 1 3^ ft, 3 B 

K “ A da + AB d/3’ K/3 B 3/3 + AB da 

J_ Hp _ jfa_ M dB 

7 A da AB dfl'B 3/3 AB da 

where 






1 3w 
A da ’ 



_ 1 3w 

i ,p ~ BJ(3 



(5.2) 



(5.3) 



(5.4) 



We will retain the Lame parameters in the subsequent analysis. This is done to enable us 
develop equations for plates other than rectangular rather straightforwardly. Equations 
specialized for plates with rectangular orthotropy will be described later in this section. 
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5.1.2 Stress resultants 

Like shells, for a laminated composite thin plate constructed with very thin layers of 
composite material laminae, the materials of each lamina may be regarded as being 
homogeneous and orthotropic. The fibers of a typical layer may not be parallel to the 
coordinates in which the equations are expressed and/or the boundaries. For plates treated 
here, the fibers will need to have a continuous constant angle with respect to the fibers in 
any other layer. 

Applying the Kirchoff hypothesis of neglecting shear deformation and the assumption 
that e z is negligible, then the stress -strain equations for an element of material in the kth 
lamina may be written as in Eq. (2.62). The stresses over the plate thickness (h) are 
integrated to obtain the force and moment resultants. Note that for plates, the inplane force 
resultants are equal (i.e., N a p = Np a ), and so are the twisting moments (i.e., M a p = Mp a ). 
Thus, the force and moment resultants are the same as those derived for thin laminated 
shells (Eqs. (2.63)-(2.65)). 



5.1.3 Equations of motion 

One could specialize the differential elements considered earlier for shells (Eq. (2.71)) to 
those for plates. One could also develop a differential element for plates and derive the 
equations of motion using Newton’s second law. Alternatively, Hamilton’s principle can 
also be used. These methods will yield the following equations of motion for thin plates: 

——(BN a )+ — (ANp a ) + '—N a p— —Np+ ABq a = AB{I{ifc) 

da dp dp da 

— (ANfj) + — (BN a p) + — Np a — — N a + ABqp = ABdp’o ) (5.5) 

i " (BQ a ) + —(AQp) + ABq n = AB(IiWq) 
da dp 

where 

, ^ d . s d dA dB 

ABQ a — ~—(BM a ) + — (AMp a ) + — —Alp 

da dp H df3 da H 

, 9 N 9 dB dA 

ABQp ~ 9/3 AM/?) + + d^ Mf3a ~ 9/3 M “ 

Again, the Lame parameter terms A and B are maintained in the above equations to enable 
us treat various coordinate systems and plate configurations. Note that the last two 
expressions in the above equations are directly derived from the summation of moments in 
Newton’s second law. Note also that the first two equations of motions are generally 
decoupled from the third bending equation. This shows that the absence of curvature 
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eliminated the coupling between the stretching and bending equations (unless 
unsymmetric lamination causes such coupling). The following boundary conditions can 
be obtained for thin plates; for a = constant, either by specializing Eq. (2.72) or by means 
of Hamilton’s principle: 



N 0a — N a = 0 or u 0 = 0 
(N 0ap ) ~ (N a p) = 0 or v 0 = 0 






i« = o 

B dl 8 ) 



M 0a — M a = 0 or if/ a = 0 

Moapw]^ = 0 



or vv 0 = 0 



(5.6) 



Similar equations can be obtained for j3 = constant. Note that the classification of these 
boundary conditions shown in Eqs. (2.61 )— (2.63) for thin shells will be adopted here for 
plates. 



5.1.4 Equations of thin plates with rectangular orthotropy 

Unlike homogeneous plates, where the coordinates are chosen solely based on the plate 
shape, coordinates for laminated plates should be chosen carefully. There are two main 
factors for the choice of the coordinate system. The first is the shape of the plate. Meaning 
that rectangular plates will be best represented by the choice of rectangular (i.e., 
Cartesian) coordinates. It will be relatively easy to represent the boundaries of such plates 
with such coordinates. The second factor is the fiber orientation or orthotropy. If the fibers 
are set straight within each lamina, then rectangular orthotropy would result. It is possible 
to set the fibers in a radial and circular fashion, which would result in circular orthotropy. 
Indeed, the fibers can also be set in elliptical directions, which would result in elliptical 
orthotropy. 

Having that in mind, the choice of the coordinate system is of critical importance for 
laminated plates. This is because plates with rectangular orthotropy can be setting on 
rectangular, triangular, circular or other boundaries. Composite materials with rectangular 
orthotropy are the most popular, mainly because of their ease in manufacturing. The 
equations that follow are developed for materials with rectangular orthotropy. The 
treatment of the plates having rectangular orthotropy and nonrectangular boundaries will 
be discussed later. 

For a rectangular plate with the Cartesian coordinate system, the Lame parameters are 
A = B= 1 (5.7) 
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Note that we will retain the a and /3 symbols in the following analysis. These coordinates 
are replaced by x and y in most texts. Midsurface strains and curvature changes are 

a v 0 o a v 0 , a « 0 



0 _ du Q 
da 



0 

Sr = 



k„ = - 



0 2 Wo 



8 a' 



,2 ’ 



a/3 



kn — 



o 

y«/3 



a 2 wq 



dp- 



a » 



3a 



t = —2 



dp 

a 2 w 0 

' dot dp 



(5.8) 



The stress-strain equations for an element of material in the kth lamina are the same as 
those given by Eqs. (2.62). The stress resultant relation with the strain and curvature 
changes is written as in Eqs. (2.63) and (2.64), and the stiffness coefficients are those of 
Eq. (2.65). 

Deleting the body couples, the reduced equations of motion from Eq. (5.5) become 



--•« , dN a/3 _ , 

+ + Pn, — I] 

dp F 
dN a a 

+ p p = 7 ' 



dN c 

da 

dN, 

~Jp 

a 2 M a 

d or 



3a 

a 2 m, 



3 2 m 0 

dt 2 

a 2 y 0 

3r 2 



(5.9) 



a/3 



a 2 m i 



p 



dp da dp 2 



- Pn = 1 1 



a 2 w 0 

a ? 2 



Substituting Eqs. (2.64) and Eq. (5.8) in Eq. (5.9), and multiplying the last equation by 
— 1 , yields 



(5.10) 



^11 


B 12 b 13 




- M 0 ' 




--h 


1 

O 

O 


a 2 


" «0 " 




~~Pa~ 


^21 


L 22 L 23 




Vo 


+ 


0 


-h 0 


dt 2 


Vo 


— 


~PP 


-^31 


B 32 b 33 _ 




-VV 0 _ 




_ 0 


0 h. 




-VV 0 _ 




- Pn - 



The Ly coefficients of Eq. (5.10) (the equations of motion in terms of displacements) are 



P-n ~ 



d z 
3 a 2 



■2 A 



16 



L\2 — k-'t — A 



'21 



M6 



3 a 2 



a 2 



L 22 — ^66 T T + 2 A; 



26 



da dp 
~ {A 12 ~ 
a 2 

dadp 



H6 



*661 



*22 



3/3 2 



dadp 



a/3 2 



1 26 



dp 2 



L \ 3 — Lt, ] — B 



31 



3a j 



- B 



26 



a/ 3 3 



- 3 B 



16 



a a 2 - dp 



OB 12 + 2 B 66 ) 



8a 8/3 2 



B 23 — B 32 — B 



16 



8 a 



t Boo — , 5i?26 o (Bp -T 2 Bfoty ) — 3 

3 8/3 3 dadp 2 da 2 dp 
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L 33 — D n 



3 a 4 



AD 



16 



3a 3 3/3 



+ 2 (D n + 2 D 66 ) 



3 or 3/3 2 



4/1 



26 



9a 3/3 3 



D 



22 



3/3 4 

(5.11) 



Note that the L 13 and L 23 terms are functions of the stiffness parameters By. These 
parameters have zero values if the plate is symmetrically laminated. This leads to 
decoupling the inplane vibration from the out of plane vibration. The out of plane 
vibration for symmetrically laminated plate will then collapse to L 33 vv 0 + /, vv, , = 0. In 
addition, if the plate is made of cross-ply lamination, the terms D , 6 and Z) 26 become zero 
which will reduce the equation to that of an orthotropic plate. 

The above equations can be used to obtain exact solution, and it can also be used with 
approximate weighted residual methods like Galerkin’s method. Energy functionals that 
are consistent with the above equations of motion can be written as 



U = 



[N a e 0a + NpEQp + N a py 0a/} + M a K a + MpKp + M af} r}AA 
{[An(e 0a )“ + 2B U E Qa K a + D n K~ a ] + [A 2 2 (e 0| g)“ + 2 Z 3 22 s 0 / 3 k : /3 + D 22 K 2 p] 



+ [A66(%a/3) + 2-B66')V/3 t + D 66 T] + 2[A 12 e 0ff e 0|8 + B l2 (E 0a Kp + s 0p K a) 



+ D l2 K a Kp\ + 2[A l6 E 0a y 0a p + B l6 (s 0a T + y 0 af3 K a) + ^16 K a T \ 



+ 2[A 26 E 0 i 3 y 0a i 3 + B 26 (E 0 pT + yo a pKp) + D 26 Kpf\ }dA 



(5.12) 



Substituting the strain- and curvature -displacement equations into the above equation 
yields the strain energy in terms of the displacements. This may be expressed as a sum of 
three parts: 

U = U s + U b + U bs (5.13) 



where U s is the part due to stretching alone. 



U, = 



m 



'3vo 
1 3a 



3%V 

9/3 / 



+ “«(£)(£ + $) + “»($)(£ +$)}“ 



( 9«o V 9v 0 \ 

V 9a A 9/3 ) 



U b is the part due to bending alone, 

j „ r / „•> \ 2 

U h = - 



(5.14) 



+2D “(£)(w) 
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and U bs is the part due to bending -stretching coupling. 




For symmetrically laminated plates, /i, ; = 0 and, hence, U bs = 0. This will result in the 
inplane deformation being decoupled from out-of-plane one. If one is interested in out-of- 
plane (or transverse) vibration only, the term U b will be the only term needed. These 
functionals can be used for approximate energy methods like the Ritz and the Ritz-based 
finite element methods. 

Using the distributed external force components p a and pp in the tangential directions 
and p, in the normal direction, the work done by the external forces as the plate displaces 
is 



W = 



J a 



J (p a u o + Ppv 0 + p z w 0 )da d/3 



(5.17) 



Therefore, the total potential energy of the plate in its deformed shape is 77 = U — W. The 
kinetic energy of the entire plate is then found to be (neglecting rotary inertia terms) 



N 



r=Xr, 

k= 1 



h 


' 


( 9«o \ 2 , 




( 9^0 \ 2 


2 . 


A 


V j + 


\ ar ) + 


V 9f j 



(5.18) 



where / 1 is the average mass density of the plate per unit area of the midsurface, as given 
by 



N 

h = Xp%-^-i) (5.19) 

k=l 

where is the density of the lamina ( k ) per unit volume, and t is time. 
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5.2. FUNDAMENTAL EQUATIONS OF THICK PLATES 

Thick plates are ones with a thickness smaller by approximately one order of magnitude 
when compared with other plate parameters, particularly its vibration mode shape 
wavelength (thickness is smaller than (l/10)th of the smallest of the wave lengths). Thick 
plates theories (also referred to as shear deformation plate theories, or SDPT) require the 
inclusion of shear deformation and rotary inertia factors when compared with thin or CPT. 
This section will present a consistent set of equations that can be used for thick composite 
plates. 

Various thick plate theories can be introduced. The dissertations of Hanna (1990) and 
Alghothani (1986) offer a good treatment of various theories used for plates including 
those of Mindlin, Reissner, and Ambartsumian. Both Mindlin and Reissner theories have 
been extended for laminated plates. The treatment that follows is an extension of 
Mindlin’ s theory to laminated plates. 



5.2.1 Kinematic relations 

In thick plate theories, the midplane plate displacements are expanded in terms of its 
thickness. Such an expansion can be of a first or a higher order. In the case of first order 
expansion, the theories are referred to as first order shear deformation theories (Reddy 
1984b). Thick plate theories still use the assumption that the normal strains acting on the 
plane parallel to the middle surface are negligible compared with other strain components. 
In other words, no stretching is assumed in the z direction (i.e., e, = 0). This assumption is 
generally valid except within the vicinity of a highly concentrated force. 

From the equations derived for general plates and assuming that normals to the 
midsurface strains remain straight during deformation but not normal to the midsurface, 
the displacements are (Eq. (2.35)) 

u(a, /3, z) = u 0 (a, P) + z.ipja, P) 

v(a, f3, z) = v 0 (a, p) + zi/jpia, /3) (5.20 (2.35)) 

w(a, p.z) = w 0 (a , P) 

where m 0 , Vo and wq are midsurface displacements of the plate and i l/ a and ipp are 
midsurface rotations. The above equations are the basis of a typical first order SDPT and 
will constitute the only assumption made in this development when compared with the 
three dimensional theory of elasticity. The equations for strains can be derived 
independently for plates or specialized from the general shell Eqs. (2.36) and (2.37) by 
setting the radii of curvature to be infinity. These equations become 
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e a = ( e 0a + ? K a) 
e P = ( e 0/3 + Z K p) 
e a/3 = ( e 0a/3 + 7 K a/ 3 ) 
e /3a = ( e Opa + 7 K /3a) 

or 

Ta/3 = TOa/3 + Z T , TajS = e ap + e /3<*> an£ l T = K a/3 + Kp a 
y olz yOaz 

ypz = yopz 



Note that when the shear strains e a p and sp a are equal, the engineering shear strain y aj8 
(= e ap + e pa) w iH t> e used. Similarly for the change of twist curvature expressions. The 
midsurface strains are 
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0M O 


v 0 6A 




1 9 Vo 


^0a 
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0a 


^ AB 0/3’ 


e op — 


B d/3 + 




1 


0 v 0 


u o 6A 


1 3«o 


v 0 0B 


70a/3 1 


” A 


da 


AB 0/3 


' B d/3 


AB 0 a 




1 


0Wo 


+ 


1 


9 w 0 


yOaz ~ 


" A 


0a 


yopz - B 





and the curvature and twist changes are 

1 a«k >jjp 0A _ 1 dif/p i/y„ 9B 

A da AB 0/3 p B 0/3 AB da 

t= J_ <Wp_ _ifj a dA 1 d)f) a i (ip 9B 

7 A da AB d(3 + B 0/3 AB 0a 



(5.22) 



(5.23 (2.38)) 



The subscript (0) will refer to the middle surface in the subsequent equations. 



5.2.2 Stress resultants 

The force and moment resultants (Figures 2.3 and 2.4) are obtained by integrating the 
stresses over the plate thickness. The normal and shear force resultants are 



~N a ~ 






(T a 


Np 






a P 




rh/2 




N ap 


= 


-h/2 


a ap 


* 


Qa 






1 0 1 ; 


-Qp. 






_ <T Pz _ 



(5.24) 
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The bending and twisting moment resultants are 



Mp 

-M a p_ 



rh/2 

-h/2 



(J a 

(T a 

. Pap J 



z dz 



(5.25) 



Note here that the higher order shear terms that were present for shells are not needed for 
plates. It should be mentioned that both the inplane shear stresses cr a p and crp a are equal. 
Also, the stress resultants N a p and Np a are equal. Similarly for the twisting moment (i.e. 
M a p = Mp a ). Carrying out the integration over the thickness, from layer to layer, yields 
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B op 


N a p 
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^26 
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d 16 
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B >26 




K P 


4 




-B\(, 
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#66 
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B >26 


B>66 _ 




T 



Qa 




^55 


^45 


yo az 


Qp- 




_ ^45 


^44 . 


_ 70 (3z _ 



(5.26) 



(5.27) 



where Ay, B y and D,- ; are defined as in Eq. (2.47) or (2.65). 



5.2.3 Equations of motion 

The equations for motion can be derived independently for plates or specialized from the 
general shell equations of motion (2.56) by setting the radii of curvature equal to infinity. 
The equations of motion are 

——(BN a )+ —(ANp a ) + —N a p ~ — Np + ABq a = AB(I l iio + I 2 t[i ~ ) 
da dp H d p H da r 

0 0 dB 0A 

Jp {ANli) + da (BN ^ ] + da Nlia ~ Jp N « +ABc lV 

= AB{fvQ+I 2 i[ip) + — (BQ a )+ —(AQp) + ABq n = AB(! \Wq) (5.28) 

— (BM a )+ —— (AMp a )+ — M a p — —Mp — ABQ a +ABm a = AB(I 2 Uo + 
da d p H dp H da H 

—(AMp)+ —(BM a p) + —Mp a — — M a — ABQp a + ABnip = AB(I 2 vq + I 2 i[tp) 
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where the two dots represent the second derivative of these terms with respect to time, and 
where the inertia terms are defined in Eq. (2.55). The boundary terms for the boundaries 
with a = constant are given in Eq. (2.58). Possible combination of boundary conditions at 
each edge is given in Table 2.1. 



5.2.4 Equations of thick plates with rectangular orthotropy 

The equations that follow will be developed for materials with rectangular orthotropy. As 
argued earlier, such materials will be best represented with a rectangular coordinate 
system. 

The middle surface strains and curvature changes for thick plates having constant 
Lame parameters (and equal to unity, as in Eq. (5.7)) are 
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The equations of motion are 
dN a dNp a 
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(5.29) 



(5.30) 



The equilibrium equations can be written in terms of displacements. These equations are 
proven useful when exact solutions are desired. The equations can be written as 



LijUj + MfUj = q 



(5.31) 
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The stiffness parameters L,j in Eq. (5.31) are 

_ d 2 d 2 d 2 
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The mass parameters in Eq. (5.31) are 



% = My 

M\\ = M 2 2 = M33 = — /1 
M] 4 = M 2 g = —I 2 

m 44 = m 55 = -I 3 

all other My = 0 



(5.32) 



(5.33) 




Plates 



121 



where I ) are given in Eq. (2.55). The displacement and loading vectors are 

«> = [u 0 ,v 0 ,w 0 , ( jj a , i/jpf, q, = [~q a , -qp, ~q„, ~m a , -m a ,] T (5.34) 

The above equation describes a thick plate with general lamination sequence. If the plate 
is symmetrically laminated, then all the By terms vanish. This will make /, 14 — L 15 — 
L 2 4 = L 25 = 0. The inplane displacements ( u 0 and v 0 ) will then be decoupled from the 
out-of-plane displacement and shear deformation. This will reduce the equations and 
subsequent treatment significantly. Eq. (5.31) will include a 3 X 3 differential operator, for 
a symmetrically laminated thick plate, instead of the above 5X5. The order of the whole 
system of differential equations will reduce from 10 to 6. 

Eq. (2.58) represent the correct boundary conditions for thick plates. Energy 
functional can be derived easily form the above equations in a fashion similar to that done 
for thin plates. 



5.3. VIBRATION OF RECTANGULAR PLATES 

We will first consider rectangular plates constructed of composite materials having 
rectangular orthotropy. These plates are best represented with Cartesian coordinates. 
Figure 5.1 shows the parameters used in such a plate (dimensions a and b , and thickness 
h). Plates with circular orthotropy will be dealt with in later sections of this chapter. 

Thin rectangular plates with symmetric lamination can have four possible boundary 
conditions at each edge. Three of these boundary conditions are classical. These are 
simply supported, clamped or free. The total possible combination of classical boundary 
conditions for such plates when they are isotropic is 21 (Leissa 1969). Symmetrically 



P 






b 




H a H 

Figure 5.1. Parameters used for rectangular plates. 
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laminated plates, although they have three possible classical boundaries per edge, will 
yield even higher number of combinations of boundaries for all edges. This is because of 
the reduced symmetry in laminated plates as compared with isotropic ones. 

Plates that are not symmetrically laminated will have 16 possible boundary conditions 
for each edge, with 12 of these being classical. This is because of the stretching -bending 
coupling that has to be considered for such plates. Symmetrically laminated thick plates 
can have six possible classical boundary conditions at each edge, Unsymmetrically 
laminated plates can have up to 24 classical possible boundary conditions at each edge 
(Table 2.1). The combinations of boundary conditions are higher for thick rectangular 
plates when compared with thin plates. 

Among all the boundary combinations, only those that have two opposite edges 
simply supported permit having exact solutions (for homogeneous plates). The solution is 
referred to as the Levy solution (Leissa 1973b). When the Levy solution procedure is 
extended to laminated composite plates, it is found that such exact solution can only be 
applied to two types of lamination sequences and boundary conditions: 

1. Cross-ply plates with S2 opposite boundaries. These are plates where the lamination 
angle for each layer makes either a 0 or 90° with each of the boundaries. In other words, 
the fibers in each layer can either be parallel or perpendicular to each boundary. These 
plates could be symmetrically laminated or unsymmetrically (i.e., asymmetrically) 
laminated about the middle surface. Figure 5.2 shows examples of such lamination 
sequence. Note that the lamination sequences made of layers having 45 and —45° 
angles (e.g., [45°, —45°]) or 30 and — 60° or similar fiber angles for each lamina are not 
considered here as cross-ply because, although these plies make right angles with each 
other, they do not make right angle with the edges of the plate. Cross-ply plates can 
have exact solutions when the two simply supported opposite boundaries are of the S2 
type (i.e., shear diaphragms). 

2. Antisymmetrically laminated plates. These plates are constructed with laminates in 
which the fibers in each lamina above the middle surface making an angle 0 with a 
coordinate is mirror-imaged with another one (of equal thickness) at exactly the same 
distance in the opposite z direction from the middle surface with fibers making negative 
the angle (i.e., —6) with the same coordinate. Figure 5.3 shows example of such 
lamination sequence. Antisymmetrically laminated plates can have exact solutions 
when the two opposite boundaries are of the S3 type. 

Of particular importance and ease of use is the problem with all edges being simply 
supported. For these plates the rather lengthy Levy solution can be specialized into a 
simpler solution form called the Navier solution. This solution will be presented in the 
upcoming sections for both cross-ply and antisymmetric angle-ply plates. The solution 
procedure is applicable for both thin plates where CPT is used and moderately thick plates 
where SDPT is used. 
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Fiber 

Orientation 




Symmetric Cross-Ply Antisymmetric Cross-Ply Unsymmetric Cross-Ply 

Figure 5.2. Plates with cross-ply lamination sequence. 




Figure 5.3. Plates with antisymmetric lamination sequence. 
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5.3.1 Simply supported cross-ply rectangular plates 

We will first consider simply supported thin plates. Thick plates will be treated later. 



5. 3. 1.1 Thin plates. Consider a plate that is made of a cross-ply laminate, thus 

^16 = ^26 = ^16 = ^26 = ^16 = D 26 = 0 (5.35) 

The differential parameters in the equations of motion (5.11) L, ; become 

a 2 a 2 

Ln ~ Au ^ +A66 W 



L\2 — L 2 \ — (A,2 + A 66 ) 



8a 9/3 



l 2 2-a 66 — 2 +a 22 — i 

a 3 

^13 — ^31 — ~B U . 3 — (^12 + 2B 66 ) 
dir 
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Consider a plate with shear diaphragm (S2) boundaries on all four edges. That is, the 
following boundary conditions apply: 



N a = w o = v o = M a = 0 for the edges a = 0, a 

Na = w 0 = Mo = Mo = 0 for the edges /3 = 0, b 



(5.37) 



The following solution satisfies the boundary conditions and the equations of motion: 

M N 



«o(« , A t ) = II U mn cos(a,„ a)sin(/3„ j8)sin( w m „0 

m =0 «=0 
M AT 

v 0 (a, /3, t) = II ^ mn sin( a m a)cos(/3„/3)sin( w,„„ f) 

m=0 n=0 
M Af 

w 0 (a,[3,t) = II W„„, sin( a m a)sin(/3„/3)sin(w,„„f) 



(5.38) 



m=0 n = 0 



where 



/77TT /77T 

i Pn 1 
a b 



co mn is the natural frequency. 




Plates 



125 



Also, the external forces can be expanded in a Fourier series, 

M N 

Pa(oL,l 3)= Y y Pamn cos(a m a)sin((3 n l3) 

m = 0 n= 0 
M N 

pp(a, P ) = II Pfimn sin(a m a)cos(/3 ; ,/3) (5.39) 

m=0 n— 0 



M N 

Pz («, /3) = II Fzmn sin(a m a)sin(/3„/3) 

m=0 n=0 

where 



4 f 

= —r Pa cos(a m a)sin(/3„/3)da d/3 
4 f 

P/3m„ = ^ J P /3 sm(a m a)cos(P„P)da dp 
Pzm" = ^ P Z sin(a m a)sin(/3„/3)da d/3 

Substituting Eq. (5.38) into Eq. (5.11), with the differential operator given in Eq. (5.36), 
yields the following equations of motion: 




where 

^11 ^ 1 I ^66 P7i 

C\2 = C 21 = ~( a 12 + A 66 )a m p„ 

Cl 2 = ~ ^ 2 lPn 

C i3 = C 31 = Z3 n a^ + (B 12 + 2B 66 )a ln P~ 

C22 = C32 — B22PI + (#12 + 2B 66 

C 33 = + 2(E>i2 + 2 D 66 )oi-„p- + D 22 Pt 



(5.40) 



(5.41) 



The above equations are valid for forced vibration problems. They reduce to static 
problems if the natural frequency is set to zero, and to free vibrations if the loads are set to 
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zero. The above solution reduces to a closed form one for symmetric cross-ply plates 
(Hearmon 1946). This can be expressed as 

0 ”'"4 P = D n m 4 + 2(D|2 + 2D 66 )m 2 n 2 (a/b) 2 + D 22 n 4 (a/b) 4 

7 T 

as was reported by Leissa (1969). 



5. 3. 1.2 Thick plates. Consider a plate that is made of a cross-ply laminate. The 
differential operators Ly in the equations of motion (5.31) and (5.32) become 

9 2 9 2 

Ln ~ Au J^ +A66 W 



#12 ~ (Al2 +^ 66 ) 



9a 9/3 



9/3 2 



9 Z 



Li3 — 0, L u — B n — -y + B 66 — — T , L l5 — (B l2 + B 66 ) 



k 22 — A 



66 ^ ? 
9a~ 



2A 



26 



9 a 



9a 9/3 



'^22 
a 2 



9/3 2 ’ 
9 2 
S/3 2 



#23 — 0, 



#24 — (#12 + #66) 



9a 9/3 



#25 — #1 



66 : 



’ 9 a 2 
_ 9 

#34 — — ^55 



B 



22 9/3 2 ’ 



9a 9/3 
#33 = — ^5 



9- 9 

9 a 2 44 9 / 3 2 



9a ’ 



#35 — A 



44 



9/3 



(5.42) 



Z>44 — A 



55 



£>> 



da 2 



D. 



66 



9/3 2 



9 2 

#45 — _ A 45 + (Z) 12 + D 66 )- — — 

da 9/3 

_ 9 2 9 2 

#55 — — ^44 + #>66 T— T + #*22 27772 
9 a z 9/3 

Consider a plate, with shear diaphragm (S2) boundaries on all four edges. That is, the 
following boundary conditions apply: 



N a = vv 0 = v 0 = M a = ifjp = 0 for the edges a = 0, a 

Np = w 0 = Uq = Mp = if/ a = 0 for the edges [3 = 0, b 



(5.43) 
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The Navier-type solution can be applied to thick plates with shear diaphragm supports to 

obtain exact solution. The displacement and slope functions take the forms 

00 00 

u 0 (a,[3,t) = II U m „ cos( a m a) sin(/3„ /3) sin( w mn t) 

m= 1 n= 1 
00 00 

v 0 (a, /3,t ) = II Vmn sin( ot m oi)cos((3 n /3) sin( o) mn f) 

m= 1 n = 1 
00 00 

w 0 (a, /3, o = II sin(a m a)sin(/3,,/3)sin(«„ m O (5.44) 

m= 1 n=l 
00 00 

W“.ft«=II 4*amn cos( a,„ a) sin( y 8 „y 8 ) sin( w„,„ f) 

m= 1 77— 1 
00 00 

'I’pi «,/V) = II *A/3 ran s in(« m «)cos(^ n ^)sin(a> mn O 

m= 1 77 = 1 

where o„, = wnr/a, and j3 n = im/b, and U m „, V mn , W mn , i // amn , and are arbitrary 
coefficients. 

Substituting the above equations into equations of motion and using a Fourier 
expansion for the loading functions yields 

[K]{A}+{ Mmn ) 2 [M]{A} = -{T} (5.45) 

where [A - ] and [ M ] are the stiffness and mass symmetric 5X5 matrices; respectively 
( o mn is the frequency with m number of half sine waves in the a direction and n number 
of half sine waves in the [3 direction, { F } is the forcing function, and {4} = 
{ Bf mn 7 Vmn 7 W m n 7 4*amn 7 4^/Smn } • The Kjj coefficients are 

K\\ -4 1 1 O'm ^66 fin 

K u = ~ W 12 + A 66 )a m [3 n 
K u = 0 

K\4 = — Bn a m ~ 

K]5 = ~(B 12 + B 66 )a„,(3 n 
K 2 2 = —A 66 a~, — A 2 2 $, 

K 23 = 0 

K 24 (B \2 T B( ) f ) )t4 )H [3 n 

K 2 5 = —B(,6 a m + #22 A) 

K 32 = —A 55 a~„ — A 44 /3j, 

K 34 = —A 55 a m 
K 35 = —A 44 f3„ 

K 44 = ^55 — I I a m ~ B >66 Pn 
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^45 (^12 ^66 

K 55 = —A 44 — D 66 a~, — D 22 fr, (5.46) 

If the forcing function {F} is assumed to be zero, the above equations can be used directly 
to find the natural frequencies of free vibration. Unless stated otherwise, the following 
natural frequency parameter is used in the subsequent analysis: 

Li = om 2 sjp/E 2 h 2 (5.47) 

Table 5.1 shows the frequency parameter for cross-ply square plates with relatively high 
orthotropy ratio (£| / E 2 = 25) using SDPT and CPT. Three lamination sequence values 
are considered [0°,90°], [0°, 90°, 0°], and [0°, 90°, 90°, 0°]. Two thickness ratios (a/h) of 
100 and 10 are used. The results are compared with those obtained by Reddy (1984b). The 
results show that for the thin plate with a/h= 100, the difference between the two 
theories is minimal. Thus the CPT is certainly accurate. For a thick plate with a/h = 10, 
the difference between both theories reaches more than 20%, showing the lack of accuracy 
that the CPT has in predicting vibrations of thick plates. The results compare well with 
those obtained by Reddy (1984b), who used practically the same theory (when his 
equations are specialized to those of plates). Table 5.2 shows another comparison 
between CPT and SDPT. Various thickness ratios are used in the analysis. The 
difference between the prediction of SDPT and those of CPT are less than 1% for very 
thin plates with a thickness ratio (a/h) of 100. The difference reaches 3.2% for plates 
with thickness ratio of 20, 11.8% for plates with thickness ratio of 10, and 40% for plates 
with thickness ratios of 5 (where the SDPT is not proven to apply and must be compared 
with results obtained by the theory of elasticity). It does seem reasonable to assume that 
CPT applies only for plates having a thickness ratio of 20 or higher. This theory 
overpredicts the natural frequency as expected. It is also important to note that the 
nondimensional frequency parameter chosen here does not change with thickness for the 



Table 5.1. Frequency parameter O = wa 2 ^ p / E 2 h 2 for cross-ply plates (a/b = 1 ,E l /E 2 = 25, Gyi/E 2 — 
0.5, G n /E 2 = 0.5, G 23 /E 2 = 0.2, v 12 = 0 25, K 2 = 5/6) for SDPT and CPT. 



a/h 



[0°, 90°] 
Reddy 3 SDPT 



CPT 



Lamination theory 
[0°, 90°, 0°] 

Reddy 3 SDPT CPT 



[0°, 90°, 90°, 0°] 
Reddy 3 SDPT CPT 



100 9.6873 9.6873 9.6960 15.183 15.183 15.228 12.226 15.184 15.228 

10 8.8998 8.9001 9.6436 12.163 12.163 15.228 12.226 12.226 15.228 



'Equations obtained by Reddy (1984b). 
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Table 5.2. Frequency parameter fl = ioa 2 ^p/E 2 h 2 for cross-ply plates (a/b = \,E l /E 2 = 15, G\ 2 /E 2 — 
0.5, G n /E 2 = 0.5, G 23 /E 2 = 0.5, v 12 = 0.25, K 2 = 5/6) for SDPT and CPT. 



a/h 


[0°, 90°] 

SDPT 


CPT 


Lamination theory 

[0°, 90°, 90°, 0°] 

SDPT 


CPT 


100 


8.56394 


8.56847 


12.26147 


12.37733 


20 


8.44807 


8.55811 


11.90100 


12.27733 


10 


8.11956 


8.52569 


10.97163 


12.27733 


5 


7.14661 


8.39526 


8.77840 


12.27733 



predictions made using CPT for symmetrically laminated cross-ply plates. It does 
change slightly for asymmetrically laminated plates. Furthermore, the accuracy of CPT 
in predicting frequencies is higher for asymmetrically laminated plates than it is for 
symmetrically laminated ones. 



5.3.2 Simply supported antisymmetric angle-ply rectangular plates 
Consider first simply supported thin plates. 



5. 3.2.1 Thin plates. The plates treated here are those made of antisymmetric angle-ply 
laminate, thus 

^16 = ^26 = ^11 = ^12 = -®22 = -®66 = ^16 = A >6 = 0 (5.48) 

The differential operators L, ; - in the equations of motion (5.1 1) become 

a 2 a 2 

Lll_Al1 ^ +Ae6 W 



L\2 — L 2 \ — { A l2 + A 



66 1 



_ a z a z 

L22 — ^66 T— T + ^22 TTp 
8a z 0/3 



0a 0/3 



(5.49) 



L\2 — ^31 — B 



3 26 



0/3 3 



3 B 



16 



0 a- 0 j 8 



^23 “ L 22 — B l6 

0 a 



3 B 



0 3 



26 



0 a 0 /3 2 



L 33 — D u — ^ + 2(D 12 + 2 D 66 ) , — ^ 

0 a 4 0 a- 0 j 8 - 



D 



22 



0 ( 8 4 
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Consider a plate, with simple support (S3) boundaries on all four edges. That is, the 
following boundary conditions apply: 



Wo — Mo — Nap — Nl a — 0 
wo = Vo = N a p = Mp = 0 



for the edges a = 0, a 
for the edges /3 = 0, b 



(5.50) 



Note the difference between the S3 boundaries and the shear diaphragm boundaries. The 
shear diaphragm boundaries allow motion in the inplane direction that is perpendicular to 
the boundary and prevents it in the inplane direction tangential to the boundary. The S3 
has opposite treatment of the inplane displacement supports. The following solution 
satisfies the S3 boundary conditions and the equations of motion exactly: 



Mo(«,/3,0 = II U,nn sin( a m a)cos(/3„ /3)sin( w mn t) 

m= 0 n—0 
M N 

v 0 (a,fi,t) = ^ I V mn cos(a„,a)sin(/3„/3)sin(ft)„ m f) 

m= 0 n= 0 
M N 

w 0 (a, fi, t) = II W mn sin( a m a) sin(/3„ /3) sin( co mn t ) 



(5.51) 



n = 0 n = 0 



where 



tmt nit 

tn j fin ; 

a b 

a> mn is the frequency with m number of half sine waves in the a direction and n number of 
half sine waves in the fi direction. Also, the external forces can be expanded in a Fourier 
series. This is done for both static and forced vibration types of analyses. 

The equations of motion can now be written as Eq. (5.40) with the coefficients 



^11 '3 1 1 in ^66 fin 

C 12 = C 2 \ = -(A 12 + A 66 )a m fi n 

('ll A 66 tt- in A 22 fin 

Cn = C 31 = B 26 fil + 3 B l 6 a; lt fi n 
C23 = C32 = B l 6 al, + 3 B 26 a, n fi~ 

C33 = ! 0 1 1 + 2 (D 12 + 2 D 66 )a~ n fil 



(5.52) 



D 22 fii) 



The above equations can be used to find the exact frequencies. 



5. 3. 2. 2 Thick plates. For antisymmetric angle-ply plate, Eq. (5.48) will reduce the 
differential operators Ly in the equations of motion (5.31) to 
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^-11 — ^11 T 2 +^ 66 To 2 
8 Ol d/3 



Ll2 ~ (Pl2 + A 66 ) 

Ll3 
L 



da 0/3 



= 0, 



L\4 — 21? 



16 



da dp 



"15 

L 2 2 

L 2 3 
L 2 4 



= B, 



da 2 



Bo 



dp 2 



= A, 



66 0 a 2 ^ 22 ;i « 2 



= 0 



= B 



16 da 2 



B 



26 



dp 2 



0 Z 

Jp 2 



3 26 



0a 0/3 



^55 ^44 

0 a" 



^55 2 — 



0 

da ’ 



L 25 = 2 B 

L 33 

l 34 

-L44 = A 
i-45 = (0|2 + D 66 ) 
L 55 = — A. 



0 Z 

0/E3 2 



L 2 5 — A 44 - — — 



44 



dP 



55 



0 Z 

da 2 



^11 -,2 ^66 ^^2 



da dp 



44 ' 



0 2 0 2 
066 +Z?22 ^2 



(5.53) 



Consider a plate, with simple support S3 boundaries on all four edges ( w 0 = M a = u 0 = 
N a p = ipp = 0 at a = 0 and a , and wq = Mp = u 0 = N a p = i[> a = 0 at /3 = 0 and b). The 
Navier-type solution can be applied to thick plates to obtain an exact solution. It takes the 
following form: 

00 00 

M 0 (a, p.t) = II U mn sin( a m a)cos( /3„ /3)sin( co nm t ) 

m= 1 71= 1 
00 00 

v o(a, P, t) = £ I V m „ cos(a„,a)sin(/3„/3)sin(w m „0 

771=1 71=1 
00 00 

w 0 (a, P, t ) = II W m „ sin( a m a) sin( p„ /3)sin( r) 

771=1 71=1 
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ijjja. (3, t) = X X c°s(a m a)sin(/3„/3)sin(w m „f) 

m= 1 n= 1 
00 00 

^(a, /V) = X X sin («m«) co s(A,/3)s in (w m „0 (5.54) 

m= 1 m=1 

where 

772TT 72 TT 

) Pn ; 

a b 

to mn is the natural frequency and V m „, W mn , i/j amn and, are arbitrary coefficients. 
Substituting the above equations into equations of motion and using a Fourier expansion 
for the loading functions yields 

[K]{A} + (w mn ) 2 [M\{A} = -{F} ( 5 . 55 ) 

where [F] and [M] are the stiffness and mass symmetric 5 X 5 matrices, respectively, a> mn 
the frequency, {F} the forcing function, and {A} = {U mn , V mn , W m „, ift amn , ^J 1 . The 
Kjj coefficients are 

K\\ A 1 1 ot m A 66 / 3 n 

K\2 = ~(A l2 + A 66 )a m /3 n 

K \3 = 0 

2 B 1 4 ot m f 3 n 

K15 = — B 2 (,Pn n 

^22 A(y^Ot m A 22 fill 

K 2 3 = o 

K 2 4 = —B l6 aj n + /F()Ai (5.56) 

^25 '^B 2 ^ot m f 5 n 

F 33 = — A 55 a:;„ — A 44 /3^ 

F 34 = —A 55 a m 

K 25 = — a 44 a, 

F 44 = — A 55 — D u a~, — D 66 (3j, 

K45 = — (^12 + ^66 ) a mPn 

K55 = ~ A44 — D 66 a; n — D 2 2pl 



As before, the above equations can be used directly to find the natural frequencies of free 
vibration if the forcing function {F} is assumed to be zero. 




Plates 



133 



Table 5.3. Natural 

[45°, -45°, 45°, -45° 
and a/h = 10, K 2 = 


frequency 
| plates with 
5/6. 


parameters Cl= axi 2 -^ p/E 2 h 2 for 
E x /E 2 = 40, G l 2 /E 2 = G 13 /£ 2 = 


angle-ply square 
0.6, G 23 /E 2 = 0.5, 


laminated 
V \2 = 0.25 


Mode number 


Khdeir (1988a) and Bert and Chen (1978) 


Reddy (1979) 


CPT 


1 




18.46 


18.61 


23.53 


2 




34.87 


35.41 


53.74 


3 




54.27 


54.36 


98.87 


4 




75.58 


76.41 


160.35 


5 




97.56 


105.06 


238.72 



Table 5.3 shows the frequency parameters C2 = oxr^J p/ E 2 h 2 for angle-ply square 
laminated [45°, — 45°, 45°, — 45°] plates with high orthotropy ratio of 40. The results 
obtained by Khdeir (1988a) and Bert and Chen (1978) using a theory similar to the one 
presented here are compared with the results presented by Reddy (1979) using finite 
elements and CPT. The table particularly shows the failure of CPT in predicting higher 
frequencies for these plates with thickness ratio of 10. Table 5.4 shows a similar 
comparison for other stacking sequences. 



5.3.3 Cross-ply plates with two opposite edges simply supported 

Exact solutions can be found for plates having two opposite edges simply supported. This 
is true for the same boundaries and lamination sequences described in Section 5.3.2. That 
is, exact solutions can be found for unsymmetric cross-ply plates with S2 opposite 
boundaries as well as antisymmetric angle-ply plates with S3 opposite boundaries. 
Figure 5.4 shows the notations used in describing the possible boundary configurations of 
CSFS. Note that the letters in the CSFS begin by describing the far left clamped (C) end 



Table 5.4. Natural frequency parameters Cl = coa 2 ^p/E 2 h 2 for angle-ply square laminated plates with 
E x /E 2 = 40, Gi 2 /E 2 = G b /E 2 = 0.6, G 23 /E 2 = 0.5, v n = 0.25 and a/h = 10, K 2 = 5/6. 



0 


Lamination 


Khdeir (1988a) and Bert and Chen (1978) 


Reddy (1979) 


30 


[0,-0] 


12.68 


15.00 




[0,-8, 0,-0] 


17.63 


17.69 


45 


[0,-0] 


13.04 


15.71 




[0,-0, e,-e\ 


18.46 


18.61 
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Figure 5.4. A CSFS plate. 



(at a = — a/2 ), followed by the simply supported boundary (S) at the bottom (/ 3 = 0), the 
free (F) one to the right (at a = a/2) and finally the top simply supported (S) boundary (at 
13 = b). 

5.3. 3.1 Thin plates. Consider a plate that is made of a cross-ply laminate, thus Eq. (5.35) 
applies for stiffness parameters, and Eq. (5.36) applies for the differential operator in the 
equations of motion. Consider further the plate having shear diaphragm (S2) boundaries 
on the two opposite edges [3 = 0 , b (i.e., Np = w 0 = u 0 = Mp = 0; for the edges [3 = 0 , 
b ) and the other edges a = — a/2, a/2 have arbitrary conditions. A displacement field can 
be chosen to satisfy the simply supported boundaries in the following form: 

00 00 

u 0 (a, [3, t) = II U mn X m (oi)srn([3 n f3)sm((o mn t) 

m= 1 n= 1 
oo oo 

v 0 (a, / 3,t ) = II Vmn Y m (a)cos([3 n /3)sin( u> mn t) 

m= 1 n= 1 (5.57) 

00 00 

w 0 (a,[3,t ) = II W mn Z m (a)s\n((3 n f3)fm( a> mn t) 

m= 1 n= 1 

nir . 

3 n = — — (o mn is the natural frequency. 
b 

One needs to substitute the above equations into Eq. (5.11) with the operator described in 
Eq. (5.36) for cross-ply laminates. A direct method has been described in Chapter 4 on 
laminated curved beams to solve the resulting equations. The method can be extended to 
treat the equations of plates. Alternatively, in Section 5. 3. 3. 2 we will describe a method 
for solving the resulting system of differential equations. 
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5.3. 3. 2 Thick plates. For thick plates made of a cross-ply laminate, Eq. (5.31) can be 
used with the differential operator L /; described in Eq. (5.42) for the equations of motion. 
Let the boundaries on the two opposite edges (3 = 0, b be shear diaphragm (S2) (i.e., 
Np = w 0 = u 0 = Mp = ils a = 0; for the edges /3 = 0, b) and the other edges a = —a/2, 
+a/2 have arbitrary conditions. The following displacement field can be applied to the 
equations of motion of thick plates: 

00 00 

u 0 (a, [3 , t) = II Umn^-m ( sin ( (3 n /3) sin ( (o mn t) 

m= 1 n= 1 
00 00 

V 0 (a, /3, t) = II K m (a)cos(/3„/3)sin(w m „f) 

m= 1 n= 1 
00 00 

W 0 (a,/3,r) = II W m „Z m (a)sm(f3„f3)sm(co mn t) (5.58) 

m= 1 n=l 
00 00 

^amn^m (a)sin(/3„/3)sin(w„„,f) 

m= 1 n=l 
00 00 

<A/3 («> P,t) = II *A/3 mn^m (a)cos(/3„/3)sin(w„ m f) 

m= 1 n=l 



where 



P n 



HTT 

b 



and t/ m „, V m „, W,„„ , ^ amn and, ijjp mn are arbitrary coefficients. 

One needs to substitute the above equations into Eq. (5.31) with the operator described 
in Eq. (5.42) for cross-ply laminates. The resulting equations can be addressed in a manner 
similar to that of curved beams discussed in Chapter 4 (Lin and King 1974). Alternatively, 
Khdeir (1986, 1989) used the state space approach (Brogan 1985) for the procedure to 
obtain solutions to the resulting equations. In this approach, the resulting equations of 
motion is rewritten as 



{*'} = [A]{*} (5.59) 

where 

Xl ^ in i Xl ^ m i Xl , Xa , X5 : 

X6 m ■ Xl ' Xl, ■ Xl I'm: Tl 0 Tm 

where each prime is a derivative with respect to a. The matrix A is a 10 X 10 matrix and 
can be found by the references mentioned earlier as well as that of Reddy and Khdeir 
(1989). While the above equation are written for thick plates, similar equations can be 
written for thin plates (with a resulting 8X8 matrix). A solution to the above equations is 
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written as 



e A “ = [H\ 



0 

AoC* 



L 0 0 



0 

0 

0 



in -1 



(5.60) 



where Ai,.,.,A 10 are eigenvalues and | T| are eigenvectors. 

Substituting Eq. (5.59) into the boundary conditions associated with the two 
opposite boundaries at a = — a/2 , +a/2 results in a homogeneous system of equations. 
The determinant of which has to be set to zero to obtain a nontrivial solution for the 
frequencies in the normal manner. 

Table 5.5 shows the natural frequency parameters fl = a>a 2 ^ p/E 2 h 2 of [0°, 90°] 
square plates with various boundaries at a = — a/2 , a/2. The table is written 
starting with the plate of less constraints (FSFS) and ending with the plate with higher 
constraints (CSCS) with the exception of (SSSS) and (FSCS), which have similar 
constraint levels. 

The first observation made here is the lack of accuracy obtained with CPT for such 
moderately thick plates (a/h = 10), especially for the plates with higher orthotropy 
ratios. The difference between the CPT prediction and the SDPT ones is almost double 
for plates with the high orthotropy ratio (E l /E 2 = 40); when compared with plates with 
the lower orthotropy ratio of 10. The second observation is that the difference between 
both theories is higher for plates with higher constraints. For E l /E 2 = 10, the difference 
between the CPT and SDPT is 2.4% for the SFSF plates and almost 11% for the 
SCSC ones. 



Table 5.5. Natural frequency parameters (l = coa 2 yj p / E 2 h 2 of [0°, 90°] square plates with various 
boundaries at a = —a/2, a/2, G\ 2 = G13 = Q.6E 2 , vi 2 = 0.25, a/h = 10, K 2 = 5/6 (Khdeir 1989). 



Theory 


eje 2 


FSFS 


SSSF 


SCSF 


SSSS 


SCSS 


SCSC 


CPT 


40 


7.267 


7.636 


8.228 


11.154 


14.223 


18.543 


SDPT 




6.881 


7.215 


7.741 


10.473 


12.610 


15.152 


CPT 


20 


5.704 


6.166 


6.681 


9.204 


11.575 


14.899 


SDPT 




5.511 


5.940 


6.397 


8.810 


10.658 


12.956 


CPT 


10 


4.694 


5.264 


5.709 


8.032 


9.951 


12.624 


SDPT 




4.584 


5.104 


5.515 


7.766 


9.352 


11.377 
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Table 5.6. Natural frequency parameters fl= coa 2 Jp/E 2 h 2 for a [0 o ,90 o ,0°] square laminated plates 
with E 1 /E 2 = 40, G\ 2 /E 2 = G\ 2 jE 2 = 0.6, G 22 Je 2 = 0.5, v l2 = 0.25, K 2 = 5/6 with various 
boundaries at a = — a/2, a/2 (Khdeir 1988b). 



Theory 


m , mode number 


SFSF 


SFSS 


SFSC 


SSSS 


SSSC 


scsc 


CPT 


1 


4.457 


5.076 


8.269 


18.89 


28.50 


40.74 


SDPT 


1 


4.343 


4.914 


7.331 


14.77 


17.18 


19.67 


CPT 


2 


17.83 


18.47 


19.79 


26.94 


34.53 


45.23 


SDPT 


2 


16.21 


16.74 


17.56 


22.16 


23.68 


25.35 


CPT 


3 


40.11 


40.76 


41.51 


46.21 


51.19 


59.02 


SDPT 


3 


33.19 


33.64 


34.02 


36.90 


37.72 


38.65 



The third observation is to show how the frequencies actually increase with the added 
constraints, particularly when the clamped edges are considered. The impact of the 
constraints at the edges is higher for plates with higher orthotropy r atios. 

Table 5.6 shows the natural frequency parameters 11 = wctyj ' p/E 2 h 2 for symme- 
trically laminated, three layered square laminated plates with high orthotropy ratio 
(Ei/E 2 = 40), and various boundary conditions at a = —a/2, a/2. The table shows 
results obtained using both CPT and SDPT. The first three half sine waves in the 
/3-direction are considered. 

The table shows that the CPT overpredicts the frequencies considerably, especially for 
the higher modes. These tables show clearly that CPT should not be used for such 
moderately thick plates. The table further emphasizes the previous observation regarding 
the clamped constraints for both fundamental and higher modes. 



5.3.4 Antisymmetric angle-ply plates with two opposite edges simply supported 
Consider first a thin plate that is made of antisymmetric angle-ply laminate. Thus 
Eqs. (5.48) and (5.49) apply for the stiffness parameters and equations of motion; 
respectively. Consider further the plate having simple support of the type S3 boundaries: 
w 0 = v 0 = N a p = Mp = 0 at the edges (3 = 0 or b\ the other boundaries are arbitrary. The 
following solution satisfies the S3 boundary conditions at the edges /3 = 0, b exactly 

M N 

u Q (a, /3,t ) = II U mn X m (a)cos(/3„/3) sin( t ) 

m = 0 n = 0 
M N 

v 0 (a,f3,t) = II Vmn Y m ( a ) sin(/3„ /3) sin( (o mn t) (5.61) 

m= 0 n = 0 
M N 

w 0 (a, jS, t) = II W mn Z m ( a) sin(/3„ /3) sin( t ) 

m = 0 n = 0 
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where 




Consider an antisymmetric angle-ply thick plate where Eqs. (5.48) and (5.53) apply 
for the stiffness parameters and equations of motion; respectively. Let the plate have 
simple support S3 boundaries for the edges (3 = 0 and b, and the other boundaries are 
arbitrary. The following solution satisfies the S3 boundary conditions (w = M „ — u = 
N a p = <A /3 = 0) exactly 
00 00 

u 0 (a,f3,t) = II U mn X m ( a m a) cos(/3„ /3) sin( co nm t) 

m= 1 n= 1 
oo oo 

v 0 («, P: t ) = II Km Y m ( a m a) sin(/3„ /3) sin( (o mn t) 

m= 1 n= 1 
oo oo 

w 0 (a, /3, 0 = II W m „z m ( a m a)sin(/3„ /3)sin( w„,„r) (5 .62) 

m=l n= 1 

00 00 

^Pamn^m (a m a)sin(j8„/3)sin(w,„„0 

m=l n=l 

00 00 

ifpia, /3, t) = II *A/3 mn^-m (a m a)cos(/3„/3)sin(w,„„f) 

m=l n= 1 



The above solutions can be substituted back into the equations of motion in terms of 
displacement (Eq. (5.49) for thin plates and Eq. (5.53) for thick ones). A procedure similar 
to that shown earlier can then be used to solve for the natural frequencies of anti- 
symmetric angle-ply plates having two opposite edges simply sup ported o f type S3. 

Table 5.7 shows the natural frequency parameters fl = a>a 2 ^ p/E 2 h 2 for angle-ply 
square laminated plates with high orthotropy E\ / E 2 = 40, G\ 2 / E 2 — Gi 2 /E 2 — 0.6, 
C 2 3 1 E 2 = 0.5, u 1 2 = 0.25, shear correction factor K 2 = 5/6 and a thickness ratio 



Table 5.7. Natural frequency parameters Q = axi 2 -^ p/E 2 h 2 for angle-ply square laminated plates with 
E | / E 2 = 40, G u /E 2 = G 13 /£ 2 = 0.6, G 22 /E 2 = 0.5, v i2 = 0.25, K 2 = 5/6 and a/h = 10, using thick 
plate theory with various boundaries at a = — a/2, a/2 (Khdeir 1988a). 



e 


Layers 


FSFS 


SSFS 


FSCS 


SSSS 


sscs 


CSCS 


30 


[0,-0] 


6.95 


8.45 


8.65 


12.68 


13.46 


14.41 




[0,-0, 0,-0] 


9.61 


11.72 


11.88 


17.63 


18.27 


19.01 


45 


[0,-0] 


4.76 


7.13 


7.52 


13.04 


14.23 


15.63 




[0,-0, 0,-6] 


6.26 


10.05 


10.36 


18.46 


19.41 


20.48 
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Table 5.8. Natural frequency parameters ft = wa 2 -yj p / E 2 h 2 for [45°, —45°, 45°, — 45°] square laminated 
plates with E t / £ 2 = 40, G 12 /E 2 = G 12 /E 2 = 0.6, G 23 /E 2 = 0.5, 1^2 = 0.25, AT 2 = 5/6 and a/h = 10, 
using thick plate theory with various boundaries at a = — a/2, a/2 (Khdeir 1988a). 



m 


FSFS 


SSFS 


FSCS 


SSSS 


SSCS 


CSCS 


1 


6.26 


10.05 


10.36 


18.46 


19.41 


20.48 


2 


23.80 


26.31 


26.32 


34.87 


34.95 


35.03 


3 


45.82 


47.18 


47.18 


54.27 


54.27 


54.27 


4 


68.92 


69.66 


69.66 


75.58 


75.59 


75.59 


5 


92.02 


92.48 


92.48 


97.56 


97.57 


97.58 



a/h = 10 (Khdeir 1988a). Two angles of lamination at 30 and 45° are considered with two 
and four layers for each angle. The first observation to be made here is the higher 
frequencies obtained by the higher number of layers. This may be due to the fact that 
weaker stretching -bending coupling (smaller terms) are obtained when higher number 
of layers are treated. The second observation is that more constraints yields, as expected, 
higher frequencies, particularly when slopes are constrained with the clamped boundaries. 
Finally, it is interesting to find out that the 30° laminates yielded higher frequencies for the 
FSFS, SSFS, and FSCS boundaries than the 45° laminates. This is reversed when SSSS, 
SSCS, and CSCS boundaries are considered. 

Table 5.8 shows frequency parameters obtained for a four-layer antisymmetric 
laminate with a 45° angle (Khdeir 1988a). Higher modes are considered in this analysis. 
The additional observation made from this analysis is noting that the higher frequency 
parameters get closer to each other when compared with lower frequency parameters. This 
may be due to the fact that for higher frequencies, the half sine waves become smaller 
when compared with the plate dimensions and the boundary conditions influence becomes 
local at the outer half sine waves. Further comparisons, not shown here, between thick and 
thin plate theories show that the latter overpredicts the higher frequencies and becomes 
inaccurate when used for predicting such frequencies. 

When the results obtained using the solution presented here with that obtained earlier 
using Navier solutions for simply supported boundaries at all edges (Table 5.3), the same 
results were obtained. This is because both methods are exact ones, and the theories used 
are the same. 



5.3.5 Other lamination sequences and boundary conditions 

Boundary conditions that are different from those considered earlier or lamination 
sequences different from those considered in the previous sections (cross-ply and 
antisymmetric angle-ply) have no exact solutions. Approximate methods must be used in 
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order to obtain results. The widely used finite element methods have been used by most 
engineers and researchers in the field to solve practical problems and find the dynamic 
behavior of composite plates. When parametric studies and/or optimization methods are 
used to maximize frequencies, finite elements become an expensive tool. Instead, for 
simple geometries like the flat plates considered here, the less demanding Ritz analysis 
can be employed. This analysis will be used here. 

A series of publications (Leissa 1978, 1981a, b, 1987a,b) listed hundreds of references 
on the subject. Many of the previous studies concentrated on the theory of the subject, 
obtaining natural frequencies only for those problems which permit exact solutions (Jones 
1973, 1975; Lin 1974). 

Simply supported, symmetrically laminated plates were studied by Leissa and Narita 
(1989). The Ritz method with trigonometric functions was used and reasonably accurate 
and comprehensive results were obtained. The first eight natural frequencies and mode 
shapes were obtained for various lamination sequences. Symmetrically laminated 
cantilevered plates were also analyzed in other studies (Jensen et al. 1982; Jensen and 
Crawley 1984). Experimental and analytical natural frequencies and mode shapes were 
obtained. The finite element and Ritz methods with beam and plate functions were used. 
Completely free, symmetrically laminated plates were also analyzed (Sivakumaran 
1987). Frequencies obtained by using the finite element method and those obtained by 
using the Ritz method with algebraic polynomials were compared with experimental 
results. 

The energy functionals derived earlier (Eqs. (5. 13)— (5. 16)) are consistent with the 
equations of motion and boundary conditions and. therefore, can be used with energy 
approaches such as the Ritz method. These equations were successfully applied to obtain 
the natural frequencies of laminated cantilevered and completely free plates and shells 
(Qatu 1989; Qatu and Leissa 1991a,b). 

The Ritz method with algebraic polynomial displacement functions is used here to 
solve the vibration problem for laminated composite plates having different boundary 
conditions. Natural frequencies and mode shapes for plates having two adjacent free edges 
and the remaining edges either simply supported, clamped or free are presented. 
Convergence studies are made which demonstrate that accurate results (natural 
frequencies and mode shapes) can be obtained with this analysis. The effects of various 
parameters (material, fiber orientation and boundary conditions) upon the natural 
frequencies and mode shapes are studied. 

For free vibrations of a plate having the rectangular planform shown in Figure 5.5, 
displacements are assumed as 

u(a, /3, t) = U(a , (3 ) sin cot 

v(a , /3, t) = V(a , (3)sin cot (5.63) 

w(a. [3, t ) = W(a , /3)sin cot 
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H a H 



Figure 5.5. Nondimensional coordinates for a CSFF plate. 



Trial functions can be used for the displacement functions U , V and W. As stated earlier 
(Chapter 3), these functions should form a complete set of functions, which guarantees 
convergence to the exact solution as the number of terms taken increases, and second, they 
should satisfy the geometric boundary conditions. Several types of functions have been 
used in the literature. Among the functions used by researchers are trigonometric 
functions and algebraic ones. Leissa and Narita (1989) have used trigonometric functions. 
They treated symmetrically laminated simply supported plates. For such plates, the 
inplane displacements are decoupled for transverse displacements, and only the function 
W is needed: 

W(a.ji) = ^ ^ y mn sin I Isinl — — ) (5.64) 

Alternatively, algebraic functions can be used. The displacement trial functions, in terms 
of the nondimensional coordinates f and 17. are taken as 
/ j 

u(^ 17) = X X “i/£V 

*=*o Mo 

V({. V) = X X (5.65) 

k = -k q l=l 0 
M N 

W(£ Tj) = X X yrnnCv ' 1 

m=rriQ n=tiQ 

where t = a/a and 17 = (i/b and £ {) and 170 are defined in Figure 5.5. 

The Ritz method requires satisfaction of geometric (forced) boundary conditions only. 
One can solve for many boundary conditions with the same analytical procedure by using 
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a suitable selection of the values iqJo, k 0 . l 0 . m Q and n Q . Vibration problems for laminated 
plates having the boundary conditions XXFF, where X can be simply supported (S), 
clamped (C), or free (F) can be solved. One should keep in mind that for generally 
laminated plates there are four types of boundary conditions for each of the simply 
supported, free and clamped edge conditions (as described in Table 5.9). 

For other types of boundary conditions, one can use springs at the free ends. These are 
springs that cover the whole edge and can actually be functions of the boundary 
coordinates. These springs will be taken as constants along the boundary at which they are 
acting (Baharlou and Leissa 1987). Three linear springs and one rotational spring are used 
at each of the two edges at a = a and at f3 = b. For the free edge at a = a. a linear spring 
in the vertical direction (with a spring constant k z ) can be taken to restrain motion 
vertically; another linear spring is used to restrain motion in the a direction (with a spring 
constant k a ); a third linear spring can be used to restrain motion in the tangential direction 
(with a spring constant kp)\ finally, a rotational spring about the edge parallel to 
the /3-axis can be used (with a spring constant k^). The strain energy of these springs is 

Ua=a = 1 J {k a ul(a, /3) + kpvl(a, / 3 ) + k z wl(a, (3) + j d ^ ( 5 - 66 ) 

Similar treatment can be made for springs at /3 = b. 

Table 5.9 shows the combinations of i 0 , k 0 and m 0 that should be used in the 
a-direction to get each of the possible boundary conditions at a = 0. Similar types of 
boundary conditions can be obtained at /3 = 0 by suitable selection of j 0 , l Q and n 0 . This 
will enable one to solve for six classical boundary conditions of isotropic, orthotropic or 



Table 5.9. Values for values i 0 , k 0 and m 0 needed for different boundary conditions at a = 0. 



B.C. at a = 0 


*0 


k 0 




F-l 


1 


1 


0 


F-2 


0 


1 


0 


F-3 


i 


0 


0 


F-4 


0 


0 


0 


S-l 


1 


1 


1 


S-2 


0 


1 


1 


S-3 


1 


0 


1 


S-4 


0 


0 


1 


C-l 


1 


1 


2 


C-2 


0 


1 


2 


C-3 


1 


0 


2 


C-4 


0 


0 


2 
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anisotropic laminated plates, namely, FFFF, SFFF, SSFF, CFFF, CSFF and CCFF without 
the need for the added springs at the edges a = a and (3 = b. It will also enable one to 
solve for many combinations of boundary conditions of unsymmetrically laminated 
plates. 

For solving the free vibration problem, the displacement functions are substituted into 
the energy functional Eqs. (5. 13)— (5. 16) in order to get an expression for the maximum 
strain energy (t/ max ) and into Eq. (5.18) in order to get an expression for the 
maximum kinetic energy ( 7 max ) . The Ritz method requires minimization of the functional 
(T m . dx ~ t/ max ) with respect to the coefficient a,y, /3 W , and y mn . which can be accomplished 
by setting: 



Qi^max ~ Umax) 
0a,y 

Qi^max ~ Umax) 

Qi^max ~ Umax) 
9 "Ymn 



= 0, 


( *0) *0 + 1) •••) A 


j ~ jo Jo + 1) 




= 0, 


k = k 0 , k 0 + 1 , ..., Zf, 


‘ ^oJo~^~ I; E, 


(5.67) 


= 0, 


m = m 0 ,m 0 + 1, 


n = n 0 ,«o + 1 





which yields a total of (I — i Q + 1 ) X (J — j 0 + 1) + (K — k 0 + 1) X (L — l Q + 1) + (M — 
m 0 + I ) X (W — n () + 1) simultaneous, linear, homogenous equations in an equal number 
of unknowns a,y, f3 kh and y m „. Those equations can be described by {[/if] — 

[a] =0; where [ K ] and [M] are the stiffness and mass matrices, respectively, fl the 
frequency parameter, and {a} the vector of unknown coefficients , /3 W , and y mn . 

The determinant of the coefficient matrix is set equal to zero which will yield a set of 
eigenvalues. Substituting each eigenvalue back into Eq. (5.68) yields the corresponding 
eigenvector (amplitude ratio) in the usual manner. The mode shape corresponding to each 
frequency can be determined by substituting the eigenvector back into the displacement 
functions. 

It has been noted that the convergence characteristics and possible matrix ill- 
conditioning can be improved if one uses the nondimensional coordinates such that they 
form planes of symmetry. This can be done for the completely free, SSFF and cantilever 
plates. For that reason, = r) Q = 1/2 are used for completely free boundaries, where two 
lines of symmetry are observed. Also, £ 0 = 0 and r] 0 = 1/2 are used for SFFF and CFFF 
boundaries, where one line of symmetry is observed. Finally, / 0 = rj () = 0 are used for 
SSFF, CSFF and CCFF boundary conditions. For the SSFF and CCFF square plates, there 
exists a diagonal line of symmetry, which cannot be accounted for easily with the present 
polynomials. It should also be mentioned that the symmetry is preserved only for isotropic 
or orthotropic rectangular plates, but is lost for generally anisotropic plates. 

For symmetrically laminated plates, all of the stretching -bending coupling terms 
vanish (i.e., = 0). This leads to decoupling the inplane displacements from the out-of- 

plane displacement. Lets keep free boundaries at a = a and f3 = b, and thus there is no 
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need to implement the spring strain energy functionals (Eq. (5.66)). The possible 
combination of classical boundary conditions at a = 0 and at /3 = 0, which can be solved 
by the present method, reduces to six as was mentioned earlier. When the spring strain 
energy functionals are used to simulate boundary conditions at a = a and at /3 = b, then 
all possible boundary conditions can be treated. Only the last equations of the sets 
of Eqs. (5.65) and (5.67) are needed for the transverse vibrations of symmetrically 
laminated plates. This leads to a system of linear, homogenous equations of the order 
( M — m 0 + 1) X (N — n 0 + 1). Table 5.10 gives the needed values of m and n for each of 
the six combinations of boundary conditions. Comparisons among results from the present 
Ritz analysis and other analytical and experimental ones will be described later. 



5. 3. 5.1 Convergence studies. Convergence studies are made for composite plates 
representative of those to be analyzed subsequently. These include symmetric laminates 
of three-layer with stacking sequence \8/ — 6/8], The angle 0 lies between the fibers and 
the projection of the a-axis upon the plate. Filamentary composite materials of two types 
were considered, namely E-glass/epoxy (E/E) and graphite/epoxy (G/E). The following 
material properties were used: 

E-glass/epoxy (E/E) = 60.7 GPa, E 2 = 24.8 GPa, G P =12.0GPa, ^ 12 = 0.23 

(5.68) 

Graphite/epoxy (G/E) : E x = 138 GPa, E 2 = 8.96 GPa, G 12 = 7.1GPa, ^ 12 = 0.30 

The above properties were taken from Vinson and Sierakowski (1986). A typical plate of 
square planform (a/b = 1 ) is used. Convergence studies of the lowest eight frequency 
parameters fl = a>a 2 yj ' p/E^h 2 for graphite/epoxy plates having the six boundary 
conditions which will subsequently be analyzed can be found in Table 5.11. Qatu 
(1991a,b) listed results for E-glass/epoxy. For each of the six boundary conditions, three 
solutions are presented. These solutions are obtained by using 36, 49 and 64 terms for the 



Table 5.10. Values for m 0 and n 0 used in vibration analysis of symmetrically 
laminated plated having different boundary conditions at a = 0 and (3 = 0 and free 
boundaries at a = 0 and (1 = 0. 



B.C. 


"to 


»o 


FFFF 


0 


0 


SFFF 


1 


0 


CFFF 


2 


0 


SSFF 


1 


1 


CSFF 


2 


1 


CCFF 


2 


2 
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Table 5.11. Convergence of the frequency parameter Cl = coa 2 -^ p/E^h 2 for a graphite/epoxy square 
( a/b = 1) plate with [30°, — 30°. 30°] lamination using algebraic functions. 



B.C. 


Determinant size 










n 












1 


2 


3 


4 


5 


6 


7 


8 


FFFF 


36 


1.6262 


2.0910 


3.7748 


5.1285 


5.1924 


7.4462 


7.9743 


9.5453 




49 


1.6203 


2.0789 


3.7177 


5.0570 


5.1460 


7.2263 


7.8735 


9.1564 




64 


1.6202 


2.0784 


3.7115 


5.0517 


5.0707 


7.0800 


7.6870 


8.9317 


SFFF 


36 


0.9171 


2.5554 


3.2899 


4.5599 


5.8347 


7.7369 


9.4071 


11.792 




49 


0.9166 


2.5371 


3.2786 


4.5284 


5.7501 


7.6644 


9.2225 


11.255 




64 


0.9165 


2.5363 


3.2754 


4.5181 


5.6929 


7.5070 


9.0844 


11.085 


CFFF 


36 


0.6519 


1.4392 


3.1581 


4.1996 


5.6674 


6.7157 


8.8263 


11.058 




49 


0.6513 


1.4377 


3.1253 


4.1881 


5.6427 


6.6344 


8.7529 


10.809 




64 


0.6507 


1.4372 


3.1228 


4.1839 


5.6111 


6.5257 


8.6460 


10.557 


SSFF 


36 


0.4671 


1.8437 


3.9371 


4.6707 


6.8341 


8.2414 


10.919 


12.747 




49 


0.4656 


1.8248 


3.9276 


4.6559 


6.7644 


8.1051 


10.690 


12.395 




64 


0.4644 


1.8424 


3.9263 


4.6541 


6.7514 


8.0780 


10.540 


12.236 


CSFF 


36 


1.0615 


2.4227 


5.0125 


5.6484 


7.9491 


9.3699 


12.325 


14.282 




49 


1.0606 


2.4211 


4.9812 


5.6388 


7.9011 


9.1566 


12.059 


13.991 




64 


1.0600 


2.4205 


4.9791 


5.6243 


7.8767 


9.0771 


11.881 


13.713 


CCFF 


36 


1.2913 


3.0535 


5.5559 


6.2780 


8.5898 


10.367 


13.459 


14.936 




49 


1.2912 


3.0518 


5.5534 


6.2730 


8.5715 


10.241 


12.990 


14.570 




64 


1.2907 


3.0495 


5.5463 


6.2691 


8.5507 


10.236 


12.970 


14.551 



first, second, and third solution respectively. Equal number of terms are taken in each of 
the inplane directions. Zero frequencies corresponding to rigid body modes are not 
reported. 

Convergence is observed to be reasonably good for engineering applications. The 
maximum difference between the 49- and the 64-term solutions is less than 3% for all the 
cases. The set of boundary conditions with the poorest convergence is the completely free 
one. As geometric constraints are imposed on the boundaries, convergence seems to 
improve, and the fastest convergence is observed for the plate with two adjacent clamped 
edges (i.e., CCFF plates). The maximum difference in the natural frequencies between the 
49- and 64-term solutions for CCFF boundary conditions is 0.07% for E/E material 
and 0.14% for G/E materials (Qatu 1991a). From these studies, it may be considered that 
the 64-term solution for plates presents satisfactory convergence for engineering 
applications. Therefore, unless stated otherwise, 64 terms will be used in the subsequent 
analyses. 
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5. 3. 5. 2 Comparison among various results. Table 5.12 shows a comparison made 
among results from the present method and those taken from Sivakumaran (1987) for a 
cross-ply completely free plate. It also includes results obtained by the finite element 
method and experimental data obtained by Tracy et al. (1985). For this particular 
laminate, the results show good agreement with experimental results except for the 
fundamental frequency. It is observed that a fine mesh with 507 degrees of freedom (DOF) 
was needed for the finite element method to get reasonably accurate results, while only 
100-terms are needed (which will result in 100 DOF) in the present analysis to get the 
converged, accurate frequencies. It is interesting to note that there is major disagreement 
for at least two frequencies between the results obtained by the Ritz method (Qatu 1991a) 
and those of Sivakumaran, who also used the Ritz method with algebraic polynomials. It is 
believed that the present analysis is more accurate because of the convergence obtained. 
The 100-term solution gave the same results for the first five significant figures as those 
obtained by using 121 terms. Also, the present method yields closer upper bounds to the 
exact results with only 100 terms than does that of Sivakumaran with 121 terms. From the 
data of Table 5.12, it also appears that certain frequencies were missed in the analytical 
and experimental studies made by Tracy et al. (1985). 

Another comparison is made in Table 5.13 between the present analysis and that of 
Sivakumaran for two other laminates and two aspect ratios. The agreement in these cases 
is excellent - the results agree for the first three significant figures. 

Table 5.14 shows a comparison made among results from the present method and 
analytical and experimental data obtained by Jensen et al. (1982) for cantilevered plates 
having six plies. In the latter work, the experimental results were compared with the finite 



Table 5.12. Comparison of different analytical frequencies (Hz) with experimental ones. £) = 181 GPa, 
E 2 = 10.3 GPa, G \2 = 7.17 GPa, V\ 2 = 0.28, a = 330.2 mm, b = 304.8 mm, h = 2.29 mm, p = 1600 X 
kg/m 3 , [(90,0,0)2,(90,0)], laminate. 



Ritz analysis (DOF) 

64 DOF 100 DOF 


Sivakumaran (1987) 
121 DOF 


Tracy et al. (1985) 
507 DOF (FEM) 


Test 


44.38 


44.38 


45.25 


44.8 


58.7 


137.64 


137.64 


152.33 


149.1 


152.3 


164.26 


164.26 


168.03 


164.0 


170.0 


172.80 


172.79 


177.78 


- 


179.5 


194.35 


194.34 


190.88 


- 


- 


286.50 


285.47 


293.56 


280.0 


277.0 


379.74 


379.67 


420.63 


405.0 


382.0 


401.89 


401.79 


441.02 


422.0 


409.0 


476.23 


476.13 


462.44 


445.0 


425.0 


494.23 


494.09 


482.20 


461.0 


441.0 




Plates 



147 



Table 5.13. Comparison of the frequency parameter 
analyses. 


12 = (oa 2 ^ p / E 2 h 2 obtained by 


various Ritz 


[(0°, 90°) 4 ] s 

Qatu and Leissa 


Sivakumaran 


[(—45°, 45°) 4 ] 5 

Qatu and Leissa Sivakumaran 


(1991a); 100 DOF 


(1987); 121 DOF 


(1991a); 100 DOF (1987); 121 DOF 


a/b = 1 


5.668 


5.67 


8.608 


8.61 


17.983 


17.98 


13.268 


13.27 


21.318 


21.32 


17.793 


17.79 


21.320 


21.32 


29.019 


29.02 


24.159 


24.16 


29.080 


29.08 


36.338 


36.33 


39.084 


39.08 


49.611 


49.60 


41.627 


41.62 


52.362 


52.35 


50.846 


50.83 


58.738 


58.73 


56.860 


56.85 


61.123 


61.11 


63.315 


63.30 


a/b = 2 


11.250 


11.25 


10.676 


10.67 


21.302 


21.30 


26.686 


26.26 


31.299 


31.29 


34.551 


34.54 


58.713 


58.70 


53.719 


53.70 


67.900 


67.88 


55.646 


55.64 


71.990 


71.96 


76.839 


76.81 


75.416 


75.39 


78.327 


78.30 


88.095 


88.05 


90.367 


90.34 


115.16 


115.12 


123.83 


124.16 


116.03 


115.97 


126.21 


126.16 



element ones and those obtained by using the Ritz method with different combinations of 
trial functions that consist of three cantilevered beam bending modes, two beam torsional 
modes, two isotropic plate torsional modes and a chordwise bending mode. Table 5.15 
shows further comparisons among the natural frequencies obtained experimentally, by 
using the finite element method (Crawley 1978, 1979) and ones from the present method 
(Qatu 1991a). Different laminations and aspect ratios for plates having eight plies are 
included in both tables. 

As can be seen from the comparisons, the present analysis yields a closer upper bound 
to the exact solution than all the other Ritz solutions. It is also interesting to notice that the 
present method with only 64 displacement terms, which yields 64 degrees of freedom 
(DOF), gives more accurate results than those obtained by the finite element method with 
365 DOF in Table 5.14, and with 200 DOF when a = b = 3 in. and with 365 DOF when 
a = 3 in, b = 6 in. in Table 5.15. One can also see that the present method yields results. 
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Table 5.14. Comparison of analytical and experimental natural frequencies (Hz) for cantilevered plates. 
E\ = 98 GPa, E 2 = 7.9 GPa, Gi 2 = 5.16 GPa, v l2 = 0.28, a = 304.8 mm. b = 76.2 mm, 
hj ply = 0.134 mm, p = 1520 kg/m 3 . 



Qatu and Leissa (1991b) 

Ritz 64 DOF FEA 365 DOF 


A 


B 


Jensen et al. (1982) 

C D A i 


D' 


Test 


[0,0,90], 


11.04 


11.1 


11.1 


11.1 


11.1 


11.1 


11.1 


11.1 


11.2 


69.16 


69.5 


69.4 


69.4 


69.3 


69.3 


69.4 


69.3 


70.5 


39.49 


39.5 


39.6 


39.6 


39.6 


39.6 


40.0 


40.0 


42.4 


[15, 15,0], 


8.923 


8.9 


8.8 


8.8 


8.8 


8.7 


9.0 


9.0 


9.4 


62.52 


62.7 


67.7 


60.5 


66.5 


59.9 


70.3 


65.0 


66.2 


42.82 


42.9 


50.0 


48.8 


49.4 


48.2 


46.5 


44.0 


45.8 


[30, 30, 0], 


6.288 


6.3 


6.3 


6.2 


6.3 


6.2 


6.5 


6.4 


6.6 


37.22 


37.3 


53.3 


42.0 


52.5 


42.0 


49.1 


41.0 


40.0 


56.87 


56.9 


69.9 


69.0 


60.8 


60.7 


73.0 


59.7 


59.1 


[45,45,0], 


4.875 


4.9 


4.9 


4.9 


4.9 


4.8 


5.0 


5.0 


4.8 


30.02 


30.1 


41.4 


32.7 


38.5 


32.6 


39.9 


33.0 


29.8 


49.55 


49.4 


74.0 


73.9 


59.1 


56.3 


74.9 


52.4 


51.3 


[60, 60, 0], 


4.179 


4.2 


4.2 


4.2 


4.2 


4.2 


4.3 


4.2 


4.3 


26.04 


26.1 


30.4 


27.0 


28.7 


26.8 


29.9 


27.0 


27.1 


41.81 


41.7 


65.4 


65.4 


50.4 


47.1 


65.6 


44.1 


47.7 


[75,75,0], 


3.877 


3.9 


3.9 


3.9 


3.9 


3.9 


3.9 


3.9 


3.8 


24.27 


24.3 


24.9 


24.5 


24.7 


24.4 


24.8 


24.4 


25.1 


36.78 


36.7 


47.2 


47.2 


40.1 


39.2 


47.3 


37.9 


38.9 


[90, 90, 0], 


3.801 


3.8 


3.8 


3.8 


3.8 


3.8 


3.8 


3.8 


3.7 


23.82 


23.9 


23.9 


23.9 


23.9 


23.9 


23.9 


23.9 


24.3 


35.07 


35.1 


35.1 


35.1 


35.1 


35.1 


35.2 


35.2 


38.2 



which are comparable to the experimental ones. The maximum difference between the 
present results and experimental ones is within 10%. 



5. 3. 5. 3 Natural frequencies and mode shapes. Natural frequencies and contour plots of 
the mode shapes for different boundary conditions, and the material with the higher 
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Table 5.15. Comparison of analytical and experimental natural frequencies (Hz) for cantilevered plates. 
Ei = 128 Gpa, E 2 = 1 1 GPa, G 12 = 4.48 GPa, v n = 0.25, /t/ply = 0.13 mm, p = 1500 kg/m 3 . 



a = 76.2 mm, 
Qatu and Leissa (1991b) 
Ritz 64 DOF 


b = 76.2 mm 

Crawley (1979) 
FEA 200 DOF Test 


a = 152.4 mm, 
Qatu and Leissa (1991b) 
Ritz 64 DOF 


b = 76.2 mm 

Crawley (1979) 
FEA 365 DOF Test 


[0,0,30, —30], 


260.3 


261.9 


234.2 


64.9 


65.4 


58.3 


362.1 


263.0 


262.0 


136.9 


137.5 


148.0 


757.6 


761.8 


728.3 


405.8 


408.3 


362.7 


1596.0 


1662.0 


1449.0 


523.0 


525.6 


508.0 


1632.0 


1709.0 


1503.0 


579.9 


588.3 


546.0 


[0,45, -45,90]., 


222.9 


224.3 


196.4 


55.2 


55.6 


48.6 


421.2 


421.8 


418.0 


175.0 


175.4 


169.0 


1010.0 


1012.0 


960.0 


343.4 


345.3 


303.0 


1405.0 


1426.0 


1215.0 


591.0 


591.8 


554.0 


1705.0 


1722.0 


1550.0 


808.8 


820.1 


739.0 


(45, -45, -45,45]., 


138.5 


138.9 


131.2 


32.0 


31.9 


31.3 


500.0 


499.5 


472.0 


191.6 


191.3 


185.8 


801.2 


805.0 


790.5 


228.7 


228.2 


214.0 


1319.0 


1326.0 


1168.0 


564.8 


565.3 


533.0 


1640.2 


1648.0 


1486.0 


708.8 


708.3 


653.0 



orthotropy ratio (i.e., G/E) are given in Figures 5.6-5.10. The aspect ratio (a/b) is chosen 
to be one indicating square plates. Three-layer [9, — 6, 6] laminates are used. The 
lamination angle is varied from 0 to 90° with an increment of 15°. For FFFF, SSFF and 
CCFF square plates, geometric symmetry about the line £ = 17 exists. This results in the 
frequencies for plates with the fiber angles 0 = 60, 75 and 90° being the same as those 
with the fiber angles 6 = 30, 15 and 0°, respectively. 

It is noticed that increasing the fiber angle 6 from 0 to 45° increases the lowest two 
nondimensional frequencies for plates with geometric symmetry about the £ = 17 line 
(i.e., FFFF, SSFF and CCFF plates). From the symmetry of the problems, increasing the 
fiber angle from 45 to 90° decreases these frequencies. This indicates that the maximum 
fundamental frequencies are obtained with the fiber angle equals to 45° for these 
boundary conditions. For that angle, the fibers are parallel (or perpendicular) to the line 
of geometric diagonal symmetry. This observation is true for both materials considered 
(Qatu 1991a). The effect of the orthotropy ratio is more clear for the second lowest 
frequency than it is for the first one. Increasing the fiber angle from 0 to 45° increases the 
second lowest frequency by only 3.4% for E/E material and by 37% for G/E material 
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Figure 5.6. Mode shapes and frequency parameters {1 = 

square plates. 



( oa 2 ^/ p/Efi 2 for FFFF, G/E [0, -6,6] 



when the boundary conditions are completely free. Similar observations are true for the 
other two boundary conditions (i.e., SSFF and CCFF). Mode interaction occurred for 
the remaining frequencies, but generally maximum frequencies occurred at the fiber 
angle of 45°. These results are better illustrated by Figures 5.11 and 5.12 which show the 
impact of the fiber angle on the first and second frequency parameters for various 
boundary conditions. 

For plates with the line of geometric symmetry is 17 = 0 (i.e., SFFF and CFFF plates) 
the behavior is different. For cantilever plates, it is observed that increasing the fiber 
orientation angle from 0 to 90° decreases the fundamental frequency, which corresponds 
to the first bending mode. This effect is larger for the material with the higher orthotropy 
ratio (i.e., G/E). Increasing the fiber angle from 0 to 90° decreases the lowest natural 
frequency by 75% for G/E materials and only by 35% for E/E materials. For the second 
lowest frequency, which corresponds to the first twisting mode, the maximum natural 
frequency is obtained when the fiber angle is 30°. The difference between the maximum 
second frequency (at the fiber angle 0 = 30°) and the minimum one (at the fiber angle 
0 = 0°) is considerably larger for the plates with higher orthotropy ratio (i.e., G/E 
material). For SFFF plates, increasing the fiber orientation increases the fundamental 
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0.9658 




2.1919 





4.0594 




4.7834 



5.3088 




2.9238 




4.4457 




5.9173 




2.7242 



3.9013 




5.3423 





Figure 5.7. Mode shapes and frequency parameters fl — axi 2 -\J p/E\h 2 for SFFF, G/E [6,— 6,6] 

square plates. 



frequency for the fiber angles from 0 to 45° and decreases it afterwards. This indicates that 
the fundamental frequency for SFFF plates should be corresponding to the first twisting 
mode, which is what Figure 5.7 shows. This observation is true for both material and is 
stronger for the G/E plates. 

For CSFF plates, the geometric symmetry is lost, and the fundamental frequency is 
observed to be maximum when the fiber angle is 15° for E/E materials and is 0° for G/E 
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2.8443 




3.4746 




5.2594 




6.8772 




Figure 5.8. Mode shapes and frequency parameters Cl = a>a 2 -Jp/E for cantilevered (CFFF), G/E 

[ 9 , —0, 8\ square plates. 



materials. This is closer to the 0° fiber angle than the 90° one because the clamped 
boundary condition imposes stronger constraints than does the simple support boundary 
condition. 

Mode shapes for 0 = 0, 15, 30 and 45° are shown for completely free, SSFF and CCFF 
plates. For these boundary conditions, mode shapes for 6 = 60, 75 and 90° are similar to 
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2.0413 



4.3747 



6.4907 



11585 



0 = 30 ° 








0 = 45 ° 






5.9837 



Figure 5.9. Mode shapes and frequency parameters fl = u)a 2 ^p/E 1 h 2 for CSFF, G/E [9,—9,9\ 

square plates. 



those given for the 0 = 30, 15 and 0°, respectively; and can be easily obtained by changing 
the coordinates. Heavier lines in the sketches are node lines (i.e., lines with zero 
displacements). The absolute maximum displacement in the mode shapes is normalized to 
one. The displacement between the contour lines is one-fifth of the maximum 
displacement. The first six mode shapes are given. 





154 



Vibration of Laminated Shells and Plates 




1.3801 2.6719 5.4359 6.3716 7.9964 9.5520 




1.2957 3.3136 5.1583 6.5741 9.2614 10,843 

Figure 5.10. Mode shapes and frequency parameters fl = c oa 2 ^Jp/E i h 2 for CCFF, G/E [6,— 8,8] 

square plates. 



For the completely free boundary condition, one should note that four possible 
symmetry classes exist in the displacement functions chosen. For example, one can chose 
m = n = 0, 2, 4,..., for the doubly symmetric (i.e., symmetric about both the t and 
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— * — FFFF 
—A— SFFF 

CFFF 

SSFF 
— X— CSFF 
CCFf 



Figure 5.12. Effect of the fiber angle on the second frequency parameter PI = tva 2 -^ p/E { h 2 for G/E 

[ 9, — 0, 0\ square plates. 



17- axes) modes. Similar choices can be made for the other three symmetry classes. These 
symmetry classes about the £ and 17 axes exist for the isotropic, orthotropic and cross-ply 
plates only. This symmetry is lost for plates with angle-ply lamination, and one should 
keep all the terms in the polynomials. For the special case of diagonally orthotropic angle- 
ply laminates which are made of 45° angle layers, the symmetry classes exist about the 
diagonals (Figure 5.6). The gradual change in contour lines with increasing 0 is evident. 

For plates with SFFF and CFFF (i.e., cantilever) boundaries, only two classes of 
symmetry are possible in the displacement functions (i.e., the displacement functions can 
be either symmetric or antisymmetric about the f-axis). Figures 5.7 and 5.8 give the first 
six mode shapes for these plates. For example, to obtain the symmetric modes one 
should chose n = 0, 2, 4,... This symmetry /antisymmetry in the mode shapes can be 
seen for isotropic and cross-ply laminated plates. For angle-ply plates, the symmetry 
classes are lost, and one should keep all the terms in the analysis. One should keep in 
mind that one zero frequency exists for SFFF plates which corresponds to the rigid body 
mode (rotation about the 77 axis). For SFFF plates with 0=0° and the fibers are parallel 
to the a-axis, the second mode shape is the first symmetric mode with two nodal lines 
parallel to the cc-axis. The equivalent to this mode when 0 = 90° (i.e., the fibers are 
perpendicular to the cc-axis) is the fifth mode, and the actual second mode has one nodal 
line in the direction of the fibers. Similar observations are made for the cantilever plates. 
This shows that for certain mode shapes, more nodal lines tend to appear parallel to the 
direction of the fibers. 

Plates having CSFF boundary conditions do not permit any symmetry or 
antisymmetry in the mode shapes. The mode shapes tend to be similar to those obtained 
for plates with CCFF and SSFF boundary conditions, with curve crossing being replaced 
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by curve veering in most of the cases. For all laminates, the first mode is the double 
bending mode. The second mode has one nodal line in the t direction for 0=0° and one 
nodal line in the 17 -direction for 6 = 90°. For laminates with other lamination angles, 
the second mode has one nodal line making an angle with the f-axis almost the same as the 
lamination angle. This shows that the previously mentioned observation of more nodal 
lines tend to appear in the direction of the fibers is also evident for this boundary 
condition. 

For SSFF and CCFF plates, the mode shapes are very similar, and only those of the 
CCFF plate are given in Figure 5.10. For these boundary conditions, symmetry about the 
diagonal £=17 exists only for isotropic and diagonally orthotropic plates with layers 
making a 45° angle with the Caxis. For these laminates, mode shapes can be either 
symmetric or antisymmetric about the diagonal £= 17 . The gradual change in contour 
plots as the angle 6 increases is clear. 

Leissa and Narita (1989) used trigonometric functions (Eq. (5.64)) to obtain natural 
frequencies and mode shapes for symmetrically laminated, simply supported plates. 
Table 5.16 shows the convergence characteristics of these functions for a three-layered 
[30°, — 30°, 30°] graphite/epoxy laminate. Note that Leissa and Narita (1989) used a 
different frequency parameter. The convergence is reasonably fast, and reliable results 
were obtained. Similar observations were reported about the convergence characteristics 
among all studies. Convergence is fastest with the weakest orthotropy ratio (lowest) and 
highest number of layers. 

Table 5.16 also shows convergence studies made for the same material using 
algebraic polynomials. Eq. (5.66) was used to simulate the boundary conditions at a = a 
and /3 = b in the energy functional. Interestingly, the algebraic polynomials yielded 



Table 5.16. Convergence of the frequency parameter (l = tua 2 yl2p(l — v 12 f 2 i)/Ei h 2 f° r a graphite/e- 
poxy square ( a/b= 1) simply supported plate with [30°, — 30°, 30°] lamination using trigonometric 
functions. 



M,N 


Determinant size 


1 


2 


3 


4 


n 

5 


6 


7 


8 


Trigonometric trial functions ( Leissa and Narita 


! 1989) 












8 


64 


12.07 


22.15 


36.05 


36.29 


49.99 


53.87 


70.59 


72.85 


10 


100 


12.01 


22.04 


35.95 


36.14 


49.75 


53.95 


70.24 


72.54 


12 


144 


11.97 


21.97 


35.88 


36.04 


49.60 


53.43 


70.04 


72.35 


Algebraic trial functions 




















36 


11.82 


21.82 


36.37 


41.71 


62.73 


76.07 


107.79 


115.61 




49 


11.79 


21.69 


35.89 


36.32 


50.30 


58.06 


76.05 


91.74 




64 


11.76 


21.61 


35.56 


35.83 


49.48 


54.30 


72.98 


74.17 
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Table 5.17. Effect of the lamination angle on the frequency parameter Cl = Gw 2 yl2p(l — / E\h 2 

for a three-layer [9/ — 9/ 0], graphite/epoxy, square (a/b = 1), simply supported plate (Leissa and Narita 
1989). 



Lamination angle (degrees) Cl 





1 


2 


3 


4 


5 


6 


1 


8 


0 


11.29 


17.13 


28.69 


40.74 


45.16 


45.78 


54.08 


68.53 


15 


11.46 


18.69 


31.20 


39.15 


45.91 


48.19 


58.70 


67.84 


30 


11.97 


21.97 


35.88 


36.04 


49.60 


53.43 


70.04 


72.35 


45 


12.31 


23.72 


34.14 


38.45 


54.10 


56.31 


66.20 


76.63 



slightly better accuracy than the trigonometric series for the lower frequencies and worse 
accuracy for the higher frequencies. 

The effect of the lamination angle on both the frequencies and mode shapes were also 
reported. Table 5.17 shows the effect of the lamination angle on graphite/epoxy three 
layered square plates. It is interesting to see how maximum frequencies were obtained at a 
lamination angle of 45° for most, but not all results. These maximum frequencies were 
underlined. Leissa and Narita (1989) reported more results for different lamination 
sequences and materials. 

Table 5.18 shows a comparison between frequency parameters Cl= a>a 2 -^ p/E x h 2 
obtained using exact and Ritz methods for [0°, 90°, 0°] E-glass/Epoxy simply supported 
square plates. The exact results were obtained by both CPT and SDPT. A thickness ratio 
of 20 (i.e., a/h = 20) is used, which is the limit of CPT. As seen in the table, CPT 
overpredicts the natural frequencies in general but is still relatively accurate, especially 
for the first six frequencies, with error less than 5%. It is less accurate for higher 
frequencies. Furthermore, the Ritz method is overpredicting the frequencies obtained by 



Table 5.18. Comparison between frequency parameters obtained using exact, and Ritz methods for 
[0°, 90°, 0°] E-glass/epoxy simply supported square plates Cl = coa 2 Jp/E l h 2 . 



m 


n 


Exact CPT 


Exact SDPT 


Ritz CPT (64 terms) 


i 


i 


4.4345 


4.3909 


4.4354 


i 


2 


9.8576 


9.6648 


9.8578 


2 


1 


12.858 


12.472 


12.904 


2 


2 


17.738 


17.075 


17.761 


1 


3 


19.215 


18.520 


19.485 


2 


3 


26.578 


25.219 


26.907 


3 


1 


27.069 


25.421 


27.435 


3 


2 


31.649 


29.529 


32.026 
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the exact method. The difference between the results obtained by the Ritz and exact 
analyses is less than 1% for all the results shown. This analysis is building confidence in 
both the convergence characteristics and accurate prediction of the Ritz method. Further 
results will be presented for various boundary conditions of E-glass/epoxy laminates. 

Table 5.19a shows the fundamental non-zero frequency parameters obtained using 
exact and Ritz methods with 36-term beam functions (Leissa 1973b). Table 5.19b shows 
the same fundamental frequencies obtained using the Ritz method with 49-term 
algebraic polynomials. Both tables show the results for isotropic square plates. All 21 
combinations of classical boundary conditions for isotropic square plates are considered 
in the analysis. The frequency parameters of fl = oxc^pj D are used in these results. 
The table is constructed such that it starts with the least constrained plates and ends with 
the most constrained ones. This table is constructed as a reference to upcoming studies 
on composite laminates. It establishes the accuracy of the current analysis. The 
difference between the results obtained here and those obtained by Leissa is less than 1% 
for almost all the frequencies, particularly the lower ones. 



Table 5.19a. Frequency parameters Cl = axfJp/D for isotropic square plates obtained using exact 
(results below with * ) and Ritz methods with 36-term beam functions (Leissa 1973b). 





1 


2 


3 


4 


5 


6 


FFFF 


13.489 


19.789 


24.432 


35.024 


35.024 


61.526 


SFFF 


6.648 


15.023 


25.492 


26.126 


48.711 


50.849 


CFFF 


3.492 


8.525 


21.429 


27.331 


31.111 


54.443 


SSFF 


3.369 


17.407 


19.367 


38.291 


51.324 


53.738 


CSFF 


5.364 


19.171 


24.768 


43.191 


53.000 


64.050 


CCFF 


6.942 


24.034 


26.681 


47.785 


63.039 


65.833 


SFSF* 


9.631 


16.135 


36.726 


38.945 


46.738 


70.740 


CFSF 


15.285 


20.673 


39.775 


49.730 


56.617 


77.368 


SSSF* 


11.685 


27.756 


41.197 


59.066 


61.861 


90.294 


CSSF 


16.865 


31.138 


51.631 


64.043 


67.646 


101.210 


CCSF 


17.615 


36.046 


52.065 


71.194 


74.349 


106.280 


CFCF 


22.272 


26.529 


43.664 


61.466 


67.549 


79.904 


SCSF* 


12.687 


33.065 


41.702 


63.015 


72.398 


90.611 


CSCF 


23.460 


35.612 


63.126 


66.808 


77.502 


108.990 


CCCF 


24.020 


40.039 


63.193 


76.761 


80.713 


116.800 


ssss* 


19.739 


49.348 


49.348 


78.957 


98.696 


98.696 


csss* 


23.646 


51.674 


58.646 


86.135 


100.270 


113.228 


ccss 


27.056 


60.544 


60.791 


92.865 


114.570 


114.720 


cscs* 


28.951 


54.743 


69.327 


94.585 


102.216 


129.096 


cccs 


31.829 


63.347 


71.084 


100.830 


116.400 


130.370 


cccc 


35.992 


73.413 


73.413 


108.270 


131.640 


132.240 
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Table 5.19b. Frequency parameters Cl = wcr-Jp/D for isotropic square plates obtained using 49-term 
algebraic polynomials. 





1 


2 


3 


4 


5 


6 


FFFF 


13.469 


19.596 


24.271 


34.808 


34.808 


62.947 


SFFF 


6.644 


14.902 


25.378 


26.001 


48.454 


50.585 


CFFF 


3.472 


8.512 


21.293 


27.200 


30.977 


54.204 


SSFF 


3.367 


17.316 


19.293 


38.211 


51.043 


53.501 


CSFF 


5.353 


19.078 


24.677 


43.096 


52.718 


63.797 


CCFF 


6.923 


23.918 


26.589 


47.668 


62.736 


65.574 


SFSF* 


9.631 


16.134 


36.721 


38.944 


46.745 


70.732 


CFSF 


15.140 


20.442 


39.709 


49.274 


55.908 


78.260 


SSSF* 


11.684 


27.755 


41.195 


59.061 


61.826 


91.773 


CSSF 


16.808 


31.104 


51.434 


64.031 


67.520 


101.140 


CCSF 


17.537 


36.025 


51.825 


71.085 


74.286 


106.010 


CFCF 


22.181 


26.437 


43.611 


61.208 


67.250 


82.152 


SCSF* 


12.689 


33.060 


41.701 


63.017 


72.405 


91.973 


CSCF 


23.315 


35.703 


62.909 


66.761 


77.346 


109.768 


CCCF 


23.903 


39.972 


63.240 


76.772 


80.543 


116.663 


SSSS* 


19.738 


49.343 


49.345 


78.943 


100.104 


100.123 


csss* 


23.658 


51.513 


58.877 


86.307 


101.575 


113.499 


CCSS 


26.907 


60.545 


60.554 


95.934 


1 14.979 


115.842 


cscs* 


28.902 


54.685 


69.413 


94.766 


103.070 


129.267 


cccs 


31.686 


62.914 


71.359 


100.172 


117.285 


132.143 


CCCC 


35.773 


73.182 


73.374 


108.606 


134.395 


134.445 



Appendix A displays the fundamental six non-zero frequency parameter for a three 
layer [6, — 6, 6] laminated square plate made of E-glass/epoxy materials. The angle varies 
from 0 to 90° with 15° increments. Frequenci es are listed for all 21 boundary 
combinations. The frequency parameter Cl = wa 2 -^ p/E l h 2 is used. Notice that for the 
FFFF, SSFF, CCFF, SSSS, CCSS, and CCCC boundary condition, the results obtained for 
60, 75, and 90° are the same as those obtained for 30, 15, and 0°, respectively. This is 
because of the symmetrical characteristics of these boundary configurations. 



5.4. TRIANGULAR AND TRAPEZOIDAL PLATES 

Triangular and trapezoidal plates are encountered in different engineering applications. 
Only plates with rectangular orthotropy will be treated in this section. The treatment of 
plates with rectangular orthotropy on planforms other than rectangular presents an 
interesting problem. This is related to how the problem should be formulated. One 
alternative is to use a triangular coordinate system, following the geometric boundaries, and 




160 



Vibration of Laminated Shells and Plates 



rewriting the equations to follow this coordinate system. The second alternative is to 
maintain the rectangular coordinates and perform the analysis on the current planform. The 
second alternative is proven to be relatively easier and will be adopted in the following 
analysis. Completely free as well as cantilevered laminated plates are treated here. 

Although significant attention has been given to other plate configurations (e.g., 
circular, elliptical, parallelogram, other quadrilaterals, hexagonal, sectorial). Only 
recently accurate results were presented for completely free triangular (Leissa and 
Jaber 1992; Kim and Dickinson 1990) and trapezoidal isotropic plates (Qatu et al. 1993; 
Qatu 1994c). Other studies are found in the literature which deal with other boundary 
conditions. 



5. 4.1 Completely free 

Vibrations of laminated composite angle-ply triangular and trapezoidal plates with 
completely free boundaries are studied. Similar to the analysis performed earlier for 
rectangular plates, the Ritz method with algebraic polynomials is used. Detailed 
convergence studies are made and show that relatively accurate results can be obtained. 
Results are then obtained and listed for the lowest frequencies and for a set of shapes 
including right and symmetrical triangular and trapezoidal thin plates. 

Consider a plate of arbitrary shape, as shown in Figure 5.13 where its boundary is 
defined by the four straight lines: 

a = <7 1 , a = a, fi = ba/a, and /3 = —caja (5.69) 




Figure 5.13. Parameters used for triangular and trapezoidal plates. 
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where a l ,a,b and c are defined in Figure 5. 13. If one chooses cq to be zero, then the shape 
will represent a triangular plate. Any other value of a t (less than a) will make the shape 
trapezoidal. 

The displacement functions U , V and W can be written in terms of the nondimensional 
coordinates in a manner similar to Eq. (5.65) (note that all the coefficients values i 0 , j 0 , k 0 . 
l 0 , m 0 and n 0 are zeros). The Ritz method requires satisfaction of the geometric (forced) 
boundary conditions only, which do not exist for a completely free case. Subsequently, 
Eq. (5.65) represents the complete set of polynomials to be used here. The same procedure 
that was applied for rectangular plates is carried out here, keeping in mind that the double 
integration of the energy functional and subsequent coefficient minimization is performed 
in the plate field: 



U = 




' ba/a 

J —caja 



[ ]d/3 da 




[ ]a(b + c)dri d£ 

J 



(5.70) 



where £ = a/a, 17 = f5/(b + c), £i=ai/a, iq ] =c/(b + c). The terms in brackets 
represent the energy functional differential terms. 



5.4.1. 1 Convergence studies. The algebraic polynomials used guarantee convergence to 
the exact solution as the upper limits of the summations are increased. There are two 
computational limitations. The first one is matrix ill-conditioning because of round-off 
errors, and the second is computer time and cost. Ill-conditioning is the more serious 
limitation for the present problems. This difficulty may be greatly alleviated by 
orthogonalizing the polynomials before using them. However, this process increases the 
computational time considerably and introduces other numerical difficulties. Another 
approach to decrease the severity of ill-conditioning is to perform the computations using 
the highly precise (29 significant figures in double precision) supercomputers (Qatu and 
Bataineh 1992). For the problem considered here, sufficient accuracy was obtained by 
using ordinary (i.e., nonorthogonal) polynomials and by performing all computations on a 
main line computer with double precision (16 significant figures). However, to achieve 
this, careful convergence studies were conducted. 

An equal number of terms is taken in both directions (/ = J) of the polynomials 
because, as was found earlier, this yields the least upper bound for most frequencies. The 
6X6 (36 term) results are compared with those from the more accurate 7X7 (49 term) 
and 8X8 (64 term) solutions. 

T able 5 .20 shows a convergence study for the nondimensional frequencies 
a>a 2 ^ p/E^h 2 of a laminated right (i.e. c = 0) triangular (nq/a = 0) and trapezoidal 
(ci\/a = 0.25 and 0.5) plates. As is typical for the Ritz method, convergence of the 
frequencies is monotonic, with successively closer upper bounds being achieved as 
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Table 5.20. Convergence of the frequency parameter axr^ p/E^h 2 for completely free graphite/epoxy 
right triangular and trapezoidal plates, [30°, —30°, 30°] laminate, a/b = 1, c/b = 0. 



a i/a 


No. of terms 


1 


2 


3 


Mode number 
4 5 


6 


7 


8 


0 


6x6 


2.752 


5.164 


5.784 


7.520 


11.86 


13.85 


16.67 


17.47 




7X7 


2.742 


5.128 


5.759 


7.470 


11.63 


13.81 


14.38 


17.07 




8X8 


2.742 


5.125 


5.752 


7.373 


11.49 


13.45 


14.26 


17.02 


0.25 


6x6 


2.781 


5.215 


6.842 


8.963 


12.68 


15.28 


17.05 


22.22 




7X7 


2.770 


5.187 


6.804 


8.906 


12.21 


14.74 


15.15 


20.15 




8X8 


2.770 


5.183 


6.744 


8.835 


12.06 


14.62 


15.05 


19.77 


0.5 


6x6 


2.770 


5.550 


7.336 


12.49 


15.63 


21.14 


22.88 


28.64 




7X7 


2.754 


5.530 


7.316 


12.08 


13.76 


19.79 


20.50 


25.62 




8X8 


2.754 


5.512 


7.220 


11.93 


13.64 


19.62 


20.05 


23.39 



additional terms are taken in the displacement polynomial. The first (i.e., lowest) eight 
non-zero frequencies are given for various solution sizes. Other convergence studies have 
also been performed for symmetrical (c = b) plates (Qatu 1994b). Only convergence of 
graphite/epoxy plates is considered because previous studies (Qatu 1989) showed that 
convergence of materials with a lower orthotropy ratio (e.g.. E-glass/epoxy) is faster. 

Convergence is observed to be good for the fundamental frequency, where it is achieved 
for the first three significant figures, for all the plates considered. Higher frequencies 
do not converge as fast. The slowest convergence occurs for the eighth frequency. 

For right plates, the maximum difference between the 7X7 and 8X8 solutions is 
2.7% for the sixth frequency of triangular plates. This difference is the highest for the 
eighth frequency of the trapezoidal plates with a/a = 0.5, where it is 9.5%. For 
symmetrical plates, convergence is observed to be even slower. For these plates, the 
maximum difference between the 7X7 and the more accurate 8X8 solutions is 12.6% 
for the seventh frequency of triangular plates and 10.6% for trapezoidal plates with 
fli/fl=0.25 and 19% for trapezoidal plates with a l /a = 0.5. This shows that the 
convergence is slow for the higher frequencies (typically the seventh or eighth 
frequency). Convergence is also slower for plates with higher a , /a ratio. This is why 
only four significant figures are given in this and all subsequent analyses. Convergence 
for the first six frequencies is relatively good, and results have converged to within 10% 
of the most accurate ones for almost all these frequencies. A study will now be presented 
for a set of triangular and trapezoidal plate configurations. Theoretically, all possible 
shapes may be achieved by varying the parameters «, /a, a/b and c/b. Poor convergence 
and/or ill-conditioning is observed when a trapezoidal plate with high a l /a ratio is 
treated. 
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5.4. 1.2 Natural frequencies. Right triangular and trapezoidal plates are first considered. 
For these plates c = 0. Two a/b ratios are considered, namely 1 and 1.732. These 
values give rise to interesting configurations with a plate “opening” angle (at the left 
corner of the plate in Figure 5.13) of 45 and 30°, respectively. One triangular plate 
(a x /a = 0) and two trapezoidal (a x /a = 0.25 and 0.5) are studied (Qatu 1994b); only 
results for a x /a = 0.25 are presented here. Results are presented in Tables 5.21 and 5.22 
for right triangular and trapezoidal plates. In each of these tables, the lamination angle in a 
three-layer laminate [0, — 9, 9] is varied from 0 to 90° by an increment of 15°. Results for 
graphite/epoxy materials are presented here. Results for other materials are found by Qatu 
(1994b). 

For right triangular plates with a/b ratio of 1, results obtained for the natural 
frequencies for 9 = 60, 75 and 90° are the same as those obtained for 9 = 30, 15 and 0°. 
This is due to the symmetry in this particular plate configuration. For these plates, the 
maximum fundamental frequency occurs when the lamination angle equals to 45° 
(Figure 5.14). The maximum second frequency occurs at the lamination angle of 30° (or 
60°). For plates with a/b ratio of 1.732, no such symmetry exist. For these plates the 
maximum fundamental frequency occurs at an angle of lamination equal to 15°. The 
maximum second frequency occurs at an angle of 45°, while the maximum third 



Table 5.21. Effect of varying the lamination angle 9 on the frequency parameter coa 
right triangular graphite/epoxy [9,-9, 9\ plates. 



2 ^p/E 1 h 2 for free 



0 (degrees) 


1 


2 


3 


Mode number 
4 5 


6 


7 


8 


a/b = 1 .0 


0 


1.816 


3.677 


5.021 


7.281 


9.019 


10.04 


12.45 


16.84 


15 


2.133 


4.453 


5.568 


7.457 


9.584 


10.86 


15.80 


16.66 


30 


2.742 


5.125 


5.752 


7.373 


11.49 


13.45 


14.26 


17.02 


45 


3.577 


4.357 


5.555 


10.05 


10.59 


12.50 


14.99 


19.98 


60 


2.741 


5.125 


5.752 


7.373 


11.49 


13.45 


14.26 


17.02 


75 


2.133 


4.453 


5.568 


7.457 


9.584 


10.86 


15.80 


16.66 


90 


1.816 


3.677 


5.021 


7.281 


9.019 


10.04 


12.44 


16.84 


a/b = 1.732 


0 


4.020 


7.291 


10.28 


11.89 


16.18 


20.45 


24.68 


27.82 


15 


5.587 


7.841 


8.925 


14.53 


19.31 


19.98 


24.95 


28.79 


30 


5.414 


8.068 


9.736 


14.43 


19.26 


22.54 


25.73 


29.69 


45 


3.619 


8.767 


10.21 


12.62 


17.39 


22.13 


28.19 


29.62 


60 


2.650 


6.801 


8.852 


13.21 


15.59 


19.21 


23.59 


28.74 


75 


2.209 


5.625 


7.347 


10.91 


14.34 


18.32 


21.07 


24.30 


90 


2.013 


5.034 


6.474 


9.700 


12.67 


16.24 


20.66 


24.44 
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Table 5.22. Effect of varying the lamination angle 6 on the frequency parameter wa 
right trapezoidal graphite/epoxy plates, [0, —0. SI laminate, a^/a = 0.25. 






for free 



0 (degrees) 


1 


2 


3 


Mode number 
4 5 


6 


7 


8 


II 

b 


0 


1.927 


4.139 


5.039 


8.167 


9.945 


12.18 


13.84 


16.92 


15 


2.213 


4.626 


5.603 


9.021 


10.82 


12.06 


16.56 


17.35 


30 


2.770 


5.183 


6.744 


8.835 


12.06 


14.62 


15.05 


19.77 


45 


3.740 


5.290 


6.413 


10.42 


12.24 


14.51 


17.23 


20.56 


60 


3.925 


5.163 


6.057 


10.72 


12.58 


13.44 


16.93 


20.72 


75 


3.085 


4.618 


7.432 


8.470 


10.16 


15.73 


16.74 


18.70 


90 


2.510 


4.171 


6.543 


8.581 


9.757 


12.14 


16.70 


18.36 


a/b= 1.732 


0 


4.554 


8.344 


12.18 


13.24 


17.71 


22.02 


23.96 


27.55 


15 


5.839 


8.348 


8.825 


10.94 


15.71 


20.57 


23.62 


29.14 


30 


6.806 


9.233 


10.14 


18.01 


22.33 


24.63 


27.07 


35.43 


45 


5.172 


9.879 


12.10 


14.70 


21.72 


28.10 


28.70 


33.91 


60 


3.873 


8.906 


10.57 


15.67 


19.16 


22.69 


29.93 


33.38 


75 


3.224 


7.418 


8.713 


14.60 


17.60 


21.16 


25.06 


30.47 


90 


2.919 


6.399 


7.939 


12.68 


15.76 


21.21 


24.50 


26.32 


frequency i 


occurs at 6 


= o°. : 


Most of the 


maximum 


frequencies 


in the rest of the results 



occur at an angle of lamination between 0 and 45°. This may give an indication on the type 



of mode shape (not presented here) corresponding with each of these frequencies. 




Figure 5.14. Effect of varying the lamination angle 0 on the frequency parameter cmt^J p/Eff for free 
right triangular graphite/epoxy [0, —0, 0] plates, a/b = 1. 





Plates 



165 



For right trapezoidal plates with a l /a = 0.25, the maximum fundamental frequency 
occurs at the angle 0 = 60° when a/b =1.0 and at 9 = 30° when a/b = 1.732. As the 
value of a, increases, the maximum fundamental frequency occurs at a higher angle of 
lamination. For trapezoidal plates with a x /a = 0.5, the maximum fundamental frequency 
occurs at 6 = 75° when a/b = 1.0 and at 0 = 45° when a/b = 1.732 (Qatu 1994b). 

Tables 5.23 and 5.24 present the natural frequencies of different symmetrical triangular 
and trapezoidal plates with c = b. Again, for these plates, two values of a/b are taken, 
namely 1 and 1.732, which correspond to opening angles of 90 and 60° at the left corner of 
the plate. The later ratio present the interesting equilateral plate configuration for triangular 
plates. Three-layer laminates with variable angle of lamination 0 are studied. 

For symmetrical triangular plates with a/b= 1, the maximum fundamental 
frequency occurs at 6 = 90°. The maximum second frequency occurs at a lamination 
angle of 75° for graphite/epoxy materials (and at an angle of 60° for E-glass/epoxy as per 
Qatu 1994b). For the equilateral triangle (Table 5.23), the maximum fundamental 
frequency occurs at a lamination angle of 45°, and the maximum second frequency is at 
30°. For this particular triangle, frequencies obtained for the lamination [ — 6, 0, — 9] are 
expected to be the same as those obtained here for [6,-0, 6]. 

For symmetrical trapezoidal plates, the maximum fundamental frequency occurs at 
the angle of 90° (i.e., when the fibers are parallel to the two parallel edges at a = a l and a). 



Table 5.23. Effect of varying the lamination angle 9 on the frequency parameter wa 
symmetrical triangular graphite/epoxy plates, [0, — 0, 9\ laminate. 



2 ^p/ E ih 2 



for 



0 (degrees) 


1 


2 


3 


Mode number 
4 5 


6 


7 


8 


a/b = 1.0 


0 


0.7596 


1.358 


2.370 


2.630 


4.182 


4.279 


6.457 


7.387 


15 


0.7861 


1.441 


2.473 


2.750 


4.418 


4.528 


6.547 


7.842 


30 


0.8747 


1.663 


2.692 


3.153 


4.853 


5.288 


6.513 


8.628 


45 


1.038 


1.962 


2.940 


3.924 


4.684 


5.811 


7.051 


9.281 


60 


1.246 


2.162 


3.254 


3.663 


4.958 


6.231 


7.788 


8.755 


75 


1.471 


2.184 


2.895 


3.832 


5.395 


6.013 


7.358 


8.255 


90 


1.777 


1.960 


2.553 


4.689 


4.760 


6.136 


6.635 


8.829 


a/b = 1.732 


0 


2.115 


2.911 


5.346 


5.884 


8.479 


9.854 


11.46 


14.17 


15 


2.165 


3.124 


5.418 


6.115 


8.264 


10.33 


11.76 


14.41 


30 


2.355 


3.275 


5.901 


6.691 


7.499 


11.25 


13.59 


14.34 


45 


2.555 


3.062 


6.072 


6.617 


8.455 


11.05 


12.89 


15.21 


60 


2.328 


3.155 


5.740 


6.362 


8.817 


10.58 


11.97 


14.95 


75 


2.134 


3.182 


5.364 


6.176 


8.158 


10.13 


11.90 


14.00 


90 


2.100 


3.098 


5.272 


6.692 


6.918 


10.02 


12.29 


13.71 
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Table 5.24. Effect of varying the lamination angle 0 on the frequency parameter e>a 
symmetrical trapezoidal graphite/epoxy plates, [0, —0, 0\ laminate, a^ja = 0.25. 



2 ^p/E l h 2 for 



0 (degrees) 


1 


2 


3 


Mode number 
4 5 


6 


7 


8 


Si 

II 

b 


0 


0.7475 


1.365 


2.348 


2.636 


4.303 


4.477 


6.692 


7.614 


15 


0.7717 


1.447 


2.490 


2.778 


4.489 


4.727 


7.158 


8.032 


30 


0.8590 


1.674 


2.792 


3.220 


5.084 


5.390 


8.176 


8.916 


45 


1.029 


2.056 


3.091 


4.028 


5.613 


6.659 


7.456 


9.640 


60 


1.257 


2.524 


3.353 


4.498 


5.359 


6.672 


8.468 


9.706 


75 


1.512 


2.878 


3.041 


4.154 


5.909 


7.420 


8.033 


8.829 


90 


1.804 


2.356 


3.055 


4.914 


5.869 


6.189 


8.341 


9.529 


a/b = 1.732 


0 


2.100 


2.939 


5.350 


6.293 


10.07 


10.15 


13.58 


14.95 


15 


2.173 


3.195 


5.527 


6.594 


10.19 


10.61 


13.11 


15.23 


30 


2.407 


3.620 


6.068 


7.401 


9.680 


11.77 


13.46 


15.60 


45 


2.684 


3.775 


6.669 


8.048 


8.773 


12.77 


15.30 


16.00 


60 


2.866 


3.680 


6.491 


7.482 


10.15 


12.12 


13.74 


17.36 


75 


2.890 


3.460 


6.175 


7.583 


9.281 


11.53 


14.10 


17.26 


90 


3.048 


3.140 


6.659 


7.203 


8.060 


13.17 


13.47 


16.27 



This is true for all configurations. The difference between the highest (at 0 = 0°) and the 
second highest (at 0 = 75°) fundamental frequencies increases for plates with higher 
orthotropy ratio (i.e., graphite/epoxy) and higher a , / a ratios (Qatu 1994b). 



5.4.2 Cantilevered 

The natural frequencies for cantilevered laminated composite angle-ply right triangular 
and trapezoidal plates will be presented using the Ritz method. Similar to the previously 
treated completely free plates, detailed convergence studies are made to show the 
accuracy of the obtained results. Comparisons with experimental and analytical 
frequencies available in the literature for isotropic cantilevered triangular plates are 
made. Results are then obtained and listed for the lowest six frequencies, and for a set of 
shapes of right triangular and trapezoidal thin plates. 

While limited references are available for laminated triangular plates, isotropic 
cantilevered triangular plates received considerable attention. An early investigation by 
Gustafson et al. (1953) listed frequencies obtained experimentally for the cantilever 
isotropic triangular plates. This investigation was followed by other analytical ones. 
Cristensen (1963) used the grid-work approximation. Anderson (1954) and Bhat (1981) 
used the Ritz method in their analytical solution to the same problem. Mirza and Bijlani 
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(1983) obtained frequencies by using the finite element method. In two recent publications 
by Kim and Dickinson (1990, 1992), the Ritz method was used to obtain natural 
frequencies for right and generally shaped triangular plates. Recently, Qatu (1994c) 
presented results for cantilevered triangular and trapezoidal laminated plates. 

This section will present results for laminated composite cantilevered plates. We will 
also study the effects of parameters like the lamination angle and orthotropy ratio on the 
natural frequencies of these plates. 

Consider a right-angled plate, as shown in Figure 5.15 where its boundary is defined 
by the four straight lines: 

£* = «!, a = a, (3 = ba/ci , and /3 = 0 (5.71) 

where a 1 , a and b are defined in Figure 5.15. Again, if one chooses a t to be zero, then the 
shape will represent a triangular plate. Any other value of a t less than a will make the 
shape trapezoidal. 

The Ritz method, in a fashion quite similar to that used for the completely free 
triangular plates, is used for cantilevered plates. The main difference is the coefficients in 
Eq. (5.65). For cantilevered triangular (and/or trapezoidal) plate, with clamped boundaries 
along /3 = 0, the coefficients i 0 = k 0 = m 0 = 0, j 0 = / 0 = 1 , and n 0 = 2 are chosen to 
satisfy the geometric boundary conditions, as was done for rectangular plates (Table 5.2). 
Attention should also be given to the integration which should be carried over the domain 
of the triangular and/or trapezoidal plate as was done in Eq. (5.70), with the special 
consideration that 17 j = 0 because we will only treat right cantilevered plates here 
(Figure 5.15). 

For symmetrically laminated plates, all of the stretching-bending coupling 
(i.e., B-,j = 0) terms vanish, and the inplane displacements are decoupled from the 




K 



Figure 5.15. Parameters used for triangular and trapezoidal cantilevered plates. 
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out-of-plane one. This leads to a system of linear, homogenous equations of the order 
(M+ \)X(N - 1). 

5. 4.2.1 Convergence studies. Convergence studies of composite plates representative of 
those to be analyzed subsequently are conducted. The laminates considered here are 
symmetric with the stacking sequence [ 9, — 9, d\ . An equal number of terms is taken in 
both inplane directions of the plate (/ = /). 

Table 5.25 shows a convergence study for the nondimensional frequencies of a 
laminated graphite/epoxy triangular ( a x ja = 0) and trapezoidal (a x /a = 0.25 and 0.5) 
plates. The first (i.e., lowest) six frequencies are given for various solution sizes. 

Convergence is shown to be particularly good for all the plate configurations discussed 
earlier. In fact, frequencies converged to the first three significant figures in almost all the 
results. Furthermore, convergence is observed to be the fastest for triangular plates. For 
these plates, the maximum difference between the frequencies obtained by using 7X7 
terms and those obtained by using 8X8 terms is less than 0.03% for all the results. 
Convergence is slightly slower for plates, which are trapezoidal. Such difference is less 
than 0.1% for plates with a x /a = 0.25 and less than 0.2% for ones with a x ja = 0.5. This 
is an excellent convergence (compared with the completely free case studied earlier). 



5. 4.2.2 Comparison with other results. Table 5.26 shows a comparison of the natural 
frequencies obtained by different methods for cantilevered isotropic triangular plates with 
a/b ratios of 1 and 0.5. The experimental results obtained by Gustafson (1953) were 
nondimensionalized by assuming a Young’s modulus value of 28.5Xl0 6 psi 



Table 5.25. Convergence of the frequency parameters exi 2 ^ p/Efi 2 for [30°, — 30°, 30°] laminated 
cantilevered graphite/epoxy plate with a/b = 1 (Qatu 1994c). 



a i/a 


No. of terms 


1 


2 


Mode number 
3 4 


5 


6 


0 


6x6 


0.7260 


3.095 


4.464 


7.594 


11.15 


14.45 




7X7 


0.7259 


3.094 


4.460 


7.589 


11.06 


14.05 




8X8 


0.7259 


3.094 


4.459 


7.588 


11.05 


14.04 


0.25 


6x6 


0.6694 


2.931 


4.000 


7.299 


10.67 


13.64 




7X7 


0.6689 


2.930 


3.996 


7.295 


10.63 


13.35 




8X8 


0.6686 


2.930 


3.991 


7.293 


10.62 


13.27 


0.5 


6x6 


0.5351 


2.636 


3.716 


7.139 


11.22 


13.94 




7X7 


0.5348 


2.634 


3.705 


7.135 


11.12 


13.49 




8X8 


0.5344 


2.633 


3.698 


7.132 


11.11 


13.48 
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Table 5.26. Comparison of frequency parameters wb 2 -Jph/D for isotropic plates obtained by different 
methods ( v = 0.3). 



Source 


Method 






Mode number 










1 


2 


3 


4 


5 


6 


a/b = 1 

Present (Qatu 1994c) 


Ritz (8x8 terms) 


6.1646 


23.457 


32.669 


56.148 


76.426 


99.323 




Ritz (9x9 terms) 


6.1640 


23.456 


32.664 


56.147 


76.413 


99.312 


Kim and Dickinson 


Ritz (9x9 terms) 


6.1640 


23.457 


32.664 


56.149 


76.422 


99.312 


Bhat 


Ritz 


6.1732 


23.477 


32.716 


56.405 


78.207 


107.79 


Cristensen 


Grid-work 


6.16 


23.70 


32.54 


55.01 


75.87 


85.31 


Mirza and Bijlani 


FEM (25 elements) 


6.1588 


23.061 


33.289 


55.915 


74.487 


99.466 


Gustafson et al. 


Experiment 


5.93 


23.4 


32.7 


55.9 


75.8 


99.4 


Walton 


Finite difference 


6.20 


23.7 


32.7 


55.7 


73.6 


96.5 




Experimental 


5.88 


23.2 


32.4 


55.4 


75.2 


98.5 


a/b = 0.5 

Present 


Ritz (8x8 terms) 


6.6224 


28.436 


49.402 


69.660 


116.80 


133.05 




(9x9 terms) 


6.6216 


28.435 


49.397 


69.651 


116.79 


132.94 


Kim and Dickinson 


Ritz (9 X 9) 


6.6217 


28.435 


49.398 


69.651 


116.79 


132.94 


Anderson 


Ritz 


5.887 


25.40 


- 


- 


- 


- 


Mirza and Bijlani 


FEM (25 elements) 


6.6963 


29.499 


51.011 


77.759 


122.77 


167.78 



(196.5 X 10 9 Pa), a Poisson’s ratio of 0.3 and a material density of 0.281 lb/in. 3 
(7778 kg/m 3 ) which are typical values for steel. Kim and Dickinson (1990) used a Ritz 
analysis similar to the present one with edge functions to satisfy the clamped boundary 
conditions. Bhat (1981) used a Ritz analysis with beam functions. Different 
nonconforming triangular plate elements were used by Mirza and Bijlani (1983). 

Results obtained here agree well with those obtained by Kim and Dickinson. This is 
no surprise because Kim and Dickinson used a similar analysis. The present results agree 
very well with those of Mirza and Bijlani and the experimental ones for all the lowest six 
frequencies when a/b = 1. Results obtained by Bhat and Cristensen are seen to differ by 
approximately 10% for the sixth frequency. The results obtained by different methods for 
a/b = 0.5 seem to have good agreement especially those presented here and those given 
by Kim and Dickinson. The finite element method overpredicts the higher frequencies 
considerably. 

It should be mentioned here that not all the above methods guarantee convergence to 
the exact solution. The use of nonconforming elements does not guarantee this for all the 
finite element results presented here. Orthogonal beam functions do not form a complete 
set of functions which, again, does not guarantee convergence to the exact solution. 
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5.4.23 Natural frequencies . Three a/b ratios are considered (0.577, 1 and 1.732). These 
values result in interesting configurations with a plate “opening” angle (at the left corner 
of the plate in Figure 5.13) of 60, 45 and 30°, respectively. For each of these ratios, the 
results of one triangular plate (a l /a = 0) and another trapezoidal ( ci\/a = 0.25) are 
presented. Other results for a , /a = 0.5 are available (Qatu 1994c). Results are presented 
for the triangular and trapezoidal plates in Tables 5.27 and 5.28, respectively. The 
lamination angle in a three-layer laminate [ 6,-0 , 9] is varied from 0 to 90° by an 
increment of 15°. 

The highest fundamental frequency for all triangular plates is found at a lamination 
angle of 9 = 15° (Figure 5.16). This is interesting because of the interaction between the 
triangular planform and the clamped boundary. In the case of rectangular plates, previous 
studies showed that the maximum fundamental frequency always occurs at an angle 
perpendicular to the clamped edge. This would be a fiber angle of 90° for our case because 
the clamped edge is at a = 0. The difference between the highest fundamental frequency 



Table 5.27. Effect of varying 9 on 
\9, —9, 9 ] graphite/epoxy. 



the frequency parameters oua 2 ^ p/E ] h 2 for composite triangular plates; 







0 (degrees) 


1 


2 


Mode number 
3 4 


5 


6 


a/b = 


0.577 


0 


0.1694 


0.731 


1.544 


1.801 


3.253 


3.815 






15 


0.1847 


0.800 


1.847 


1.948 


3.609 


4.416 






30 


0.2323 


0.994 


2.270 


2.478 


4.474 


5.497 






45 


0.3361 


1.145 


1.418 


2.543 


3.543 


5.837 






60 


0.4966 


2.048 


2.541 


5.081 


6.425 


7.799 






75 


0.6202 


2.220 


2.732 


5.515 


6.710 


7.607 






90 


0.5631 


1.870 


2.954 


4.661 


6.420 


8.089 


a/b = 


1 


0 


0.4857 


2.047 


3.146 


5.065 


7.604 


9.650 






15 


0.5438 


2.345 


3.729 


5.732 


9.160 


10.66 






30 


0.7259 


3.094 


4.459 


7.588 


11.05 


14.04 






45 


1.082 


4.386 


5.019 


10.97 


12.43 


13.69 






60 


1.490 


4.775 


6.410 


10.93 


14.19 


16.33 






75 


1.691 


4.419 


7.857 


9.317 


14.99 


16.31 






90 


1.529 


3.926 


7.737 


8.691 


12.87 


16.27 


a/b = 


1.732 


0 


1.351 


5.024 


7.278 


12.72 


17.20 


22.22 






15 


1.553 


6.303 


7.921 


15.54 


19.83 


22.58 






30 


2.164 


8.500 


9.341 


19.63 


23.34 


24.60 






45 


3.156 


9.350 


13.42 


19.39 


28.49 


31.55 






60 


4.059 


9.591 


16.63 


19.33 


28.07 


33.42 






75 


4.505 


9.186 


15.82 


22.09 


24.85 


36.11 






90 


4.174 


8.486 


14.63 


22.11 


23.25 


37.29 
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Table 5.28. Effect of varying 9 on the frequency parameters wa 
plates; [9, —9, 9\ graphite/epoxy, a\/a = 0.25. 



2 -\Jp/E^h 2 for composite trapezoidal 







9 (degrees) 


1 


2 


Mode number 
3 4 


5 


6 


a/b = 


0.577 


0 


0.1623 


0.7111 


1.425 


1.792 


3.222 


3.782 






15 


0.1739 


0.7719 


1.608 


1.929 


3.562 


4.307 






30 


0.2110 


0.9421 


1.910 


2.343 


4.390 


5.351 






45 


0.2978 


1.326 


2.296 


3.310 


5.819 


6.510 






60 


0.4431 


2.001 


2.259 


4.914 


5.926 


7.660 






75 


0.5942 


2.010 


2.727 


5.022 


6.709 


7.436 






90 


0.5618 


1.807 


2.922 


4.497 


6.190 


8.006 


a/b = 


1 


0 


0.4740 


1.965 


2.936 


5.029 


7.431 


9.641 






15 


0.5205 


2.241 


3.292 


5.651 


8.870 


10.60 






30 


0.6686 


2.930 


3.991 


7.293 


10.61 


13.27 






45 


0.9881 


4.356 


4.404 


10.40 


11.32 


13.63 






60 


1.426 


4.429 


6.289 


9.672 


14.18 


16.15 






75 


1.683 


4.296 


7.852 


8.612 


13.95 


15.88 






90 


1.529 


3.915 


7.660 


8.610 


12.44 


15.87 


a/b = 


1.732 


0 


1.342 


4.771 


7.114 


12.45 


16.71 


21.80 






15 


1.521 


5.851 


7.732 


14.68 


18.99 


22.04 






30 


2.078 


7.776 


9.290 


17.12 


23.33 


24.51 






45 


3.081 


8.876 


13.16 


17.58 


27.28 


29.65 






60 


4.049 


9.460 


16.05 


18.91 


25.24 


33.25 






75 


4.505 


9.181 


15.73 


22.01 


24.01 


32.88 






90 


4.173 


8.486 


14.60 


22.01 


23.21 


30.79 



obtained at 0 = 75° and the second highest fundamental frequency obtained at 0 = 90° 
becomes larger as the orthotropy and/or aspect ( a/b ) ratios increase. The second 
fundamental frequency occur at 6 = 75° also for triangular plates with a/b = 0.577 and at 
0 = 60° for a/b = 1.732. All higher frequencies occur at a lamination angle between 45 
and 90°. 

For trapezoidal plates with a\/a = 0.25, the highest fundamental frequency occurs at 
the lamination angle 0 = 60° and the second highest occurs at 0 = 75° when a/b = 0.577. 
The highest second frequency occurs at 0 = 75°. For the other two aspect ratios (a/b) the 
maximum fundamental frequency occurs at 0 = 75° and the maximum second frequency 
occurs at 0 = 60°. All higher frequencies occurs at an angle between 0 = 45 and 90°. 

For the remaining trapezoidal plates with a\/a = 0.5, the highest fundamental 
frequency occurs at the lamination angle of 90° for a/b ratios of 0.577 and 1.0 and at 
6= 60° for a/b = 1.732. The configuration of these trapezoidal plates is closer to the 
rectangular one, and subsequently, the results show trends similar to those of rectangular 
plates (Qatu 1994c). 
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0 15 30 45 60 75 90 

Fiber Angle 9 



Figure 5.16. 



Effect of varying the lamination angle 0 on the frequency parameters 
composite triangular plates; [6,-8, ft] graphite/epoxy laminate, a/b = 



a>a 2 ylp/E l h 2 for 
1 . 



5.5. CIRCULAR PLATES 

Circular plates made of isotropic materials have received considerable attention in the 
literature. The earlier monograph of Leissa (1969) listed more than 40 papers on the 
subject prior to 1969. Orthotropic circular plates, on the other hand, received much less 
attention. Orthotropic circular plates can exist in many engineering applications including 
such plates made of wood or concrete. Fiber-reinforced laminated composite circular 
plates have received much less attention. This can be due to the difficulty in constructing 
such plates. One can use traditional fibers to construct circular plates in different ways. 
The first of these is to actually construct the laminates with rectangular orthotropy, cut the 
plates (or sheets) in circular shapes and then build the laminates from such sheets. 

On the other hand, one can also construct the sheets such that the fibers take a 
circular shape around the center of the plates and circular orthotropy will result from 
this, which requires special treatment. In the later case, difficulty may rise in 
constructing these sheets with fibers oriented in the radial direction from the center of 
the plate. This is because these fibers have constant diameters and the space between the 
fibers increases as the fibers are extended farther from the center of the plate. This will 
result in elastic constants that are functions of the radius of the plates, and treatment of 
such plates is doable but not straightforward. One can also introduce additional fibers as 
the spacing between the original fibers starting at the center becomes large enough to 
allow adding additional fibers. Other possible fiber orientations will be presented in 
this section. 
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The analysis of circular plates will be treated for only two types: 

1. Plates that are made with sheets having rectangular orthotropy and then are cut in 
circular shapes; 

2. Plates that are made of single layers having circular orthotropy. 



5.5.7 Circular plates with rectangular orthotropy 

These plates can be treated in a manner similar to that of Section 5.4 on triangular plates 
with special attention to the integration of the energy functional over a circular area (rather 
than rectangular or triangular as was done earlier) as in Figure 5.17. An earlier paper 
treated isotropic plates on curvilinear planforms using rectangular coordinates (Narita and 
Leissa 1986). Such treatment can be extended for laminated circular plates. The energy 
functional of thin plates (Eqs. (5.1 1)— (5. 16)) can be used for a vibration analysis. For such 
analysis, the integration of the area should be conducted over the circular plate field: 



1 


’ a 


r^/l-(a/a ) 2 1 


f 1 


U = A 




, [ ]da d/3 = - 




2 J 


—a „ 


~sjl-(.a/a ) 2 2 . 


-1 „ 






]d£di7 



(5.72) 



where £= a/ a, r\= f3/b. The term in bracket represents the terms from the energy 
functional. A Ritz analysis can then be performed. This formulation is actually valid for 
plates with curvilinear planform and can be easily specialized to that of a circular 
planform by letting a = b. 



5.5.2 Circular plates with circular orthotropy 

The fundamental formulation of the theory of plates must be revisited when circular plates 
with circular orthotropy are treated. For such plates, the fundamental equations need to be 




Figure 5.17. Plates having rectangular orthotropy on curvilinear planforms. 
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Figure 5.18. Circular plates with circular orthotropy. 



re-written in polar coordinates. This can be performed with proper selection of Lame 
parameters. Consider the circular plate of Figure 5.18 and its polar coordinates. The 
following parameters can be applied to the equations derived earlier to obtain equations in 
polar coordinates: 

a=r, f3= 0, A= 1, B = r (5.73) 

We will first derive the equations for thin plates. 



5. 5.2.1 Thin circular plates. The midsurface strains, curvature and twist changes are 
obtained by substituting Eq. (5.73) into Eqs. (5.2)— (5.4): 



e 0r ~ 



e oe — 



yOa/3 



du 0 

dr 

I 

r c >0 
9vq _ 
dr 



Mo 

r 

1 d Uq 
r dO 



Vo 

r 



dip,. 19 ifg 

dr 0 r dO 
dr r dO r 



if,. 



(5.74) 



(5.75) 
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where 



* Pr = 



3 vro 

IT 7 ' 






1 3wo 
r 30 



(5.76) 



For laminated circular plates with each layer having circular orthotropy, a transformation 
matrix can be built from the orthotropic directions 1 and 2 (Figure 1.3) to the (r, 0) 
coordinates. For that to be done, the angle the fibers make with the principle coordinates 
(r, 0) must be kept the same as shown in Figure 5.19. This is not a straightforward task, 
because the additional fibers have to be laid down as one goes farther from the center. This 
may be the reason why such construction received no attention in the literature. Once 
done, however, the same lamination theory developed earlier in Chapter 1 (Eqs. (1.3)- 
(1.9)) can be extended to those for plates laminated of layers each having circular 
orthotropy. This will yield the following stress resultant equations: 



~ N,.~ 




^11 


^12 


^16 


B u 


B 12 


b 16 " 




e 0 r 


N e 




^12 


a 22 


^26 


B\2 


B22 


B26 




B oe 


Ke 




^16 


^26 


^66 


B\(, 


B26 


B(,6 




To re 


M r 




Bn 


B 12 


B\6 


D n 


D\2 


B>\6 




K r 


M e 




B\2 


b 22 


B26 


B>\2 


B>22 


B >26 




«e 


St 




_B\(, 


Bie 


B(,6 


D \(> 


B >26 


B>66_ 




T 



(5.77) 



In real applications of laminated circular plates, the lamination angle is kept as either 0 or 
90°. This leads to cross-ply lamination and A 16 = A 2 6 = B 16 = B 2 6 = D l6 = D 26 = 0. 




Figure 5.19. Circular plates with circular orthotropy at a lamination angle other than 0 or 90°. 
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Consider plates constructed with one layer and fibers being in the radial direction (Leissa 
1969). The material may be regarded as being homogeneous and orthotropic. Applying 
the Kirchoff hypothesis of neglecting shear deformation and the assumption that e z is 
negligible, then the stress -strain equations for an element of material at distance z from 
the middle surface can be written as 

1 

e,. — ( tr, — v r cr g ), 

L r 

1 , , (5.78) 

= t r(°- 0 ~ v e a r ) 

^ e 

7r8 = T i-e/G 

The stresses over the plate thickness (h) are integrated to obtain the force and moment 
resultants. Note that for plates, the inplane force resultants are equal (i.e., N r0 = N 0r ), and 
so are the twisting moments (i.e., M r0 = M 0r ) . Thus, the force and moment resultants are 

M r = -D,.(k,. + VgKg), 

M e = -D 8 (k 0 + v r K r ) (5.79) 

M,. e = -2 D g r 

where 

E,.h 3 

12(1 - v r v e ) ’ 

E W 

12(1 - v r v e ) 1 

Gh 3 
~V2 

Substituting Eq. (5.73) into Eq. (5.5) yields the following equations of motion for thin plates: 

f-0' N r) + - N e + rq a = r(I{ul) 

dr 60 

— (N fl )+ —(rN r0 ) + N r0 + rq 0 = r(I i v§) (5.80) 

60 6r 

f (rQr) + ^(Ge) + rq n = Kfwo) 
dr 60 

where 

I'Qr = (jM r ) + ZT7.(M r0 ) — M 0 
dr 60 

rQ 0 = — (M 0 ) + — (rM r0 ) + M r0 
60 dr 



D, = 
D e = 
D g = 
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Note that the last two expressions in the above equations are directly derived from the 
summation of moments in Newton’s second law. Note also that the first two equations of 
motions are generally decoupled from the third bending equation. Boundary conditions can 
be derived in a similar fashion (Eq. (5.6)). 



5. 5.2.2 Thick plates. The following expressions are obtained by directly applying 
Eq. (5.73) into Eqs. (5.22) and (5.28). The midsurface strains are 



e 0r — 



e oe ~ 



To re ~ 
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r 



(5.81) 



and the curvature and twist changes are 



dlfj r 

K r = 

dr 

_ 1 0 * h . 4>r 

K e T/f “I 

r 80 r 

i d>h _ 

dr r dO r 



(5.82) 



The force and moment resultants are obtained by integrating the stresses over the plate 
thickness. The same arguments made earlier for thin plates are valid for thick plates. 

The equations of motion for thick plates in polar coordinates are obtained by 
substituting Eq. (5.73) into Eq. (5.28): 

— (rN a ) + — (N r #) — N 0 + rq r = r(I{u 5 + I 2 
dr d6 

Tv, (Ne) + + N r0 + rq e = r{I x v" 0 + I 2 ^l) 

d0 dr 

t~( r Qr ) + Tx(Ge) + rq„ = r(I t ivl) 
dr 0 0 

t (rM r ) + — (M,.g ) - Mg - rQ,. + rm r = r{I 2 ul + I r 3 i/v) 
dr 00 

(Me) + l (rM r0 ) + M,. g - rQg + rm g = r(I 2 v 2 0 + I 3 $) 

0 0 dr 



(5.83) 
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where the two dots represent the second derivative of these terms with respect to time, and 
where the inertia terms are defined in Eq. (2.55). The boundary terms for the boundaries 
with r = constant can be derived from those given in Eq. (2.58). 

Fan and Ye (1990), Srinivasamurthy and Chia (1990), and Xu and Chia (1994b) were 
among the recent researchers who studied laminated circular plates. 



5.6. RECENT ADVANCES 

The plates that are discussed in this chapter are rectangular, triangular and circular. 
Emphasis is given to such plates when made of laminated composite materials with 
rectangular orthotropy (Qatu 1991a; Chow et al. 1992; Takahashi et al. 1996; Lee et al. 
1997). Plates can have other shapes that are rarely discussed in the literature, especially 
for laminated composite materials. Among these are skewed, elliptic, polygon-shapes and 
irregular plates. Liew et al. (1997b) and Kapania and Lovejoy (1996) studied arbitrary 
quadrilateral unsymmetrically laminated thick plates. Narita (1985, 1986) and Fu and 
Chia (1989c) studied orthotropic elliptical plates. 

The discussion here was also limited to free undamped linear vibration. Damped 
vibration of laminated plates received some attention (Taylor and Nayfeh 1997; Zabaras 
and Pervez 1991; Hu and Dokainish 1994; Bicos and Springer 1989). 

Thin plates were analyzed by Kabir et al. (2001), and Cinquini et al. (1995). Thick 
plates were discussed by Bhimaraddi (1994), Kabir and Chaudhuri (1994b), Liu (1996), 
Cederbaum (1992b), Lee et al. (1999), Jing and Liao (1991), Yang and Kuo (1994), Liu 
and Huang (1994), Cho et al. (1991) and Maiti and Sinha (1996). Layer-wise theory for 
plates were used by Nosier et al. (1994a, 1994b), Heyliger et al. (1996), Saravanos et al. 
(1997) and Adam (2001). Ye (1997) and Cheung and Kong (1993) used three-dimensional 
elasticity theory to study free vibrations of laminated plates. 

Nonlinear analysis of laminated plates received considerable attention. It was 
performed by Pai and Nayfeh (1992a, b), Bhimaraddi (1990, 1992, 1993), Bhimaraddi and 
Chandrashekhara (1993), Birman and Zahed (1989), Ganapathi et al. (1991), Kuo and 
Yang (1989), Singh et al. (1995), Ribeiro and Petyt (1999), Kim and Kim (2002), Hui 
(1985), Chia (1985), Chen (2000) and Manoj et al. (2000). 

Thermal stresses were treated by Hui-Shen Shen (2000), Chang et al. (1992), and 
Librescu and Lin (1999). Stiffened plates were picked up by Lee and Ng (1995). 
Laminated piezolelecric plates were treated by Batra and Liang (1997), Heyliger and 
Saravanos (1996) and Miller et al. (1997). 

Thickness variation was discussed by Lim and Liew (1993). Plates on elastic 
foundation was treated by Shih and Blotter (1994). Imperfect laminated plates were 
studies by Chen and Yang (1993), Kapania and Byun (1992), Yang and Chen (1993) and 
Chia (1990). 
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The Ritz method (Qatu 1991a; Dawe and Wang 1994) and Galerkin (Gorman and 
Ding 1996) methods were among the popular methods used to obtain natural frequencies 
for laminated plates. Finite element methods were used by many researchers including 
Han and Petyt (1997), Kosmatka (1994), Kant and Mallikarjuna (1990) and Kim and 
Gupta (1991). 

Differential quadrature was used by Farsa et al. (1993). Finite strip methods were used 
by Dawe and Wang (1995), Wang and Lin (1995) and Zhou and Li (1996). 




Chapter 6 

Shallow Shells 



One criterion used in developing composite shell equations is the deepness (or 
shallowness) of the shell. When the shell has small curvature (i.e., large radius of 
curvature), it is referred to as a shallow shell. These shells are sometimes referred to as 
curved plates. The general shell equations can be applied directly to shallow shells. It is 
noticed, however, that certain additional assumptions valid for shallow shells can be made 
to the general shell equations. These assumptions will result in a much-reduced 
complexity in the shell equations. The resulting set of equations is referred to as shallow 
shell theory or theories. Shallow shell theories were developed mainly for open shells but 
have been applied to deeper shells, mostly closed cylindrical and conical ones. It has been 
proven that such use will give results that are not accurate for the lower frequencies when 
applied to deep shells. 

The literature of shallow shells uses often the terminology of “shallow shells” and 
“extremely shallow shells”. Some researchers used the equations for doubly curved deep 
shells to analyze shallow shells. While this is correct and accurate, it does not utilize many 
of the simplifications offered by using a shallow shell theory. In the context of this chapter, 
we will use the term shallow shells to mean extremely shallow shells. 

Shallow shells are defined as shells that have a rise of not more than one-fifth the 
smallest planform dimension of the shell. It has been widely accepted that extremely 
shallow shell equations should not be used for maximum span to minimum radius ratio of 
0.5 or more. This is actually more restrictive than the earlier definitions. This restriction is 
needed to make sure that the theory is only applied in the region where it is accurate. 

Shallow shells can be thin or thick, and thus, two theories will be presented in this 
chapter for shallow shells. The first will be a classical shallow shell theory (CSST) and the 
second will be a shear deformation shallow shell theory (SDSST). Both theories of 
shallow shells do not offer a reduced order of the shell equations when compared with the 
general shell theories. They do, however, simplify the equations and reduce the number of 
terms significantly. Furthermore, unlike deep shells where there are many theories, there 
is one generally acceptable theory for shallow shells which has been developed and used 
by many researchers. The root of the equations developed for shallow shells goes back to 
the equations of Donnell and Mushtari (Leissa 1973a). 

Shallow shells can have various types of curvature (e.g., circular cylindrical, spherical, 
ellipsoidal, conical, hyperbolic paraboloidal, etc.) and various types of planforms 
(rectangular, triangular, trapezoidal, circular, elliptical, and others). A complete and 
consistent theory is needed to deal with elastic deformation problems (i.e., static deflections 
and stresses and few and forced vibrations). This requires equations of equilibrium or 
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motion, which may be solved either exactly or by an approximate method (e.g., Galerkin, 
finite differences) and energy functionals which may be used with the Ritz or finite 
element methods to obtain approximate solutions. Moreover, the equations of motion and 
energy functionals should be consistent. In other words, they should give the same 
results for the same problem if the solutions are carried out with sufficient numerical 
accuracy. 

One of the useful sources of previous work is the monograph by Ambartsumian 
(1964), in which one chapter is devoted to laminated composite shallow shells. No 
vibration results were presented. Another work by Librescu (1976), in which the primary 
emphasis is aeroelasticity and flutter, also deals extensively with such structural 
components. Application of the Ritz method to twisted plates representing turbomachin- 
ery blades (Leissa et al. 1984a,b) uses energy functionals developed mainly for isotropic 
shells. This work will extend the previous theories and analyses made for isotropic 
shallow shells to those made of composite materials. 

A complete and consistent set of equations which may be used for the free vibration 
analyses of laminated composite shallow shells is developed. The theory will employ the 
usual assumptions made for laminates, i.e. each layer is made of parallel fibers embedded 
in a matrix material, and each layer may be consequently regarded as being a 
macroscopically homogeneous, orthotropic, and made of linearly elastic material. The 
fibers in each layer are assumed to follow the coordinates of the shallow shell or make a 
constant angle with these coordinates. First, shells sufficiently thin, whose effects of shear 
deformation and rotary inertia may be neglected, will be considered. This will be followed 
by consideration of moderately thick shallow shells. 

A shallow shell is characterized by its middle surface, which can be defined by 






z = -- — + 2 



cq6 



R 



al 3 




( 6 . 1 ) 



where the constants R a , Rp r and R a p identify the radii of curvature in the a and /3 
directions and the radius of twist, respectively. We will retain the a, (3 coordinates in 
the subsequent analysis for convenience. Such coordinates can be replaced with the 
Cartesian coordinates for shallow shells with rectangular orthotropy and polar 
coordinates for shallow shells with circular orthotropy. A typical quadric middle 
surface described by Eq. (6.1) is depicted in Figure 6.1 for positive values of R a and 
Rft- 

The theory of shallow shells can be obtained by making the following additional 
assumptions to thin (or classical) and thick (or shear deformation) shell theories 

1. The radii of curvature are very large compared to the inplane displacements (i.e,, the 
curvature changes caused by the tangential displacement components u and v are small 
in a shallow shell, in comparison with changes caused by the normal component w 
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Figure 6.1. Middle surface of a doubly curved shallow shell on rectangular planform. 



(Ambartsumian 1964)). Also, the transverse shear forces are much smaller than the 
term R^dNi/di) : 

77 « 1 and Q, < R, ^ (6.2) 

Rj 6 1 

where u, is either of the inplane displacement components u and v, Q , is either of the 
shear forces Q a , and Qp, Nj is N a . Np, or N a p, and R, is R a , Rp, or R a p. The term (<)i) 
indicates derivative with respect to either a or j3. 

2. The term (1 + z/Rj) is close to 1; where R, can be R„. Rp. or R a p. 

3. The shell is shallow enough to be represented by the plane coordinate systems. For the 
case of rectangular orthotropy, this leads to constant Lame parameters. 

As is customary in shell analysis, an orthogonal set of coordinates a and /3 are chosen 
on the middle surface so that the square of the differential of the arc length measured along 
the surface is given by 

(d.v) 2 = A 2 (da) 2 + B 2 (d(3) 2 (6.3) 

6.1. FUNDAMENTAL EQUATIONS OF THIN SHALLOW SHELLS 

The assumptions made earlier for thin shells of general curvatures (Love’s first 
approximation) are used here to develop the equations for thin shallow shells. Leissa 
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(1973a) showed that most thin shell theories yield similar results. The exceptions were the 
membrane theory and that of Donnell and Mushtari, which is classified here as a shallow 
shell theory. For very thin shells, the assumptions which are used in the previously 
described thin shell theory (Chapter 2) will be used here. Mainly, it is assumed that the 
shell is thin enough such that the ratio of the thickness compared to any of the shell’s radii 
of curvature or its width or length is negligible compared to unity, the normals to the 
middle surface remain straight and normal to the midsurface when the shell undergoes 
deformation, and no normal strain exists in the direction normal to the middle surface. 



6.1.1 Kinematic relations 

The first of the above assumptions assures that certain parameters in the shell equations 
(including the z/R term) can be neglected. The second of the above assumptions allows 
for neglecting shear deformation in the kinematics equations. It also allows for making the 
inplane displacement to be linearly varying through the shell’s thickness: 

£ a £()a T" ZK a 

e /3 = e o /3 + ZKp (6.4(2.59,5.1)) 

Ta/3 = TOa/3 + ^ T a/3 

where the midsurface strains, curvature, and twist changes are given in Eq. (2.60). 
Using the assumptions of Eq. (6.2), the slopes of Eq. (2.61) when specialized for shallow 
shells become 



'I'a 



1 0 W 

A 'da' 






1 dvr 

Hip 



(6.5) 



Notice the difference between the above equations for thin shallow shells (Eq. (6.5)) and 
those obtained earlier for general shells (Eq. (2.61)). The simplification is a direct results 
of the assumptions made earlier for shallow shells. 



6.1.2 Stress resultants 

The stress resultants for thin shallow shells are the same as those derived earlier for thin 
shells (Eqs. (2.64) and (2.65)). Note that these equations are the same as those obtained for 
plates. Ignoring the z/R term in stress resultant equations resulted in these simplifications. 



6.1.3 Equations of motion 

Applying the fundamental assumptions mentioned earlier for shallow shells (Eqs. (6.2)) to 
the generalized thin shell equations, the equations of motion become 

——{BN a )+ —(ANp a )+ '—N a p— '—Np+ ABq a = AB{I{uq) 
da rip d/3 da H 
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— (ANp) + —(BN a p)+ — A^q. —Na+ABqp—ABdYVo) 

( N a Nr N a a A N g a \ 8 0 ^ 

—ABl / + afi pa + (BQJ + (AQpJ+ABq,, = AB(fwl) (6.6) 

\R a Rp R af 3 ) da 0/3 

where 

, ^ 0 , s 0 0A 05 

ABQ a — — ( BM a ) + —(AM fa) + -—M a p - —Mp 
da dfi H dp da ^ 

. „ 0 _ N 0 05 0A 

" 0/3 AM/?) + 0^ (BM “/ 3) + ^ M P<* Jp M “ 

where /, is defined in Eq. (2.55). Eq. (5.6) gives the boundary conditions for thin shallow 
shells (for a = constant). In addition, the classification of these boundary conditions 
shown in Eqs. (2.73)— (2.75) will be adopted here. 

It should be noted that the second of the two possible boundary conditions in Eq. (5.6), 
which will occur at a free edge, does not contain a term M nt /R, as it would in the case of a 
deep shell (Eq. (2.72)). This term is negligible to the same order of approximation made 
elsewhere in the thin shallow shell theory; viz., neglecting curvature changes due to 
tangential displacement components (Qatu 1989; Leissa and Qatu 1991). 



6.1.4 Equations for thin shallow shells with rectangular orthotropy 
Consider thin laminated shallow shells with projections of the fibers in each layer to the 
planform being straight. It simplifies the equations and the subsequent treatment of the 
problem considerably to represent the equations of such shells using the rectangular 
coordinates (i.e., planform coordinates). This is true even if the boundaries of such shells 
are not rectangular in shape. 

Consider now a shallow shell with the radii of curvature R a , Rp. and R a p being 
constant. The curvilinear coordinates (a, /3) are the Cartesian coordinates (x.y). The 
coordinates (a, /3) are maintained here for convenience. This will result in the Lame 
parameters A = B = 1 . Midsurface strains can then be written as 



du 0 

e 0 a = -T H ~ 



e 0/3 : 



yoap ■ 



da 

dvo 
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(6.7) 
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k„ = 



'd 2 w 0 



da' 



2 ’ 



kp — 



d 2 W 0 

bp ’ 



T = —2 



9 2 w 0 
0a i)P 



(6.8) 



Deleting the body couples, the reduced equations of motion become (for unit Lame 
parameters A and B ) 
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/S , 

l2 + ( Pn ) = ~P^r 
z dt 



(6.9) 



Substituting Eqs. (6.7) and (6.8) (as well as Eq. (2.64)) in the above Eq. (6.9), 
and multiplying the last equation by — 1, yields Eq. (5.10). The L t j coefficients for thin 
shallow shells are 
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( 6 . 10 ) 



For symmetrically laminated shells, all terms containing /i, ; vanish. The above equations 
can be used to obtain exact solutions as well as approximate ones using methods like the 
weighted residual methods including the Galerkin’s method. Energy functionals that are 
consistent with the above equations of motion are provided next. 

The strain energy functional for a shallow shell can be written as in Eq. (5.12). 
Substituting the strain- and curvature-displacement equations into the above equation 
yields the strain energy in terms of the displacements. This may be expressed as the sum of 
three parts: 

U=U s + U b +U bs (6.11(5.13)) 



where U s is the part due to stretching alone, 




0M O 
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( 6 . 12 ) 



U b is the part due to bending alone, 



(6.13) 



and U bs is the part due to bending -stretching coupling, 
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+B 12 
+Bl6 
+B 2 6 




(6.14) 



Note that for symmetrically laminated shells, = 0, and hence, [/{, s = 0. Using the 
distributed external force components p a and p/> in the tangential directions, and p : in the 
normal direction, the work done by the external forces ( W ) as the shell displaces is given 
in Eq. (5.17). Therefore, the total potential energy of the shell in its deformed shape is 
FI= U—W. The kinetic energy of the entire shell is then found to be (neglecting rotary 
inertia terms) the same as given in Eq. (5.18) for plates. 



6.2. FUNDAMENTAL EQUATIONS OF THICK SHALLOW SHELLS 

Thick shells are shells with a thickness smaller by approximately one order of magnitude 
when compared with other shell parameters, like its vibration mode shape wave- 
length and/or radii of curvature. Like general thick shells and plates, thick shallow shells 
require the inclusion of shear deformation and rotary inertia factors in their equations 
when compared with thin shallow shells. Thin shallow shell theories are applicable 
where the thickness is smaller than (l/20)th of the smallest of the wave lengths and/or 
radii of curvature. 



6.2.1 Kinematic relations 

As was done for general thick shells, we will assume that normals to the midsurface strains 
remain straight during deformation but not normal to the midsurface, the displacements 
can be written as 

u(a, (3, z) = u 0 (a, (1) + zijjja, /3) 

v(«, [3, z ) = v 0 (a, j8) + z^(a, /3) (6.15 (2.35, 5.20) 

w(a, /3, z) = w 0 (a, (3) 

where u Q , v 0 , and vv 0 are midsurface displacements of the shell, and i p a and ifp are 
midsurface rotations. The third of the above equations yields e, = 0. Deleting the z/R 
term in Eq. (2.36) for shallow thick shells (Qatu 1999a) and the terms i f) a /R a and i !)p/Rp, 
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the strains at any point in shallow shells can then be written in terms of midsurface strains 
and curvature changes as 

e a = ( e 0 a + Z K a) 

e P = ( s 0p + ZKfj) 
e ap = ( e 0ap + ZK a p) 
e p a ~ ( e 0pa + Z- K Pa) 
y az (yo azl 

ypz = (yopz) 



Applying the shallow shell assumption (Eq. (6.2)) to Eq. (2.37), the midsurface strains 
become 
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The curvature and twist changes are the same as those for plates: 



_ 1 a &P dA 
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(6.18 (5.23,2.38) 



Note that the major difference between the above equations and those derived for general 
shells is in the slopes i[/ a and ipp. 



6.2.2 Stress resultants 

The force and moment resultants are obtained by integrating the stresses over the shell 
thickness. Using the assumption made in Eq. (6.2) for shallow shells, the normal and shear 
force resultants of shallow shells reduce to those of plates (Eq. (5.24)). It was found that 
for the limits of shallow shell theory, the term 1 + z/R does not add considerable accuracy 
for thick shallow shells (Qatu 1999a). The difference in the stiffness parameters between 
the equations used for plates (Eqs. (5.26) and (5.27)) and those used for deep shells (Eqs. 
(2.41) and (2.42)) is small when shallow shells are considered. Table 6.1 shows a 
comparison between these stiffness parameters for laminated composite thick shallow 
shells. The curvature is taken at the limit of shallow shell theory ( a/R = 0.5). As can be 
seen from the table, the plate approximate equations lead to a maximum of 4% error for 
hyperbolic paraboloidal shallow shells. Thus the accurate deep shell equations (Eqs. (2.41) 
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Table 6.1. Nondimensional stiffness parameters for [0°, 90°] laminated thick shallow shells. 
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Hyperbolic paraboloidal shells (R a /Rp = — 1) 
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EJE 2 = 15, G l2 /E 2 = 0.5, G l3 /E 2 = 0.5, v X2 = 0.3, a/b = 1, a/fy = 0.5, a/fl a/3 = 0, a/h = 10. 
a e.g., Error = I (Ay — Ay) X 100/Ay I . 
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and (2.42)) are not necessary for laminated shallow shells. The equations for plates 
(Eqs. (5.26) and (5.27)) will be adopted here for shallow shells. 

It should be mentioned that both the inplane shear stresses and forces are equal for 
shallow shells (i.e., cr a p = crp ai N a p = Np a ). In addition, the twisting moments are equal 
for shallow shells (i.e., M a p = Mp a ). This is a direct result of ignoring the (1 + z/R) term 
in the stress resultants of shallow shells. 



6.2.3 Equations of motion 

Hamilton’s principle can be used to derive the consistent equations of motion and 
boundary conditions. The equations of motion for thick shallow shells are 

——(BN a )+ — (AN ^ 3a ) + —N a p — — Np + ABq a = AB(I 1 Hq + ) 

9a dp H df3 da H 

— (ANp)+ — (BN a g)+ '—Np a — —N a + ABqp = AB(I l VQ + l2 l Pp) 

dp da da dp 

( Bl Q Bl a n T /V p (X \ 9 9 9 

— AB + -/ + a/j SSL + —(BQ a ) + — (AQp) + ABq„ = ABUfip) (6.19) 

\R a Rp R a p ) 9a 9/3 

— (BM a )+ — ( AMp a ) + —M a p — —Mp — ABQ a +ABm a = AB(I 2 uq +/ 3 t/(") 

9a dp H dp da ^ 

— (AMp)+ — ( BM a p ) + — Mp a - ~ ABQp+ABnip = AB(I 2 vq + fifip) 

where the two dots represent the second derivative with respect to time, and where the 
inertia terms are given by Eq. (2.55). Notice the simplification made in the equations of 
motion with those obtained earlier for general thick shells (Eq. (2.56)). 

The boundary terms for the boundaries with a = constant are given in Eq. (2.58). 
Similar equations can be obtained for [i = constant. The classification given in Table 2.1 
will be used for shallow shells. 



6.2.4 Equations for thick shallow shells with rectangular orthotropy 
Consider thick shallow shells which have straight fibers when projected to the planform. 
The curvilinear coordinates (a, (3) are typically replaced by the Cartesian coordinates 
(x.y), but will be maintained here for convenience. This will result in A = B= 1. 
The midsurface strains and the curvature and twist changes become 
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The equations of motion are: 
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The equilibrium equations can be written in terms of displacements + Mfu, = q), 
where the L, ; are listed below, and the My coefficients are given in Eq. (5.33). 
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6.3. SHALLOW SHELLS WITH RECTANGULAR PLANFORM 



Shallow shells, constructed with composite materials having rectangular orthotropy, on 
rectangular planforms will be considered. Such shells are best represented with Cartesian 
coordinates. Figure 5.1 shows the fundamental parameters used in these shallow shells 
(dimensions a and b, and thickness h). 

Unlike thin rectangular plates with symmetric lamination which can have four 
possible boundary conditions at each edge, shallow shells can have up to 16 boundary 
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conditions at each edge for both symmetric and unsymmetric lamination sequences. 
Twelve of these are classical boundary conditions (i.e., free, simply supported, and 
clamped). With 24 possible classical boundary conditions at each edge (Table 2.1), thick 
shallow shells can have higher number of combinations of boundary conditions. 

Like plates, only those shallow shells that have two opposite edges simply supported 
can permit exact solutions (for homogeneous shallow shells). When the solution 
procedure is extended to laminated composite shallow shells, it is found that such exact 
solution can only be applied to cross-ply shells. Unlike plates, shallow shells with 
antisymmetric angle-ply lamination and S3 boundaries do not have exact solutions. 

Similar to plates, the problem with all edges being simply supported have a direct, 
relatively straightforward, solution referred to as the Navier solution. 



6.3.1 Simply supported shallow shells 

An early study by Leissa and Kadi (1971) treated isotropic shallow shells supported 
on all four edges by shear diaphragms. That work is expanded here for laminated thin 
shallow shells. 



6.3. 1.1 Thin shallow shells. Consider a shallow shell that is made of a cross-ply 
laminate, thus A l6 = A 2() = B l(l = B lk = I ) , 6 = /) 26 = 0. Assuming the radius of twist to 
be infinity, (i.e., R a p = oo), Eq. (5.31) (Ly«/ + = q ) for plates can be used for 

shallow shells with the following differential operators Lf. 
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The mass parameters are given in Eq. (5.33). Consider an open shell with shear diaphragm 
(S2) boundaries on all four edges (Eq. (2.74)). Eq. (5.38) gives a solution that satisfies the 
boundary conditions and the equations of motion exactly. Also, the external forces can be 
expanded in a Fourier series, as in Eq. (5.39). Substitute the solution of Eq. (5.38) in the 
above equations of motions; these equations of motion can then be written as 
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The above equations are valid for forced vibration problems. They reduce to static 
problems if the natural frequency is set to zero and to free vibrations if the loads are 
set to zero. 



6. 3. 1.2 Thick shallow shells. Consider again cross-ply laminates, with A 16 = A 26 = 
/f 16 = /Eft = Die = D 2 6 = 0. A Navier-type solution can be applied to obtain an exact 
solution. This solution (Eq. (5.44)) can be employed for thick shallow shells with shear 
diaphragm supports at a = 0 and a , and /3 = 0 and b (similar to plates). Substituting 
Eq. (5.44) into the equations of motion and using a Fourier expansion for the loading 
functions yields the equations 

[K]{A}+(co mn ) 2 [M]{A} =~{F} (6.25 (5.45)) 

where [ K ] and [M] are the stiffness and mass symmetric 5X5 matrices, respectively, co mn 
is the frequency, {F} the forcing function, and {A} = {U mn ,V m „,W mn , >p amn , \ff pmn } T . 
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The Kjj coefficients for shallow shells are 



^11 'f 1 1 m ^66 fin 

K\2 = _ (Ai2 + A 66 )a m fi„ 




E 24 (^12 T E(j(fiot m fi n 



2 2 (6.26) 
^25 — B 66 a m + B 22 fin 
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^35 = _ ^44 + fin 

K a Kp 

^44 = — ^55 ~ Du°hn ~ D 66 fi~ 

K45 = “(£>12 + D 66 ) a ,„ fi „ 

K 55 = ^44 — ^66 “m — ^22 fin 



The above equations reduce to static problems if the natural frequency is set to zero and to 
free vibrations if the loads are set to zero. 

Table 6.2 shows the frequency parameter fi = toa 2 p / E 2 lr for cross-ply hyperbolic 
paraboloidal shallow shells on square planform (a/b = 1), and with material properties 
representative of graphite/epoxy (E l /E 2 = 15, Gu/E 2 — 0.5, G l j/E 2 — 0.5, 
G 2 2 ,/E 2 = 0.5, V\ 2 = 0.25). A typical shear correction factor is used ( K 2 = 5/6). 
Results are presented by using SDSST and CSST. Cross-ply laminates with both 
symmetric [0°, 90°, 90°, 0°] and asymmetric [0°, 90°] and [90°, 0°] lamination sequences 
are used in the analysis. Curvature ratios are varied from a flat plate to that of the limit of 
shallow shell theory ( a/R = 0.5). Tables 6.3 and 6.4 show similar results for both 
cylindrical and spherical shells, respectively. 

The first observation made here is the difference between the shear deformation theory 
(SDSST) and the classical theory (CSST). Both theories gave results that agree to the third 
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Table 6.2. Frequency parameter (1 = coa 2 -^ p/E 2 h 2 for cross-ply hyperbolic paraboloidal shallow shells 
(a/b = 1, E\/E 2 = 15, G l2 /E 2 = 0.5, G n /E 2 = 0.5, G 23 /E 2 = 0.5, v n = 0.25, K 2 = 5/6) for shear 
deformation shallow shell theory (SDSST) and classical shallow shell theory (CSST). 



a/h 


a/R 


[0°, 90°, 
SDSST 


90°, 0°] 
CSST 


Lamination 

[0°, 90°] 

SDSST CSST 


[90°, 0‘ 
SDSST 


’] 

CSST 


too 


0 


12.2615 


12.3773 


8.56394 


8.56847 


8.56394 


8.56847 




0.1 


12.2491 


12.2649 


8.55914 


8.56847 


8.55143 


8.55594 




0.2 


12.2121 


12.2279 


8.53710 


8.54161 


8.52183 


8.52632 




0.5 


11.9622 


11.9776 


8.37296 


8.37737 


8.33708 


8.34143 


20 


0 


11.9010 


12.2773 


8.44807 


8.55811 


8.44807 


8.55811 




0.1 


11.8890 


12.2649 


8.45815 


8.56879 


8.42109 


8.53026 




0.2 


11.8530 


12.2276 


8.45115 


8.56208 


8.37769 


8.48572 




0.5 


11.6104 


11.9763 


8.33038 


8.44045 


8.15772 


8.26102 


10 


0 


10.9716 


12.2773 


8.11956 


8.52569 


8.11956 


8.52569 




0.1 


10.9605 


12.2647 


8.14483 


8.55570 


8.07848 


8.47898 




0.2 


10.9273 


12.2269 


8.15383 


8.56844 


8.02233 


8.41638 




0.5 


10.7031 


11.9722 


8.08313 


8.50237 


7.77388 


8.14496 



significant figure for a thickness ratio of 100. The difference between the two theories 
reaches 3% for hyperbolic paraboloidal shells, 2.5% for cylindrical shells, and 1.5% for 
spherical shells when a thickness ratio of 20 is used, indicating the validity of the classical 
theory for shells with this thickness ratio. When the thickness ratio of 10 is used, the 
difference between the two theories exceeds 10% for the most parts, showing the lack of 
accuracy of the classical theory in predicting frequencies for such moderately thick 
shallow shells. 

The second important observation to be made is on the impact of asymmetric 
lamination. Lower frequency parameters were obtained for asymmetrically laminated 
cross-ply plates when compared with symmetrically laminated ones. The asymmetric 
lamination decreases the frequencies significantly for almost all results presented here 
except the thin moderately deep, spherical shells, where its impact is noticed to be 
minimal. This can be due to the high influence of membrane forces of these shells on the 
frequency parameter. Furthermore, the [0°, 90°] lamination gave slightly higher 
frequencies than the [90°, 0°] lamination. This is particularly true for thicker and deeper 
shells and more so for hyperbolic paraboloidal shells than cylindrical shells. The two 
lamination sequences showed no difference for spherical shells. 

The third observation made here is on the influence of curvature. The influence of 
curvature is noticed to be the strongest for spherical shells and the weakest for hyperbolic 
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Table 6.3. Frequency parameter (1= oxt 2 ^ p/E 2 h 2 for cross-ply cylindrical shallow shells 
(a/b = 1 ,E 1 /E 2 = 15 ,G n /E 2 = 0.5, G n /E 2 = 0.5, G 23 /E 2 = 0.5, v l2 = 0.25, K 2 = 5/6) for shear 
deformation shallow shell theory (SDSST) and classical shallow shell theory (CSST). 



a/h 


a/R 


[0°, 90°, 
SDSST 


90°, 0°] 
CSST 


Lamination 

[0°, 

SDSST 


90°] 

CSST 


[90°, 

SDSST 


0°] 

CSST 


100 


0 


12.2615 


12.3773 


8.56394 


8.56847 


8.56394 


8.56847 




0.1 


13.9561 


13.9703 


10.8575 


10.8616 


10.8526 


10.8567 




0.2 


18.0992 


18.1107 


15.8445 


15.8484 


15.8303 


15.8342 




0.5 


35.1759 


35.1838 


28.2155 


28.2471 


27.7925 


27.8270 


20 


0 


11.9010 


12.2773 


8.44807 


8.55811 


8.44807 


8.55811 




0.1 


11.9700 


12.3442 


8.55769 


8.66733 


8.53889 


8.64780 




0.2 


12.1740 


12.5418 


8.86048 


8.96840 


8.82171 


8.92813 




0.5 


13.4883 


13.8195 


10.6898 


10.7893 


10.5752 


10.6707 


10 


0 


10.9716 


12.2773 


8.11956 


8.52569 


8.11956 


8.52569 




0.1 


10.9867 


12.2897 


8.15924 


8.56701 


8.12590 


8.52847 




0.2 


11.0316 


12.3270 


8.24451 


8.65203 


8.17744 


8.57455 




0.5 


11.3342 


12.5784 


8.75225 


9.14960 


8.57836 


8.94972 



paraboloidal shells. For the later shells, increasing the curvature is observed to reduce the 
frequency parameter slightly. For spherical shells, a slight curvature increase to a 
curvature ratio of a/R = 0.1 results in 50% increase in the frequency parameters 
associated with thin shells. Its impact is less for thicker shells. Additional detailed results 
can be found in the dissertation of Chang (1992). 



6.3.2 Shallow shells with two opposite edges simply supported 

Similar to plates, exact solutions can be found for shallow shells having two opposite 
edges simply supported. This is true only for cross-ply (symmetric and asymmetric) 
lamination sequence and shear diaphragm opposite boundaries. It is not true for shells 
with S3 boundaries and anti-symmetric angle ply lamination. The same notation used 
earlier for plates to describe boundaries is used for shallow shells (Figure 5.4). 



6.3.2. 1 Thin shallow shells. Consider shallow shells made of a cross-ply laminate. Thus 
Eq. (5.35) applies for the stiffness parameters, and Eq. (6.23) applies for the differential 
operator in the equations of motion. Consider further a shallow shell with shear diaphragm 
(S2) boundaries on the two opposite edges (3 = 0, b (i.e., Np = w 0 = u 0 = Mp = 0; for 
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Table 6.4. Frequency parameter (l = axr^ p/E 2 h 2 for cross-ply spherical shallow shells (a/b= 1, 

Ei/E 2 = 15, G 12 /E 2 = 0.5, G\ 2 /E 2 = 0.5, G 22 /E 2 = 0.5, i» 12 = 0.25, K 2 = 5/6) for shear deformation 
shallow shell theory (SDSST) and classical shallow shell theory (CSST). 



a/h 


a/R 


10°, 

SDSST 


Lamination 
90°, 90°, 0°] 

CSST 


SDSST 


[0°, 90°] 

CSST 


100 


0 


12.2615 


12.3773 


8.56394 


8.56847 




0.1 


18.1175 


18.1290 


15.8534 


15.8573 




0.2 


29.3005 


29.3090 


27.9620 


27.9666 




0.5 


66.5695 


66.5774 


66.0054 


66.0139 


20 


0 


11.9010 


12.2773 


8.44807 


8.55811 




0.1 


12.1863 


12.5545 


8.84994 


8.95725 




0.2 


13.0000 


13.3466 


9.95202 


10.0534 




0.5 


17.5209 


17.7854 


15.4499 


15.5392 


10 


0 


10.9716 


12.2773 


8.11956 


8.52569 




0.1 


11.0428 


12.3397 


8.21896 


8.62173 




0.2 


11.2522 


12.5236 


8.50843 


8.90183 




0.5 


12.5718 


13.6975 


10.2492 


10.5975 



the edges (3 = 0, b), and the other edges a = — a/2, a/2 have arbitrary conditions. The 
displacement field of Eq. (5.57) can be chosen to satisfy the simply supported boundaries. 

One needs to substitute Eq. (5.57) into equations + A7 (/ i/, = q with the Ly 
operators described in Eq. (6.23). One can solve the resulting equations either by the direct 
method described in Chapter 4 or the state space method (Librescu et al. 1989a). This has 
been described in Section 5.3.3. 



6.3. 2. 2 Thick shallow shells. For thick shallow shells made of cross play laminates, 
a solution procedure similar to that described for plates can be followed. Let the 
boundaries on the two opposite edges f3 = 0, b be shear diaphragm (S2) (i.e., Np = Wq = 
Uq = M/j = i// a = 0; for the edges (3 = 0, b ), and the other edges a = — a/2, +a/2 have 
arbitrary conditions. The displacement field of Eq. (5.58) can be applied to the equations 
of motion of thick shallow shells. The resulting equations can be addressed in a manner 
similar to that of curved beams discussed in Chapter 4 (Lin and King 1974). Alternatively, 
Librescu et al. (1989a) used the state space approach (Brogan 1985) for the procedure to 
obtain solutions to the resulting equations. This approach was described in Section 5.3.3 
on plates. 
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Table 6.5 shows the natural frequency parameters fl = (oa 2 ^p/E 2 h 2 of the 
asymmetric cross-ply [0°, 90°] square shallow shells as well as the symmetric cross-ply 
[0°, 90°, 0°] with various boundaries at a = —a/2, a/2. The table is written starting with 
the shallow shell having less constraints (FSFS) and ending with that having more 
constraints (CSCS). The first observation is the lack of accuracy obtained with the 
classical theory for such moderately thick shallow shells (a/h = 10). The second 
observation is to note how the frequencies actually increase with the added constraints, 
particularly when the clamped edges are considered. Another observation is to note how 
asymmetric lamination sequence actually has different behavior when compared with 
symmetric lamination. Unsymmetric lamination produced lower frequency parameters for 
simply supported (SSSS) shallow shells as well as the SSSC and SCSC boundaries, and 
produced higher frequency parameters for the SFSF, SFSS and SFSC boundaries. 

The added curvature is showing significant impact on the shallow shells with higher 
constraints (SCSC) than it does on the ones with lower constraints (SFSF). This is 
understandable because such curvature introduces higher membrane stresses which will 
stiffen the shell and thus produce higher frequencies. The effect of such membrane forces 
is noticed to be higher for spherical shells than it is for cylindrical shells (Table 6.6). 



Table 6.5. Natural frequency parameters fl = ioa 2 -yJp/E 2 h 2 for a cross-ply square laminated shallow 
spherical shells with E l /E 2 = 25, G\ 2 /E 2 = G\ 2 /E 2 = 0.5, G 22 /E 2 = 0.2, v i2 = v 12 = 0.25, K 2 = 5/6. 
a/h = 10 and various boundaries at a = —a/2, a/2 (Librescu et al. 1989a). 



Theory 


a/r (mode no.) 


SFSF 


SFSS 


SFSC 


SSSS 


SSSC 


SCSC 


[0°, 90° ] 


CSST 


0 


6.136 


6.500 


7.014 


8.566 


12.145 


15.771 


SDSST 


0 


5.774 


6.100 


6.544 


8.900 


10.612 


12.622 


CSST 


0.05 


6.132 


6.493 


7.002 


9.588 


12.165 


15.822 


SDSST 


0.05 


5.768 


6.093 


6.535 


8.922 


10.640 


12.713 


CSST 


0.2 


6.162 


6.510 


6.971 


9.903 


12.465 


16.820 


SDSST 


0.2 


5.787 


6.105 


6.511 


9.247 


11.004 


14.081 


[0°, 90 °, 0°J 


CSST 


0 


3.902 


4.485 


6.863 


15.104 


22.557 


32.093 


SDSST 


0 


3.788 


4.320 


6.144 


12.163 


14.248 


16.383 


CSST 


0.05 


3.909 


4.490 


6.863 


15.116 


22.562 


32.136 


SDSST 


0.05 


3.794 


4.325 


6.146 


12.178 


14.264 


16.487 


CSST 


0.2 


4.009 


4.562 


6.861 


15.290 


22.640 


32.785 


SDSST 


0.2 


3.891 


4.397 


6.163 


12.394 


14.499 


17.959 




Shallow Shells 



203 



6.3.3 General boundary conditions 

Exact solutions for the free vibration problem of the boundary conditions other than those 
having two opposite edges simply supported (e.g., completely free, cantilever, clamped) 
do not exist. Approximate methods must be employed to obtain natural frequencies for 
these shallow shells. Results can be obtained by the Ritz method to any degree of accuracy 
needed. This method has been applied successfully before for plates and proved to be 
more efficient than the finite element method and reasonably accurate when compared 
with experimental results. 

The Ritz method with algebraic polynomial displacement functions is used. 
Convergence studies are made which demonstrate that reasonably accurate results are 
obtainable before ill-conditioning starts to cause problems. Shallow shells with spherical, 
circular cylindrical, and hyperbolic paraboloidal curvatures and completely free, 
cantilevered, and doubly cantilevered (i.e., two adjacent edges clamped and the others 
free) boundary conditions are studied at length. The effects of the fiber orientation, 
curvature and boundary conditions upon the mode shapes are studied. 

Studies that treated isotropic shallow shells are available in the literature. These studies 
treated cantilevered (Leissa et al. 1981), corner supported (Narita and Leissa 1984), 
completely free (Leissa and Narita 1984) and doubly cantilevered (Qatu and Leissa 1993) 
isotropic shallow shells. Effects of various edge constraints were also studied (Qatu and 
Leissa 1992). The analysis of shallow shell was extended to laminated composites (Qatu 
1989). Analysis was performed on such shells having shear diaphragm (Qatu 1991b), 



Table 6.6. Natural frequency parameters (l = < oa 2 ^Jp/E 2 h 2 for a cross-ply square laminated shallow 

cylindrical shells with E l /E 2 = 25, G 12 /E 2 — G\ 2 /E 2 = 0.5, G 23 /E 2 = 0.2, v l2 = 1^3 = 0.25, K 2 = 
5/6, a/h = 10 and various boundaries at a = — a/2, a/2 (Librescu et al. 1989a). 



Theory 


a/R (mode no.) 


SFSF 


SFSS 


SFSC 


SSSS 


sssc 


scsc 


[0°, 90° ] 


CSST 


0.05 


6.128 


6.489 


7.008 


9.560 


12.136 


15.757 


SDSST 


0.05 


5.763 


6.087 


6.535 


8.894 


10.609 


12.623 


CSST 


0.2 


6.096 


6.444 


7.014 


9.598 


12.154 


15.747 


SDSST 


0.2 


5.716 


6.030 


6.524 


8.931 


10.647 


12.663 


[0°, 90°, 0°] 


CSST 


0.05 


3.902 


4.484 


6.866 


15.106 


22.557 


32.091 


SDSST 


0.05 


3.787 


4.318 


6.146 


12.166 


14.250 


16.385 


CSST 


0.2 


3.894 


4.472 


6.901 


15.136 


22.560 


32.062 


SDSST 


0.2 


3.773 


4.301 


6.176 


12.212 


14.284 


16.408 
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completely free (Qatu andLeissa 1991a), cantilevered (Qatu and Leissa 1991b), and doubly 
cantilevered (Qatu 1991) boundary configurations. 

The analysis of the natural mode shapes for these structures received less interest. 
Some mode shapes for isotropic shallow shells are given in some studies (e.g., Leissa and 
Narita 1984) in the literature. The Ritz method with algebraic polynomials was used to 
find the accurate mode shapes for laminated composite shallow shells (Qatu 1992c). 

It was shown in previous sections that shallow shells supported on all four edges by 
shear diaphragm boundaries and having spherical and circular cylindrical curvatures 
resulted in frequencies much higher than those of plates, whereas for hyperbolic 
paraboloidal curvatures, deviation from flatness had no significant effect. It is interesting 
to find how shallow shells will behave under other boundary conditions. 

Figure 6.1 shows the midsurface displacements u 0 and v 0 which are tangent to the 
shell midsurface at a typical point, and vv 0 which is the displacement component normal to 
the midsurface. The displacements are assumed to be sinusoidal in time in the free 
vibration analysis. These displacements are assumed to take the forms 

u 0 (a, f3, t ) = U(a, /3) sin cot 

v 0 (a, /3, t ) = V(a, j 6 )sin cot (6.27 (5.63)) 

w 0 (a, f3, t ) = W(a, /3)sin cot 

Algebraic trial functions are used in the analysis, similar to that of plates. The 
displacement functions U, V, and W can be written in terms of the nondimensional 
coordinates t and 17 (Figure 5.5) as shown in Eq. (5.64) for plates. Keeping in mind that 
the Ritz method requires the satisfaction of geometrical constraints only, the lower indices 
of the displacement polynomials shown in Eq. (5.64) are carefully chosen so that these 
constraints are exactly satisfied for the particular boundary conditions treated here. When 
using the Ritz method, there is no need to satisfy the free edge conditions. Several 
boundary conditions can be treated by the same analysis (Table 5.9). 

The energy functional 7 max — t/ max is generated for the shallow shell from the 
Eqs. (6. 1 1)— 66. 14) during a vibratory cycle. The eigenvalue problem of the free vibration 
is solved by minimizing T max — f/ max with respect to the coefficients a, ; - . [3 kh and y mn in 
the manner similar to that done for plates (Eq. (5.67)). This yields simultaneous, linear, 
homogenous equations in an equal number of unknowns a jr (3 kh and y mn . Avoiding the 
trivial solution of zero coefficients, the determinant of the matrix is set equal to zero, 
which yields the eigenvalues (nondimensional frequencies). The substitution of a 
particular eigenvalue back into the simultaneous equations gives the corresponding 
eigenvector. The mode shape which corresponds to a certain frequency parameter is 
obtained by substituting the corresponding eigenvector (vector of the coefficients a y, f3 kh 
and y mn ) back into the displacement fields. The displacement in the normal direction is 
then calculated at various points on the shell. In the following analysis, these 
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displacements are calculated at 441 points which form a 21 X 21 grid on the shell 
planform. These are further normalized by making the maximum displacement as unity. 
The difference between the contour lines is taken as one-fifth of the maximum 
displacement. The contour lines of zero displacement (nodal lines) are distinguished by 
heavier lines. The dashed lines represent displacement opposite to that of solid lines. In the 
following sections, the completely free, cantilevered and doubly cantilevered boundary 
conditions will be studied. 



6.3.4 Completely free shallow shells 

Convergence studies are made for a series of composite plates and shallow shells 
representative of those to be analyzed subsequently. These include four-layer symmetric 
laminates with stacking sequence [6, — 6, —6, 6]. The angle 9 lies between the fibers and 
the projection of the ct-axis upon the shell. Filamentary composite materials of 
graphite/epoxy are considered. Other stacking sequence and materials are considered 
by Qatu and Leissa (1991a). 

Convergence studies for moderately thin ( b/h = 100) plates and shallow shells 
having square planform (a/b = 1) were made. Other aspect ratios were considered in the 
literature (Qatu 1989). Three types of shell curvatures were considered; these were 
spherical ( Rp/R a = +1), cylindrical ( Rp/R a = 0) and hyperbolic paraboloidal (Rp/R a = 
— 1). Figure 6.2 shows these types of curvatures. A moderate shallowness (a/R = 0.5) 
ratio is taken. 

Table 6.7 shows a convergence study of the frequency parameter fl = coa 2 -^j p/Efi 1 
for free composite plates and shallow shells. It is observed that the material with the 
smaller orthotropy (i.e., E-glass/epoxy) yields slightly faster convergence than that with 
the larger orthotropy ratio (i.e., graphite/epoxy) on the average (Qatu and Leissa 1991a). 
The maximum difference between the 64-term and 144-term solutions is about 5% for 
graphite/epoxy. For the remaining frequencies, convergence occurred for three significant 
figures only. From these studies, it was decided to choose 64 terms (i.e., M = N = 7) for 
subsequent solutions for plates. 

The maximum difference between the 147-term solution and the 192-term solution for 
spherical shells is 5.3% (for the tenth frequency) and that for cylindrical shells is 2.4%, 
while it is only 1.8% for hyperbolic paraboloidal shells. Unlike plates, convergence 
occurred for the first three significant figures only for most of the fundamental frequencies 
with 192 terms. For the rest of the frequencies, convergence occurred for the first two 
figures only. From these studies, it was decided to use 192-terms for laminated shallow 
shells (i.e., I = J = K = L = M = N = 1). This is also consistent with using 192/3 = 64 
terms for laminated plates (where only w is needed). 

Comparisons were made with analytical results published by Leissa and Narita (1984) 
for isotropic shells. The agreement was excellent; the results agreed to the fifth significant 
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Figure 6.2. Types of curvatures for shallow shells on rectangular planforms. 

figure. This is because the same method was used in their study. Comparison among 
various studies made for laminated plates with free boundaries were shown in Chapter 5. 



6. 3.4.1 Effect of varying 0 upon the frequencies. Studies are made for symmetrically 
laminated plates and shallow shells of square planform (a/b = 1) having various numbers 



Table 6.7. Convergence of the frequency parameter for graphite/epoxy [30°, — 30°, — 30°, 30°] plates and shallow shells on square planform. 



Rp/R a 


Determinant size 

1 


2 


3 


4 


Cl = coa 2 -^ p/E\h 2 
5 6 


7 


8 


9 


10 


Plate 


36 


1.926 


2.260 


4.763 


5.173 


5.580 


8.191 


9.023 


10.815 


13.550 


16.152 




64 


1.914 


2.255 


4.664 


5.098 


5.470 


7.929 


8.548 


10.217 


13.049 


13.692 




100 


1.914 


2.255 


4.664 


5.097 


5.468 


7.923 


8.518 


10.137 


12.966 


13.030 




144 


1.914 


2.255 


4.664 


5.097 


5.468 


7.923 


8.517 


10.135 


12.944 


13.029 


+ 1 


108 


2.292 


3.333 


6.020 


6.886 


8.756 


11.903 


13.867 


17.323 


19.293 


24.595 




147 


2.284 


3.325 


5.886 


6.796 


8.421 


11.342 


13.205 


15.713 


18.050 


21.318 




192 


2.283 


3.323 


5.871 


6.781 


8.394 


11.118 


12.806 


15.316 


17.120 


20.700 


0 


108 


2.221 


5.204 


5.641 


7.863 


8.238 


13.417 


13.802 


14.605 


16.118 


18.636 




147 


2.217 


5.134 


5.575 


7.717 


8.018 


12.911 


13.318 


14.278 


15.380 


17.629 




192 


2.216 


5.124 


5.568 


7.682 


7.991 


12.551 


12.982 


13.997 


14.926 


17.194 


-1 


108 


2.122 


4.961 


4.975 


8.940 


9.655 


14.824 


15.675 


16.975 


20.190 


20.496 




147 


2.117 


4.886 


4.898 


8.853 


9.202 


13.853 


15.239 


16.812 


18.978 


19.827 




192 


2.115 


4.882 


4.887 


8.809 


9.106 


13.363 


14.940 


16.774 


18.276 


19.460 
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of layers in angle-ply stacking sequence. Table 6.8 gives the first eight nondimensional 
frequencies for four-layer [6, — 9, — 0, 0 ] angle-ply plates and shallow shells. The fiber 
angle varies between 0 and 45°. Because of the symmetry of the problem, frequencies for 
9= 60, 75, and 90° are the same as those for 9= 30, 15, and 0°, respectively, when 
a/b = 1. Additional results have been reported in the literature (Qatu and Leissa 1991a). 
It is found that the fundamental frequencies of shallow shells are virtually the same as 
those of the plate when 9 = 0°. This is due to the fact that the fundamental mode shape in 
such cases has node lines along the two symmetry axes, requiring no significant stretching 
of the middle surface. However, the higher frequencies are all significantly affected by 
curvature. 

Increasing 9 causes the fundamental frequency to increase for all the shell geometries 
used here (Figure 6.3). The exception was found only for single-layer G/E plates and 
hyperbolic paraboloidal shells (Qatu and Leissa 1991a). The maximum fundamental 
frequency is obtained at 9= 45° for all cases studied here except for the previously 
mentioned two cases where it is 0°. For higher frequencies, the maximum frequency can 
exist at any angle 9 between 0 and 45°. 



Table 6.8. Effect of varying 8 upon the frequency parameters il of graphite/epoxy four layer 
[0, —8, —8, 8] shallow shells, a/b = 1, a/h = 100, a/Rp = 0.5. 



R a /Rp 


6 (degrees) 








n=> 


r jM 2 -yjp/E\h 2 












1 


2 


3 


4 


5 


6 


7 


8 


_ 


0 


1.491 


1.646 


3.459 


4.538 


6.424 


6.471 


7.132 


8.854 




15 


1.653 


1.843 


3.904 


4.773 


5.902 


7.217 


7.237 


9.185 




30 


1.914 


2.255 


4.664 


5.097 


5.468 


7.923 


8.517 


10.135 




45 


2.233 


2.275 


4.655 


5.043 


5.934 


9.183 


9.423 


10.204 


+ 1 


0 


1.509 


3.961 


4.233 


6.781 


7.652 


8.553 


9.974 


14.683 




15 


1.836 


3.829 


4.834 


6.768 


7.715 


9.774 


10.992 


15.638 




30 


2.283 


3.323 


5.871 


6.781 


8.394 


11.119 


12.806 


15.316 




45 


2.296 


3.093 


6.459 


6.712 


9.001 


11.172 


13.484 


14.841 


0 


0 


1.514 


4.514 


6.455 


6.755 


7.092 


9.198 


10.647 


12.175 




15 


1.805 


4.959 


6.070 


7.126 


7.258 


10.748 


11.517 


13.224 




30 


2.216 


5.124 


5.568 


7.682 


7.991 


12.551 


12.982 


13.997 




45 


2.243 


4.007 


5.586 


8.129 


8.578 


10.409 


11.706 


15.364 


-1 


0 


1.507 


4.235 


4.541 


7.056 


8.956 


9.062 


11.758 


13.358 




15 


1.762 


4.457 


4.678 


7.657 


8.441 


11.671 


12.197 


14.615 




30 


2.115 


4.882 


4.887 


8.809 


9.106 


13.363 


14.940 


16.774 




45 


2.240 


4.968 


5.102 


9.450 


9.481 


13.873 


16.450 


18.223 
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30 45 60 

Fiber Angle 0 



- 1st Freq Spherical 

- 2nd Freq Spherical 
-1st Freq Cylindrical 
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_ 2nd Freq Hyp Par 



Figure 6.3. Effect of varying 0 upon the frequency parameters Cl of graphite/epoxy four layer 
[9, —6, —6, 9} shallow shells; a/b = 1, a/h = 100, a/Rp = 0.5. 



Maximum fundamental frequencies are obtained for spherical shells, and minimum 
frequencies are found for plates and/or hyperbolic paraboloidal shells. The maximum 
difference between the fundamental frequency for 6=0° and that for 0 = 45° occurs 
always for spherical shells, and the least difference occurs for plates and/or hyperbolic 
paraboloidal shells. For spherical shells, changing the angle from 0 to 45° increases the 
fundamental frequency by almost 50%. 



6. 3.4.2 Frequencies for cross-ply plates and shallow shells. Studies are made for 
symmetrically laminated cross-ply plates and shallow shells of square planform. [0°], 
[0°, 90°, 0°] and [90°, 0°, 90°] laminates are considered with graphite/epoxy material. Two 
shallowness ratios ( a/R ) were used for each type of shell. Table 6.9 gives the fundamental 
nondimensional frequency parameters. Because of the symmetry of the problem, both 
laminates [0°, 90°, 0°] and [90°, 0°, 90°] give the same results, except for cylindrical shells, 
when the aspect ratio of 1 is used. Both three-layer laminates give slightly higher 
fundamental frequencies than the single-layer. For circular cylindrical shells, the [0°, 90°, 
0°] laminate gave slightly higher frequencies than the [90°, 0°, 90°] laminate. This is 
because, for the latter, the outer fibers lie in the direction of the curvature. This causes the 
chordwise stiffness of the shell to increase considerably, but at the expense of the 
spanwise stiffness. The mode shapes in the two cases are considerably different, even 
though the frequencies are nearly the same. 

Increasing the curvature increases the fundamental frequencies for all shells except 
[90°, 0°, 90°] G/E circular cylindrical shells. Increasing the curvature here decreases the 
fundamental frequency slightly. For higher frequencies, increasing the curvature always 
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Table 6.9. Frequency parameters LI of completely free cross-ply graphite/epoxy shallow shells, a/b = 1, 
a/h = 100. 



R a /Rp 


a/R a 








LI = axr^p/Eih 2 












1 


2 


3 


4 


5 


6 


7 


8 


[0° ] Single layer 


















- 


- 


1.491 


1.646 


3.460 


4.539 


6.4276 


6.471 


7.132 


9.009 


+ 1 


0.1 


1.493 


2.319 


3.511 


5.534 


6.577 


6.706 


7.340 


9.345 




0.5 


1.509 


3.961 


4.232 


6.781 


7.652 


8.553 


9.974 


14.68 


0 


0.1 


1.493 


2.420 


3.509 


5.694 


6.472 


6.572 


7.145 


9.099 




0.5 


1.514 


4.514 


6.445 


6.755 


7.092 


9.198 


10.65 


12.17 


-1 


0.1 


1.493 


2.398 


3.505 


5.732 


6.565 


6.753 


7.208 


9.038 




0.5 


1.507 


4.235 


4.541 


7.056 


8.956 


9.062 


11.76 


13.36 


[CP, 90°, 


CP] 




















- 


1.504 


2.040 


3.682 


5.622 


6.361 


7.042 


7.245 


9.070 


+ 1 


0.1 


1.507 


3.071 


3.840 


6.506 


6.868 


7.504 


7.518 


9.890 




0.5 


1.521 


4.373 


5.032 


6.954 


7.912 


10.21 


11.31 


16.73 


0 


0.1 


1.507 


3.394 


3.840 


6.361 


6.830 


7.142 


7.512 


9.255 




0.5 


1.525 


6.344 


6.413 


7.015 


7.910 


11.72 


12.28 


16.77 


-1 


0.1 


1.506 


3.245 


3.823 


6.826 


7.042 


7.275 


7.501 


9.086 




0.5 


1.518 


4.814 


5.140 


7.042 


9.217 


11.041 


12.97 


18.05 


[90°, 0°, 


90° 7* 


















0 


0.1 


1.504 


2.040 


3.681 


5.625 


6.908 


7.161 


7.247 


9.280 




0.5 


1.501 


2.036 


3.670 


5.656 


7.284 


9.039 


9.051 


11.79 



‘Results for [90°, 0°. 90°] laminate are the same as those for [0°, 90°, 0°] laminate for spherical and hyperbolic 
paraboloidal shells. 

increases the frequencies except for the case mentioned above, where increasing the 
curvature is observed to decrease the frequencies slightly for the first three frequencies, 
but increases in the rest. 



6.3.4. 3 Frequencies for angle-ply plates and shallow shells. Symmetrically laminated 
plates and shallow shells having a/b = 1 are studied. A single-layer [45°] and an angle-ply 
laminate [45°, — 45°, 45°] are used. Two curvature ratios and three types of shells, as well as 
plates, are studied. It is important to notice that, because of the symmetry of the problem 
[45°, — 45°,45°] and [—45°, 45°, — 45°] laminates give the same results for all the cases. 
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Table 6.10 gives the fundamental nondimensional frequencies. Even more strongly than 
what was found for cross-ply laminates, the three-layer angle-ply laminates give higher 
frequencies than the single-layer configurations in every case. 

For the material used, increasing the curvature increases the fundamental frequencies 
for spherical and cylindrical shells and decreases them slightly for hyperbolic 
paraboloidal shells when the single-layer configurations are used. Increasing the curvature 
ratio is found to have larger effects on the single-layer configuration than the multi-layer 
one (Qatu and Leissa 1991a). 

It is also observed that a slight curvature (ci/R = 0.1, corresponding to an arc length of 
5.7°) causes a large increase in the fundamental frequency for the spherical shell. It is 
observed that the 45° angle-ply laminates give higher frequencies than cross-ply laminates 
for most of the results when the aspect ratio is 1. When the aspect ratio is 2, it is found that 
the cross-ply laminates give higher frequencies than those of the angle-ply laminates in all 
the results (Qatu 1989). 



Table 6.10. Frequency parameters fl of completely free angle-ply graphite/epoxy shallow shells; 
a/b = 1, a/h = 100. 



2 


a/R a 








fl = rurr^p/Zi]/! 2 












1 


2 


3 


4 


5 


6 


7 


8 


[45° ] Single layer 




















- 


1.378 


2.215 


3.120 


4.565 


4.777 


6.086 


7.938 


7.960 


1 


0.1 


1.881 


2.219 


3.557 


4.753 


4.911 


7.278 


8.047 


8.135 




0.5 


2.247 


2.824 


5.484 


5.932 


6.868 


9.397 


10.15 


12.13 


0 


0.1 


1.486 


2.615 


3.235 


4.621 


4.961 


6.412 


8.048 


8.088 




0.5 


1.582 


3.903 


4.043 


5.836 


6.724 


9.089 


9.287 


11.96 


-1 


0.1 


1.378 


3.121 


3.541 


4.580 


5.352 


6.097 


8.096 


8.388 




0.5 


1.376 


3.119 


4.754 


6.216 


8.701 


9.354 


12.648 


12.68 


[45°, 


-45°, 45° ] and [-45°, 


o 

> 


45° ] Laminate 














- 


1.689 


2.240 


3.825 


4.681 


5.197 


7.234 


8.697 


8.786 


1 


0.1 


2.245 


2.288 


4.301 


5.242 


5.376 


8.488 


8.903 


8.932 




0.5 


2.276 


2.963 


5.973 


6.336 


8.202 


10.21 


12.03 


13.68 


0 


0.1 


1.785 


2.887 


3.946 


4.873 


5.533 


7.555 


8.866 


8.969 




0.5 


1.814 


4.094 


4.606 


7.117 


7.534 


10.03 


10.75 


13.76 


-1 


0.1 


1.690 


3.827 


4.270 


4.708 


5.916 


7.242 


9.129 


9.345 




0.5 


1.691 


3.843 


5.001 


7.314 


9.591 


10.67 


14.85 


17.97 
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Figure 6.5. Mode shapes for free [0, — 0, 0\, G/E cylindrical shells, a/b = 1, a/ h ■ 
(Qatu 1992c; reproduced with permission). 



9.197 

100, a/R = 0.5 



sixth mode for 6 = 0°. For hyperbolic paraboloidal shells, the fourth mode is becoming 
the fifth when 0 exceeds 15°. There is a tendency for the nodal lines to go in the direction 
of the fibers (i.e., lamination angle). Taking the cylindrical shell as an example, when 
6=0° there are 12 horizontal nodal lines (i.e., in the direction of the fibers) and only four 
vertical nodal lines (i.e., perpendicular to that direction) for the first six mode shapes. 
When 0 = 90°, the horizontal nodal lines decreased to seven, and the vertical nodal line 
increased to nine. For spherical and hyperbolic paraboloidal shell with diagonal 
orthotropy (i.e., 0 = 45°), almost all the nodal lines are diagonal. 
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Figure 6.6. Mode shapes for completely free graphite/epoxy hyperbolic paraboloidal shells; a/b = 1, 
a/h = 100, a/R = 0.5 (Qatu 1992c; reproduced with permission). 



Furthermore, it is observed that the crossing of the nodal lines for orthotropic 
materials (i.e., 0 = 0 or 90°) is replaced by curve veering for angle -ply laminates for most 
of the mode shapes. 

The mode shapes can also be used to explain the natural frequencies. For spherical 
shells, changing the angle from 0 to 45° gradually changes the first mode shape to one 
similar to the second mode shape which has a considerably larger natural frequency. That 
is why the first frequency parameter increases considerably as the lamination angle 
increases. Changing the lamination angle from 0 to 45° does the opposite for the second 
mode shape which becomes similar to the first mode shape. This explains why the second 
natural frequency decreases as the lamination angle increases. 



6.3.5 Cantilevered shallow shells 

A cantilevered doubly curved shallow shell is shown in Figure 6.7 . Convergence studies 
are made for a series of cantilevered plates and shallow shells representative of those to be 
analyzed subsequently. Filamentary composite materials of graphite/epoxy were 
considered. Three curvatures are treated: spherical, circular cylindrical, and hyperbolic 
paraboloidal shells. A moderate thickness ( h/h = 100) and shallowness (h/R = 0.5) ratio 
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Figure 6.7. A doubly curved cantilevered shallow shell. 



and square planform ( a/b =1) are used. Convergence studies for cylindrical shells 
having the fixation along the straight edge are also available (Qatu 1989). 

Table 6.11 shows a convergence study of lowest frequency parameters for 
composite plates and shallow shells. It was observed that the solutions for the multi- 
layer laminates converge a little more rapidly than for single layers (Qatu and Leissa 
1991b). It is also observed that the material with the smaller orthotropy ratio yields 
faster convergence than that with the higher orthotropy ratio. While the maximum 
difference between the 64-term and 100-term solution for the tenth frequency is less 
than 0.1% for E-glass/epoxy, it is about 2.6% for graphite/epoxy (Leissa and Qatu 
1991). Because of these studies, unless stated otherwise, 64 terms (M = 9, N = 1) will 
be used for plates. 

It is found that the convergence is faster as the ratio Rp/R a decreases. For 
E-glass/epoxy hyperbolic paraboloidal shells (Rp/R a = —1), the difference between 
the 147-term solution and the 192-term one is 2.5% in the tenth frequency, for 
cylindrical shells (Rp/R a = 0) it is 2.2%, for spherical shells (Rp/R a = 1) it is 1.4%, 
and for the other type of cylindrical shells, where fixation is along the straight edge, it 
is 0.12% (Qatu 1989). From these studies, it was decided to use 192-terms for 
subsequent laminated shallow shell results (i.e., I = K = H. J = L = N = 7. and 
M = 9). This is also consistent with using 64 terms for laminated plates (where only 
w 0 is needed). 
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Table 6.11. Convergence of the frequency parameter for cantilevered graphite/epoxy [30°, — 30°, — 30°, 
30°] plates and shallow shells on square planform. 



Rp/R a 


Determinant size 


1 


2 


3 


(l = 
4 




6 


7 


8 


ox r^Jp/Ejlf- 

5 


Plate 


36 


0.710 


1.615 


3.503 


4.569 


6.025 


7.530 


9.705 


12.754 




64 


0.708 


1.613 


3.464 


4.556 


5.986 


7.294 


9.535 


12.475 




100 


0.707 


1.613 


3.464 


4.555 


5.983 


7.289 


9.520 


12.227 


+ 1 


108 


1.628 


2.060 


5.261 


6.422 


8.835 


12.407 


15.628 


17.718 




147 


1.613 


2.046 


5.198 


6.365 


8.670 


12.080 


15.265 


16.978 




192 


1.606 


2.044 


5.189 


6.352 


8.646 


11.865 


15.137 


16.605 


0 


108 


2.080 


2.965 


5.110 


7.515 


8.015 


9.958 


14.897 


15.416 




147 


2.069 


2.936 


5.099 


7.230 


7.926 


9.660 


14.249 


14.945 




192 


2.066 


2.931 


5.084 


7.091 


7.890 


9.508 


13.744 


14.890 


-1 


108 


1.222 


2.165 


5.293 


8.359 


11.573 


14.264 


18.056 


18.970 




147 


1.212 


2.151 


5.200 


8.276 


11.418 


14.015 


17.786 


18.591 




192 


1.209 


2.146 


5.179 


8.248 


11.354 


13.869 


17.638 


18.414 



6.3. 5.1 Comparison with other studies . Comparisons were made with analytical results 
published by Leissa et al. (1983) for isotropic shells. The agreement was excellent; the 
results agreed to the fifth significant figure. Results for cantilevered plates obtained by 
various methods were discussed in Chapter 5. 

Table 6.12 shows a comparison for composite cylindrical shallow shell panels. Finite 
element and experimental results were obtained by Crawley (1979). Different lamination 
sequences were used. It is found true for shells (as was earlier found for plates) that the 
Ritz method yields a closer upper bound to the exact solution than the finite element 
method, with fewer degrees of freedom (192 used in the Ritz method and 365 used in the 
finite element method). The maximum difference between the results obtained by using 
the Ritz method and the experimental methods is within 10%, except for one mode for one 
configuration, which was apparently missed altogether in both the finite element and 
experimental investigations. 



6. 3. 5. 2 Effect of varying 9 upon the frequencies. Studies are made for symmetrically 
laminated plates and shallow shells of square planform (a/b = 1) having either a single 
layer or four layers in an angle-ply stacking sequence. Results are presented for 
the strongly orthotropic G/E composites. Table 6.13 presents the fundamental 
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Table 6.12. Comparison of analytical and experimental natural frequencies (Hz) for cantilevered 
cylindrical panels. 



Qatu and Leissa (1991b) 
Ritz 64 DOF 


Crawley (1979) 

FEA 365 DOF 


Test 


[0, 0, 30, - 30 ] s 


163.8 


165.7 


161.0 


269.5 


289.6 


254.1 


593.0 


597.0 


555.6 


702.5 


718.5 


670.0 


824.8 


833.3 


794.0 


[0, 45, -45, 90 ] s 


190.8 


192.4 


177.0 


217.5 


236.1 


201.8 


695.5 


705.8 


645.0 


804.8 


808.2 


745.0 


954.1 


980.6 


884.0 


■O 

1 

•o 

1 

'7F 


133.1 


147.0 


145.3 


236.2 


238.0 


222.0 


746.6 


768.1 


712.0 


758.8 


- 


- 


1037.0 


1038.0 


997.0 



Ei = 128 GPa. £2=11 GPa, G n = 4.48 GPa, v n = 0.25, h / ply =0.13 mm, p= 1500 kg/m 3 , 
Rp = 127.5 mm, a = 152.4 mm. h = 76.2 mm. 



nondimensional frequency parameters for four-layer angle-ply plates and shallow 
shells. Other materials and lamination sequences are considered by Qatu and Leissa 
(1991b). The fiber orientation angle varies between 0 and 90° by an angle of 15° in the 
table. It is observed that increasing 0 causes the fundamental frequency to decrease 
monotonically for the plates and for most of the shells considered. However, for spherical 
and cylindrical shells, the maximum fundamental frequency occurs in the vicinity of 
0 = 15° (Figure 6.8). 

It is interesting to notice that the percent change in the fundamental frequency 
between the 0° and the 90° angle is considerably more for G/E than that for E/E materials 
(Qatu and Leissa 1991b). It is also observed that changing the fiber angle has a much 
greater effect upon plates than for shells. The least change in the frequency parameter with 
increasing 0 occurs for hyperbolic paraboloidal shells. 
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Table 6.13. Effect of varying 0 upon the frequency parameters fl of graphite/epoxy four layer 
[0, — 6, —ft, fit] cantilevered shallow shells, a/b = 1, a/h = 100, b/Rp = 0.5. 



9 (degrees) 








Cl = uxr^j p/Efi 2 










1 


2 


3 


4 


5 


6 


7 


8 


Plates 


















0 


1.018 


1.372 


2.639 


5.315 


6.376 


6.835 


8.246 


10.22 


15 


0.906 


1.470 


2.946 


5.652 


5.817 


6.697 


8.695 


10.71 


30 


0.708 


1.613 


3.464 


4.556 


5.986 


7.294 


9.535 


12.47 


45 


0.501 


1.599 


3.012 


4.173 


5.665 


8.447 


9.485 


9.944 


60 


0.346 


1.368 


2.134 


4.057 


5.369 


6.835 


7.893 


9.638 


75 


0.274 


1.038 


1.714 


3.361 


4.798 


6.230 


6.795 


8.694 


90 


0.259 


0.862 


1.623 


2.923 


4.543 


5.973 


6.670 


8.197 


Spherical shells 


















0 


1.547 


1.888 


4.420 


6.650 


8.223 


9.257 


15.18 


18.24 


15 


1.664 


1.967 


4.800 


6.637 


8.414 


10.42 


16.30 


17.03 


30 


1.606 


2.044 


5.189 


6.352 


8.646 


11.86 


15.14 


16.60 


45 


1.349 


1.986 


4.723 


6.112 


8.654 


11.54 


13.95 


16.16 


60 


1.161 


1.673 


4.349 


5.456 


7.820 


10.71 


12.48 


15.52 


75 


1.052 


1.273 


3.989 


4.659 


7.254 


8.952 


10.52 


14.60 


90 


0.991 


1.076 


3.517 


4.369 


7.197 


7.769 


9.534 


13.16 


Cylindrical shells 
















0 


1.962 


2.334 


4.558 


5.518 


8.193 


8.210 


10.26 


11.80 


15 


2.081 


2.628 


5.180 


6.026 


7.854 


8.875 


11.20 


13.13 


30 


2.066 


2.931 


5.084 


7.091 


7.890 


9.508 


13.74 


14.89 


45 


1.866 


2.606 


4.847 


7.334 


7.761 


10.95 


14.28 


14.75 


60 


1.552 


2.014 


5.041 


6.395 


7.416 


12.30 


12.53 


13.53 


75 


1.208 


1.674 


4.442 


6.193 


6.838 


9.914 


10.59 


12.03 


90 


1.027 


1.555 


3.899 


5.973 


6.825 


8.482 


9.701 


10.70 


Hyperbolic paraboloidal shells 














0 


1.473 


1.512 


5.693 


6.956 


10.09 


10.83 


15.93 


16.50 


15 


1.273 


1.881 


5.348 


7.697 


10.86 


11.95 


16.84 


17.63 


30 


1.209 


2.146 


5.179 


8.248 


11.35 


13.87 


17.64 


18.41 


45 


1.150 


2.092 


4.983 


7.988 


11.01 


15.15 


16.63 


18.17 


60 


1.038 


1.747 


4.497 


7.019 


9.893 


13.73 


14.24 


15.34 


75 


0.947 


1.311 


3.914 


5.931 


8.561 


10.68 


12.26 


13.23 


90 


0.973 


1.023 


3.578 


5.340 


8.141 


8.845 


11.28 


12.41 



Increasing the fiber orientation angle has its largest effects typically in the 
neighborhood of 6 = 30°. However, for cylindrical shells the most rapid change of the 
frequency parameter occurs near 45 or 60°. The effect of changing the angle upon higher 
frequencies is less than that for the fundamental frequency. 
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1st Freq Spherical 
2nd Freq Spherical 
1st Freq Cylindrical 
2nd Freq Cylindrical 
1st Freq Hyp Par 
2nd Freq Hyp Par 



30 45 60 

Fiber Angle 0 

Figure 6.8. Effect of varying 6 upon the frequency parameters Cl of graphite/epoxy four layer 
[0, —0, —0, 0] cantilevered shallow shells; a/b = 1, a/h = 100, b/Rp = 0.5. 



6.3. 5. 3 Frequencies for angle-ply plates and shallow shells. Symmetrically laminated 
angle-ply plates and shallow shells having a/b = 1 are studied. A single-layer, and a 
three-layer laminate [45°, —45°, 45°] are used in this study. Results are given for flat 
plates and for shallow shells having two curvature ratios ( b/R = 0.1 and 0.5). Thus, 
frequency changes due to curvature are clearly seen. Again, three types of curvature are 
considered. It is important to notice that, because of the symmetry of the problem, 
[45°, —45°, 45°] and [ — 45°, 45°, — 45°] laminates give the same results for all the cases. 
Results for a/b = 0.5 and 2.0 are also available (Qatu 1989). 

Table 6.14 lists the lowest nondimensional frequencies for G/E materials. The single 
layers were seen to give slightly lower fundamental frequencies than the three-layer 
laminates in every case (Qatu and Leissa 1991b). Curvature effects are greatest for 
cylindrical shells and least for hyperbolic paraboloidal shells. 



6.3. 5. 4 Frequencies for cross-ply plates and shallow shells. Four types of laminates are 
used: [0°], [0°, 90°, 0°], [90°, 0°, 90°] and [90°]. Results are given here for graphite/epoxy 
(G/E) materials. Results for E-glass/epoxy (E/E) materials are available in the literature. 
Two curvature ratios ( b/R = 0.1 and 0.5) are used for each type of shell. Tables 6.14 gives 
the lowest nondimensional frequency parameters. Results for other aspect ratios are also 
available (Qatu 1989). 

Increasing the curvature increases the frequencies considerably for all cases studied 
here. Its effect is maximum for cylindrical shells and minimum for hyperbolic 
paraboloidal shells. 

For all cases studied here, the fundamental frequencies obtained for [0°] are more than 
those found for other laminates. Fundamental frequencies obtained for [90°, 0°, 90°], 
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Table 6.14. Frequency parameters Cl of cantilevered graphite/epoxy shallow shells; a/b = 1 ,a/h= 100. 



Rp/R a 


b/Rp 








(l = coa 2 -\J p/E\h 2 












1 


2 


3 


4 


5 


6 


7 


8 


[45°, - 45° 


. 45°] and 


[-45°, 45 


0 

1 

- 1 ^ 

Ui 

o 


laminates 














- 


0.461 


1.371 


2.844 


3.475 


5.259 


6.877 


8.802 


9.157 


+ 1 


0.1 


0.685 


1.559 


3.044 


4.092 


5.550 


8.262 


9.050 


9.497 




0.5 


1.306 


1.917 


4.501 


5.764 


8.039 


10.64 


12.83 


14.771 


0 


0.1 


0.720 


1.452 


3.367 


3.735 


5.476 


7.198 


9.005 


9.418 




0.5 


1.657 


2.543 


4.625 


6.578 


7.035 


10.36 


12.71 


13.706 


-1 


0.1 


0.645 


1.470 


3.488 


4.326 


5.665 


7.196 


9.312 


9.624 




0.5 


0.923 


2.070 


4.028 


7.942 


9.165 


13.84 


15.86 


16.914 


© 

0 

kO 

O' 

o 

o 

o 


laminate 




















- 


1.000 


1.363 


2.898 


6.246 


6.266 


6.755 


8.280 


11.29 


+ 1 


0.1 


1.172 


1.381 


3.616 


6.565 


6.603 


7.425 


9.785 


12.55 




0.5 


1.536 


1.919 


5.019 


6.725 


8.520 


10.69 


17.34 


18.32 


0 


0.1 


1.248 


1.388 


2.936 


6.256 


6.641 


6.831 


8.426 


11.32 




0.5 


1.865 


2.454 


4.564 


6.431 


8.164 


8.224 


12.38 


12.38 


-1 


0.1 


1.148 


1.384 


4.107 


6.704 


6.767 


7.423 


8.865 


12.03 




0.5 


1.465 


1.558 


6.034 


6.946 


11.37 


12.55 


16.96 


18.80 



where fewer fibers are in the direction perpendicular to the fixed edge and closer to the 
middle surface of the shell, are considerably below those seen for other laminates (Leissa 
and Qatu 1991). 

Table 6.14 also shows that the effect of curvature is smaller on the second frequencies 
of spherical and hyperbolic paraboloidal shells than for cylindrical shells. This is 
predominantly a torsional mode in each case. 

It is observed that the cross-ply laminates (when the fibers having 0° are farther from 
the middle surface like [0°, 90°, 0°] laminates) give higher frequencies than angle-ply 
laminates. 



6. 3. 5. 5 Mode shapes for the cantilevered shells. Figures 6.9-6.11 give the first six 
mode shapes with various lamination angles for spherical, cylindrical, and hyperbolic 
paraboloidal curvatures, respectively. Unlike the completely free case, there is no 
diagonal symmetry here. The mode shapes for all the lamination angles of the three types 
of shells are considered. 
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1.547 





1.306 



1.917 



4.501 5.764 



8.039 10.64 





Figure 6.9. Mode shapes for cantilever G/E spherical shells; a/b = 1, a/h — 100, a/R = 0.5 (Qatu 

1992c; reproduced with permission). 



For cantilevered cross-ply shells, two classes of symmetry are possible in the 
displacement functions. The displacements can be either symmetric or antisymmetric 
about the a-axis. 

For the flat plate and when 0 = 0°, the first six mode shapes were, in order, the first 
spanwise bending mode (IB), the first torsional mode (IT), the first chordwise bending 
mode (1C), the second chordwise bending mode (2C), the second torsional mode (2T) and 
finally the second bending mode (2B). Unlike flat plates, for all the shells considered here. 
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Figure 6.10. Mode shapes for cantilever G/E cylindrical shells, a/b = 1, a/h = 100, a/R = 0.5 (Qatu 

1992c; reproduced with permission). 



the first mode is the first torsional mode when 6 = 0 or 90°. The shape of the mode for 
shells is not as clear as that for plates. For the lamination angle 0 = 0°, the order of the 
mode shapes is 

(a) For spherical shells IT, IB, 1C, 2T, 2B, 2C; 

(b) For cylindrical shells IT, 1C, IB, 2C, 2T, 3C; 

(c) For hyperbolic paraboloidal shells IT, IB, 1C, 2T, 2B, 2C. 
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0.9879 




a 

0.8686 




0.9730 




1.907 




2.144 




2.070 




1.724 




1.312 




1.023 




4.295 



8.234 9.739 




3.578 



5.340 8.141 




13.06 




13.84 




8.845 



Figure 6.11. Mode shapes for cantilever G/E hyperbolic paraboloidal shells, a/b = 1, ajh = 100, 
a/R = 0.5 (Qatu 1992c; reproduced with permission). 



The order of the mode shapes changes for the 90° lamination angle, but the first mode 
shape remains the torsional one. More chordwise bending modes tend to exist for the 0° 
lamination angle than the 90° one. 

For lamination angles between 0 and 90°, the fundamental modes are combinations of 
the above modes. A gradual change in the mode shapes is observed as the lamination 
angle increases. In some cases, this gradual change in the mode shapes results in a 
completely different one when the lamination angle becomes 90°. 
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Looking at these mode shapes more closely, one observes that for most of the mode 
shapes large displacements are observed in limited regions of the shell, such as at a corner, 
whereas most of the shell displaces very little. This is characteristic of thin shells, where 
one observes much more activity near the edges or corners of the shell. 

An interesting phenomenon is observed for spherical shells with 0 = 45°. For these 
shells, the mode shapes can be approximately divided into two categories of symmetric 
and antisymmetric about the a-axis. For this special angle, the first mode is the IB mode 
and the second one is IT, unlike those with 0 = 0 or 90°. The difference between the 
first frequency parameter and the second is the maximum at this angle. For cylindrical 
shells, the first mode shape is the first torsional mode (i.e., IT) for all the lamination 
angles. 



6.3.6 Cantilevered pretwisted plates 

A twisted plate is actually a shell. In one set of coordinates it is only twisted. But in other 
coordinates it has curvatures as well. The cantilevered twisted plate is a mechanical 
element of considerable technical significance. It has many applications such as in 
turbomachinery, impeller, and fan blades. Considerable literature can be found which 
relates to the vibration of turbomachinery blades (Leissa 1981a, b, 1986). However, the 
vast majority treated blades as cantilevered beams. Such representation is inaccurate if 
higher frequencies are needed or the blade is short. A more accurate model can be made 
with twisted plates. 

Almost all the literature on the vibrations of turbomachinery blades is about isotropic 
blades (Kielb et al. 1985a, b; Leissa et al. 1984a, b; MacBain et al. 1984). Chamis (1977) 
compared frequencies obtained for some complex composite fan blades using finite 
element with those obtained experimentally. 

It has been observed that there is a wide disagreement among the natural frequencies 
obtained for isotropic twisted plate by different analytical methods (Kielb et al. 1985a; 
Leissa et al. 1984a,b). This led to experimental investigations (Kielb et al. 1985b; 
MacBain et al. 1984) and a three-dimensional study (Leissa and Jacob 1986) of the 
problem. The agreement of the last two investigations was reasonably good. The three- 
dimensional solutions yielded slightly higher frequencies than the experimental ones. This 
can be due to the difficulty in satisfying the clamped edge conditions experimentally. 
However, the three-dimensional solution is lengthy and not always needed. Another study 
was made by using shallow shell theory and the Ritz method to solve for the natural 
frequencies of isotropic twisted plates (Leissa et al. 1982). This study concluded that 
shallow shell theory can be used for twisted plates with an angle of twist not more that 45°. 

Natural frequencies and mode shapes of laminated cantilever plates having pretwist is 
presented here. Laminated shallow shell theory and the Ritz method are used here. The 
effects of many parameters like twist angle, lamination angle, stacking sequence, and 
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a 




thickness and orthotropy ratios on the natural frequencies and mode shapes of twisted 
cantilevered composite plates are also studied (Qatu and Leissa 1991c). Additional studies 
on twisted plates are available in the literature (Nabi and Ganesan 1993). Pretwisted 
conical shells were picked up by Lim et al. (1997b) Lim and Liew (1995a,b) and Liew and 
Urn (1996). 

A twisted plate is characterized by its middle surface, which is defined by z = 
afi/R a p. The constant R a p identifies the radius of twist. A typical twisted plate is shown in 
Figure 6.12. 



6.3.6. 1 Convergence studies. A typical plate of moderate thickness ( b/h = 100) and 
twist (<p = 30°) and square planform ( a/b = 1) is used. Convergence studies of the lowest 

frequency parameters fl = coa 2 ^ p/E x h 2 for graphite/epoxy are given in Table 6.15. The 
maximum number of terms used is 192 by choosing eight terms in both a and /3 directions 
for all the three components of displacements. Studies conducted earlier (Qatu and Leissa 
1991c) concluded that better convergence is obtained when the number of terms in the 
axis perpendicular to the clamped boundary are higher than those in the direction parallel 
to the clamped boundary. 

As the number of terms increases, rapid convergence is observed. The maximum 
difference between the 3 X 7 X 7 = 147-term and the 3x8x8= 192-term solutions for 
the tenth frequency is 2.5%. It is observed to be even faster for E-glass/epoxy materials 
(Qatu and Leissa 1991c). It has been decided to use 3x6x8= 144 terms in the 
subsequent analysis. The maximum difference between this solution and the more 
accurate 192-term solution is less than 2.5%. Comparisons were made with analytical 
results published by Leissa et al. (1982) for isotropic twisted plates. The agreement was 
excellent. 



Table 6.15. Convergence of the frequency parameter for cantilevered graphite/epoxy [30°, — 30°, 30°] twisted plates (<p = 30°) on square planform. 



Terms 


Determinant size 










(1 = a >a 2 ,J p/E 1 h 2 














1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


3x5x5 


75 


0.7308 


4.360 


9.236 


10.48 


11.67 


15.62 


19.21 


20.59 


23.13 


27.90 


3x6x6 


108 


0.7238 


4.283 


8.487 


10.15 


10.77 


13.26 


17.70 


18.88 


21.08 


25.17 


3x8x6 


144 


0.7240 


4.279 


8.488 


10.14 


10.75 


13.19 


17.61 


18.69 


20.64 


24.49 


3x7x7 


149 


0.7222 


4.248 


8.246 


9.897 


10.50 


13.11 


17.32 


17.49 


20.17 


20.44 


3x6x8 


144 


0.7205 


4.249 


8.203 


9.740 


10.50 


13.12 


16.50 


17.39 


19.75 


20.14 


3X8X8 


192 


0.7205 


4.242 


8.203 


9.731 


10.48 


13.04 


16.42 


17.32 


19.64 


19.80 
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6. 3. 6.2 Natural frequencies and mode shapes. The first natural frequency parameters 
were obtained for twisted plates having different materials, thickness ratios, and fiber 
orientations (Qatu and Leissa 1991c). Results were also obtained for square single-layered 
thin plates. The natural frequencies obtained for single-layer laminates are slightly lower 
(by less than 3%) than those obtained for the multi-layer ones. 

The maximum fundamental frequencies are observed when the fibers are 
perpendicular to the clamped edge (i.e., 6 = 0°) in all cases. Frequencies and mode 
shapes were given in Figure 5.8 for untwisted cantilevered plates. For the fundamental 
frequency, which corresponds to the first spanwise bending mode, increasing the fiber 
angle has a very large effect. The natural frequencies when 0 = 90° are about one quarter 
of those when 0=0° when G/E material is used for all twist angles. This difference is 
much less for E/E materials. For higher frequencies, the maximum frequency parameters 
can be found at a fiber angle between 0 and 30°, and occasionally at a fiber angle of 45°, 
with some exceptions for E/E materials. Although thin untwisted plate theory predicts the 

same transverse vibration frequency parameters 11 = exr^ ' p/Eff when the thickness 
ratio is changed, new mode shapes can be introduced for some modes of the thicker plates, 
which correspond to inplane vibration modes and not transverse ones. This could not be 
seen if the inplane terms (i.e., U and V ) are removed, which is normally done in vibration 
studies made for untwisted symmetrically laminated thin plates. 

Figures 6.13-6.15 show the fundamental six frequency parameters and corresponding 
mode shapes for laminated twisted graphite/epoxy square plates for angles of twist of 15, 
30, and 45°, respectively. As was found earlier (Leissa et al. 1982) for isotropic plates, 
increasing the angle of twist decreases the fundamental bending frequency. For isotropic 
plates, increasing the angle of twist increases the second frequency, which corresponds to 
the first torsional mode. This phenomenon is not obvious for laminated twisted plates. The 
maximum second frequency is obtained when = 30° for the plates with the fibers 
perpendicular to the clamped edge (i.e., 0 = 0°) and when cp = 15° for those with the 
fibers parallel to the clamped edge (i.e., 0 = 90°). Careful analysis of the mode shapes 
corresponding to these frequencies shows that the second mode shape is not always the 
first torsional mode. For the same example mentioned above when the angle of twist is 
15°, the second frequency corresponds to the first torsional mode when 0 = 0°, but it 
corresponds to the second bending mode when 0 = 90°. 

For the untwisted plate and when 6 = 0°, the first six mode shapes (Figure 5.8) are, in 
order, the first spanwise bending mode (IB), the first torsional mode (IT), the first 
chordwise bending mode (1C), the second chordwise bending mode (2C), the second 
torsional mode (2T) and finally the second bending mode (2B). For this particular fiber 
angle, there exists a material symmetry about the a-axis, and it is seen that the mode 
shapes are all either symmetric or antisymmetric about the a-axis. As the fiber orientation 
angle increases, this symmetry/antisymmetry in the mode shapes is lost, and a gradual 
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Figure 6.13. Mode shapes for graphite/epoxy cantilever plates with a 15° twist angle. 



change in the contour lines is observed. When the angle of fibers become 90°, the material 
symmetry is recovered, and the mode shapes are again either symmetric or antisymmetric. 
However, the order of the mode shapes is not the same as that of 0 = 0°. The first six mode 
shapes are IB, IT, 2B, 2T, 3T, and 3B. The chordwise bending modes are higher 
frequency modes because the fibers here all lie parallel to the clamped edge. For plates 
with 0 = 0°, the second, third, and fourth mode shapes have one, two, and three nodal 
lines parallel to the a-axis, respectively. When the fiber orientation angle becomes 90° 
(i.e., the fibers are parallel to the clamped edge), the second mode still has one nodal 
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Figure 6.14. Mode shapes for graphite/epoxy cantilever plates with a 30° twist angle. 



line parallel to the a-axis; but the third and fourth modes have one nodal line parallel to 
the /3-axis (i.e., fiber direction). This shows that more nodal lines tend to appear parallel to 
the direction of the fibers, i.e., perpendicular to the direction of least bending stiffness. 

Looking carefully at the gradual changes in the contour plots progressing from 
Figures 6.13-6.15, one can see that the third mode when 6 = 0 ° gradually changes and 
becomes the fourth mode when 6 = 45° and eventually becomes the second twisting mode 
when the fiber angle becomes 90°, which means that a certain mode shape may gradually 
change to a completely different mode shape as the fiber angle is increased. This is also 
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Figure 6.15. Mode shapes for graphite/epoxy cantilever plates with a 45° twist angle. 



true for the fourth mode shape when 0 = 0°, which is the 2C mode. It gradually changes as 
6 increases and becomes the third mode (which is 2B) when 6 = 45°. 

When the plate starts to have an initial twist, the second mode does not remain in the 
torsional mode. In fact, for cp = 30 and 45°, the second mode is the second bending mode; 
the first torsional mode is the third mode when 0 = 0 ° and the fourth one when 0 = 90°, 
being preceded by three bending modes. The number of symmetric modes such as IB, 2B, 
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3B, 1C, and 2C when 6 = 90° increases as the angle of twist increases. For <p = 0°, three 
of the first six mode shapes are symmetric, whereas for <p = 45°, five are symmetric. 

For fiber angles between 0 and 90°, coupling between the modes exists, and the 
strength of the coupling increases both with increasing fiber angle and increasing twist 
angle. With large twist angle (Figure 6.15), one observes many modes where large 
displacements occur only in limited regions of the plate such as in a corner, whereas most 
of the plate displaces very little. This is characteristic of thin shells, and the twisted plate is 
in actuality a shell. 



6.3.7 Doubly cantilevered 

A doubly cantilevered shallow shell (i.e., two adjacent edges clamped and the others free) 
is shown in Figure 6.16. A convergence study for moderately thin (b/h = 100) plates and 
shallow shells having square planform {a/b = 1) is performed. The depth of the shell is 
taken at the limits of shallow shell theory (b/Rp = 0.5), which is found to yield slower 
convergence than for shallower shells. Results for the flat plate are shown for comparison. 
Three layer [9, —0,6] laminates are considered in the analysis. A representative 
lamination angle of 30° has been adopted in the convergence studies. 

Table 6.16 shows a convergence study of the lowest eight nondimensional frequency 
parameters for composite graphite/epoxy plates and the three types of shells. Convergence 
for laminated plates is observed to be the best. The maximum difference between the 
36-term solution and the 49-term solution is 3.9% for graphite/epoxy. Earlier studies 



z 




Figure 6.16. A doubly cantilevered shallow shell. 
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Table 6.16. Convergence of the frequency parameter for doubly cantilevered graphite/epoxy 
[30, —30, 30] plates and shallow shells on square planform, b/h = 100, b/Rp = 0.5. 



Rp/Ra Determinant size 

1 


2 


3 


fl = (oa 2 ^ p/Efr 
4 5 


6 


7 


8 


_ 


25 


1.293 


3.057 


5.580 


6.396 


8.833 


10.82 


13.99 


15.44 




36 


1.291 


3.054 


5.556 


6.278 


8.590 


10.37 


13.46 


14.94 




49 


1.291 


3.052 


5.554 


6.273 


8.574 


10.24 


12.99 


14.57 


+ 1 


75 


3.750 


4.827 


11.74 


12.92 


20.49 


25.00 


26.52 


30.66 




108 


3.677 


4.745 


10.99 


11.54 


18.05 


21.54 


24.21 


29.73 




147 


3.652 


4.726 


10.78 


11.40 


17.44 


19.77 


23.88 


29.32 


0 


75 


2.723 


6.535 


8.760 


10.87 


14.39 


15.84 


16.68 


19.30 




108 


2.713 


6.223 


8.582 


10.06 


13.87 


15.31 


16.38 


18.58 




147 


2.709 


6.209 


8.572 


10.02 


13.31 


14.37 


16.28 


17.94 


-1 


75 


2.257 


8.159 


13.80 


15.95 


18.04 


20.25 


23.43 


25.95 




108 


2.242 


8.104 


13.30 


15.29 


17.00 


18.77 


20.93 


23.94 




147 


2.229 


8.050 


13.20 


15.15 


16.56 


18.56 


20.86 


22.85 



showed that convergence for the material with the lower inplane orthotropy ratio is faster 
than that with the higher orthotropy ratio (Qatu 1993a). Similar observation is made for 
shells. From these studies, the 49-term solution (i.e., M = 8, IV = 8) gives good results for 
engineering purposes and will be adopted in the subsequent analysis of plates. 
Convergence for shells is slower than that of plates. It was necessary to use up to a 
147-term solution to obtain results of reasonable accuracy. Convergence is slower as the 
ratio Rp/R a increases. Interestingly enough, this is opposite to what was found previously 
for cantilevered shallow shells. 

For graphite/epoxy hyperbolic paraboloidal shells (Rp/R a = —1), the difference 
between the 108-term solution and the 147-term solution is 4.7% in the eighth frequency, 
for cylindrical shells ( Rp/R a = 0), it is 6.5% in the sixth frequency, and for spherical 
shells (Rp/R a = 1), it is 8.9%, also in the sixth frequency. These differences are less for 
E-glass/epoxy (Qatu 1993a). From these studies, it was decided to use 147-terms for 
subsequent analyses (i.e., I = J = K = L = 8, M = N = 9). This is also consistent with 
using 147/3 = 49 terms used for laminated plates. 



6. 3.7.1 Effect of varying 0 upon the frequencies. Studies are made for symmetrically 
laminated plates and shallow shells of square planform (a/b = 1) having a three-layer 
angle-ply stacking sequence. Results are presented for the strongly orthotropic 
graphite/epoxy (G/E) composites (Figure 6.17). 
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Figure 6.17. Effect of varying 6 upon the frequency parameters fl of graphite/epoxy three layer [0,-6, 0\ 
doubly cantilevered shallow shells, a/b = 1, b/h = 100, b/Rp = 0.5. 



Table 6.17 presents the first eight nondimensional frequency parameters for three- 
layer plates and shallow shells of moderate curvature ( b/Rp = 0.2) for graphite/epoxy 
materials. Table 6.18 shows the same thing for shallow shells with relatively deep 
curvature (b/Rp = 0.5). The fiber orientation angle varies between 0 and 90° by an angle 
increment of 15° in all the tables. 

Natural frequencies for spherical and hyperbolic paraboloidal shells as well as those 
for plates are the same when the fiber angle 6 is 60, 75, and 90° as those when it is 30, 15, 
and 0°, respectively. This is due to the symmetry of the problem about the diagonal for the 
shallow shells of square planform studied here. 

It is observed that increasing 0 has its largest effect on the fundamental frequencies of 
hyperbolic paraboloidal shells for all the results. The effect of increasing the lamination 
angle from 0 to 45° is a 36% increase in fundamental frequencies for hyperbolic 
paraboloidal, 22% for cylindrical, 24% for spherical shells, compared with only 9.3% for 
plates. For deeper shallow shells (b/Rp = 0.5), it is observed that increasing the angle 
from 0 to 45° causes the fundamental frequencies to increase by 24, 29, and 48% for 
spherical, cylindrical, and hyperbolic paraboloidal shells, respectively. This leads to the 
conclusion that increasing the angle has even larger effect on the fundamental frequencies 
of deeper shells than shallower ones. Interestingly enough, this is opposite to what was 
found earlier for cantilevered shallow shells, where the effect of increasing 0 on the 
fundamental frequencies is greater for plates than shells. 

The maximum frequencies are obtained in the vicinity of 0 = 45° (except for very few 
numbers of the higher frequencies). Furthermore, the effect of changing the lamination 
angle decreases for higher frequencies. Better understanding of these results can be 
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Table 6.17. Effect of varying 0 upon the frequency parameters Cl of graphite/epoxy three layer [0, —0, 0\ 
doubly cantilevered shallow shells; a/b = 1, b/h = 100, b/Rp = 0.2. 



0 (degrees) 








Cl = coa 2 ^ p/E l h 2 










1 


2 


3 


4 


5 


6 


7 


8 


Plates 


















0 


1.179 


2.413 


5.156 


6.5157 


7.761 


9.444 


10.14 


14.03 


15 


1.280 


2.672 


5.438 


6.3718 


7.998 


9.557 


11.30 


14.23 


30 


1.291 


3.052 


5.554 


6.273 


8.574 


10.24 


12.99 


14.57 


45 


1.293 


3.293 


5.218 


6.591 


9.269 


10.85 


12.28 


14.81 


Spherical shells 


















0 


2.188 


3.525 


6.908 


7.301 


10.96 


11.70 


15.18 


18.30 


15 


2.392 


3.635 


7.052 


8.087 


11.79 


12.79 


16.12 


17.67 


30 


2.614 


3.765 


7.358 


9.154 


12.43 


14.24 


15.68 


17.31 


45 


2.715 


3.747 


7.633 


9.886 


11.89 


15.04 


15.54 


17.66 


Cylindrical shells 
















0 


1.668 


3.318 


5.370 


7.105 


8.485 


9.508 


10.45 


14.15 


15 


1.906 


3.686 


5.756 


7.344 


8.788 


9.847 


11.54 


14.46 


30 


2.004 


4.135 


6.288 


7.668 


9.432 


10.98 


13.30 


15.31 


45 


2.023 


4.391 


6.375 


8.925 


9.997 


12.57 


13.37 


15.89 


60 


1.919 


4.375 


6.450 


8.922 


10.51 


13.87 


14.08 


16.06 


75 


1.716 


4.130 


6.662 


7.877 


10.39 


12.73 


14.91 


17.20 


90 


1.492 


3.797 


6.729 


7.145 


9.676 


11.75 


14.14 


18.00 


Hyperbolic paraboloidal shells 














0 


1.386 


4.837 


7.477 


7.660 


9.579 


11.99 


13.55 


18.05 


15 


1.713 


5.659 


7.422 


8.378 


10.40 


12.78 


14.48 


17.47 


30 


1.869 


6.331 


7.221 


9.194 


10.91 


13.27 


14.40 


16.40 


45 


1.883 


6.408 


7.388 


9.132 


11.32 


12.93 


13.46 


16.02 



achieved by studying the mode shapes corresponding to these frequencies. The previous 
phenomenon can be observed for all curvatures considered. It is less strong for deeper and 
cylindrical shells than for other curvatures. 



6. 3.7.2 Mode shapes. Figures 6.18-6.20 give the first six mode shapes with various 
lamination angles for spherical, cylindrical, and hyperbolic paraboloidal curvatures, 
respectively. Similar to the completely free case, there is diagonal symmetry here, and 
only the mode shapes for 0=0 , 15, 30, and 45° are shown for spherical and hyperbolic 
paraboloidal shells. For these shells, the mode shapes for 0 = 60, 75, and 90° are similar to 
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Table 6.18. Effect of varying 6 upon the frequency parameters fl of graphite/epoxy three layer [0,-0, 0] 
doubly cantilevered shallow shells; a/b = 1, b/h = 100, b/Rp = 0.5. 



0 (degrees) 








fl = axi 1 ^ p/Eyh 2 










1 


2 


3 


4 


5 


6 


7 


8 


Spherical shells 


















0 


3.015 


4.875 


8.933 


9.932 


14.75 


18.9 


20.41 


23.00 


15 


3.344 


4.782 


9.806 


10.52 


16.18 


19.19 


21.41 


25.65 


30 


3.652 


4.726 


10.78 


11.40 


17.44 


19.77 


23.88 


27.44 


45 


3.754 


4.692 


11.41 


11.45 


17.85 


20.53 


25.70 


28.04 


Cylindrical shells 
















0 


2.162 


5.091 


7.247 


8.171 


9.938 


11.72 


12.84 


15.07 


15 


2.490 


5.603 


8.002 


8.894 


11.00 


12.93 


13.85 


15.72 


30 


2.709 


6.209 


8.472 


10.02 


13.31 


14.37 


16.28 


17.94 


45 


2.787 


6.358 


8.738 


11.54 


13.59 


16.24 


19.39 


20.77 


60 


2.774 


5.870 


8.698 


11.93 


14.32 


16.08 


21.74 


21.74 


75 


2.564 


5.519 


8.116 


10.23 


15.64 


15.76 


18.13 


22.15 


90 


2.248 


5.098 


7.735 


9.229 


14.68 


15.22 


18.14 


21.36 


Hyperbolic paraboloidal shells 














0 


1.551 


5.970 


10.38 


11.90 


15.23 


15.81 


19.41 


20.73 


15 


1.976 


7.273 


11.49 


13.94 


15.57 


17.92 


18.95 


21.51 


30 


2.229 


8.050 


13.20 


15.15 


16.56 


18.56 


20.86 


22.85 


45 


2.306 


8.316 


14.87 


16.26 


17.12 


18.70 


21.54 


21.66 



those given for 0 = 30, 15, and 0°, respectively, and can be obtained by changing the 
coordinates. 

For this boundary condition, symmetry about the diagonal a = /3 exists only for isotropic 
and diagonally orthotropic (with layers making a 45° angle with the a-axis) plates and 
spherical and hyperbolic paraboloidal shells. Mode shapes are either symmetric or 
antisymmetric about a = ( 3 . 

Two adjacent edges are completely clamped for these boundary conditions. This 
clamping decreases the activity of the displacement near the clamped edges. In addition to 
this, the fact that shells have considerably more internal stiffness when compared with flat 
plates makes most of the displacement activity close to the completely free edges. 

It is also clear here that more nodal lines tend to exist in the longitudinal direction of 
the cylindrical shells and parallel to the direction of the fibers. This is shown clearly for 
cylindrical shells with 0° lamination angle, where almost all the nodal lines are parallel to 
the a-axis which is both the longitudinal direction of the cylindrical shell and the direction 
of the fibers. 
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Figure 6.18. Mode shapes for doubly cantilever graphite/epoxy spherical shells; a/b = 1, a/h = 100, 
a/R = 0.5. (Qatu, 1992c; reproduced with permission). 



It is observed that nodal lines cross frequently for the shells with diagonal symmetry 
(spherical and hyperbolic paraboloidal shells with 0 = 45°). This phenomenon is replaced 
by curve veering for other lamination angles of the same shells and all lamination angles 
of the cylindrical shells. 

An interesting phenomenon is observed for these shells concerning the nodal lines. 
It is observed that most of the nodal lines start usually almost perpendicular to the clamped 
boundaries and gradually change its direction to that of the fibers. This is mostly clear for 
spherical shells. For cylindrical shells, the nodal lines have a direction between the 
longitudinal axis (i.e., a-axis) of the shell and the lamination angle. 

Unlike flat plates, where the first mode shapes have no nodal line and the second mode 
shape have only one nodal line, almost all the first two mode shapes for these shells have 
two nodal lines. This can explain more clearly why these shells have considerably higher 
frequency parameters than flat plates. 



6.3.8 Shallow shells with other boundary conditions 

Shallow shells with rectangular planforms can have any combination of boundary 
conditions that laminated plates have. Symmetrically laminated rectangular plates have 
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Figure 6.19. Mode shapes for doubly cantilever graphite/epoxy cylindrical shells; a/b = 1, a/h = 100. 
a/R = 0.5. (Qatu, 1992c; reproduced with permission). 



three possible boundary conditions per edge, and 21 combinations of classical boundary 
conditions for isotropic plates. 

Shallow shells have 12 classical boundary conditions per edge. This yields numerous 
possible combinations of boundary conditions for such shells. Not all of these are 
necessarily practical. At each edge, the completely free and completely clamped are well 
understood and used in many applications. In addition, the shear diaphragm boundary (S2) 
is well recognized for simple supports. Unless stated otherwise, these boundaries will be 
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Figure 6.20. Mode shapes for doubly cantilever G/E hyperbolic paraboloidal shells; a/b = 1, a/h = 100, 
a/R = 0.5. (Qatu. 1992c; reproduced with permission). 



studied here. In other words, free will mean completely free (i.e., F4), clamped will mean 
completely clamped (i.e.. Cl), and finally simply supported will mean shear diaphragm 
boundaries (S2). With this simplification, the number of possible combinations of 
boundary conditions is reduced. We will study the 21 possible combinations known for 
homogeneous plates. 

For symmetrically laminated thin plates, the frequency parameter does not change 
when the thickness of the plate changes. This is not the case when the lamination sequence 
for the plate becomes asymmetrical or when we have shells (both symmetrically 
laminated and unsymmetrically laminated ones). In addition to thickness complexity, 
shells may have double curvatures and/or a twist. It is thus difficult to actually study all 
possible combinations or configurations. In real practice, the engineer will have to 
optimize the system at hand with its given constraints which usually involve given 
curvatures and/or boundary conditions. 

Before we have a detailed study of various boundary conditions, we need to establish 
the accuracy of the Ritz method with elastic constraints used at a = a and (3 = b. Eq. 
(5.66) gives the energy functionals needed to treat such supports. 

E-glass/Epoxy materials made of cross-ply [0°, 90°, 0°] laminates are chosen to 
perform a comparison among di fferent a nalyses. Table 6.19 shows a comparison among 
frequency parameters fl = w^Jp/Eih 2 obtained by various methods and theories for the 
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Table 6.19. Frequency parameter fl = coa 1 -^ p/E 1 h 2 of laminated shallow shell with shear diaphragm 
boundaries, a/b = 1, [0°, 90°, 0°] E-glass/Epoxy, a/h = 20. 



Cylindrical shells ( a/R a = 0.5) 
m n Exact SDSST 


Exact CSST 


Error (%) 


Ritz CSST 


Error 


1 


1 


5.588 


5.633 


0.81 


5.685 


0.92 


1 


2 


11.445 


11.634 


1.65 


11.676 


0.36 


2 


1 


12.444 


12.826 


3.07 


12.932 


0.83 


2 


2 


17.343 


18.001 


3.79 


18.201 


1.11 


1 


3 


19.899 


20.580 


3.42 


20.732 


0.74 


3 


1 


25.325 


26.962 


6.46 


27.009 


0.17 


2 


3 


25.651 


27.000 


5.26 


27.437 


1.62 


3 


2 


29.502 


31.610 


7.15 


32.599 


3.13 


1 


4 


31.502 


33.361 


5.90 






2 


4 


37.087 


39.859 


7.47 






3 


3 


36.875 


39.966 


8.38 






Spherical shells (a/R a = 0.5, a/Rp 


= 0.5) 












Exact SDSST 


Exact CSST 




Ritz CSST 




1 


1 


8.350 


8.383 


0.40 


8.420 


0.44 


1 


2 


12.343 


12.512 


1.37 


12.561 


0.39 


2 


1 


14.336 


14.680 


2.40 


14.751 


0.48 


2 


2 


18.420 


19.044 


3.39 


19.126 


0.43 


1 


3 


20.179 


20.838 


3.27 


21.173 


1.61 


2 


3 


26.195 


27.512 


5.03 


27.512 


0.00 


3 


1 


26.373 


27.961 


6.02 


27.961 


0.00 


3 


2 


30.268 


32.334 


6.83 


32.913 


1.79 


1 


4 


31.579 


33.417 


5.82 






2 


4 


37.352 


40.094 


7.34 






3 


3 


37.383 


40.435 


8.16 







analysis of such shells. The maximum difference between CSST and SDSST is less than 
1% for the fundamental frequency and less than 10% for the 10th frequency for shells with 
moderate thickness (a/h = 20). The Ritz method converged well for the lowest six 
frequencies. Table 6.20 shows similar results for thin shells with thickness ratio a/h of 
100. For such shells, the difference between CSST and SDSST is less than 1% for the 
fundamental 10 frequencies. The Ritz method shows good convergence. 

One important observation should be made here regarding the Ritz analysis. As can be 
seen from the table and actual convergence studies, convergence may be faster with the 
Ritz method for some higher modes than it is for the lower modes. This is interesting 
because it is against the conventional knowledge about the Ritz method. The reason is that 
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Table 6.20. Frequency parameter Cl = coa 2 -^ p/Efi 2 of laminated shallow shell with shear diaphragm 
boundaries, a/b = 1, [0°, 90°, 0°] E-glass/Epoxy, a/h = 100. 



m 


n 


Exact SDSST 


Exact CSST 


Error (%) 


Ritz (108 DOF) 
CSST 


Error (%) 


Cylindrical shells ( a/R a = 0.5) 










2 


i 


14.682 


14.700 


0.12 


15.292 


4.03 


1 


i 


18.517 


18.522 


0.03 


18.522 


0.00 


2 


2 


25.267 


25.300 


0.13 


25.706 


1.60 


3 


1 


27.142 


27.216 


0.27 


28.446 


4.52 


1 


2 


32.910 


32.923 


0.04 


33.120 


0.60 


3 


2 


33.349 


33.447 


0.29 


33.899 


1.35 


2 


3 


37.166 


37.229 


0.17 


37.947 


1.93 


1 


3 


42.014 


42.047 


0.08 


42.288 


0.57 


3 


3 


43.610 


43.756 


0.33 






4 


1 


46.717 


46.938 


0.47 






Spherical shells (a/R a = 0.5, a/Rp = 0.5) 








1 


1 


36.212 


36.215 


0.01 


36.221 


0.02 


2 


1 


38.746 


38.758 


0.03 


38.921 


0.42 


1 


2 


40.432 


40.442 


0.02 


40.445 


0.01 


2 


2 


40.294 


40.317 


0.06 


40.536 


0.54 


1 


3 


45.701 


45.728 


0.06 


46.186 


1.00 


2 


3 


46.065 


46.115 


0.11 


46.935 


1.78 


3 


1 


46.166 


46.22 


0.12 


48.000 


3.85 


3 


2 


47.921 


47.998 


0.16 


48.000 


0.00 


1 


4 


53.521 


53.595 


0.14 






3 


3 


53.749 


53.872 


0.23 







some higher modes actually have less half sine waves than lower modes. This is only a 
characteristic for shells and does not happen for plates. 

It is also worth mentioning that for both case studies here, convergence for spherical 
shells is slightly faster than that of cylindrical shells. 

Having established the accuracy of the Ritz method in analyzing thin shells using 
energy functionals described earlier with elastic constraints at some edges, we can treat 
other bou ndary co nditions. Appendix B lists the fundamental six frequency parameter 
Cl = coa 2 yJ p/E l h 2 for three layer [9, —9, 9 ] laminated cylindrical shells with the angle 9 
varying from 0 to 90° with 15° increments. A moderate thickness ratio (a/h) of 20 is used 
with moderate curvature a/R u of 0.5. Notice that for these cylindrical shells with FFFF, 
SSFF, CCFF, SSSS, CCSS, and CCCC boundary condition, the results obtained for 60, 
75, and 90° are not the same as those obtained for 30, 15, and 0°, respectively; as was 
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found for plates. Appendix C shows similar results for spherical shells. Note there that the 
mentioned symmetry is retained. 



6.4. SHALLOW SHELLS ON TRAPEZOIDAL AND TRIANGULAR PLANFORM 

Shallow shells are basically open shells which share similarities with plates. Like plates, 
shallow shells can virtually have any planform a flat plate may have. This includes 
rectangular, triangular, trapezoidal, circular, elliptical, and others. As was stated earlier 
for plates, it is difficult to construct a lamination using fiber-reinforced composites in 
coordinates other than rectangular. Subsequently, the treatment that follows will 
emphasize on shallow shells having rectangular orthotropy on nonrectangular planforms. 
The focus of this section will be shallow shells on triangular and trapezoidal planforms. 
Isotropic shallow shells were considered for completely free boundary conditions (Qatu 
1995b) as well as cantilevered ones (Qatu 1996). 



6.4.1 Completely free 

A shallow shell with a triangular planform is shown in Figure 6.21 and one with 
trapezoidal planform is shown in Figure 6.22. The planform boundary is defined by the 
four straight lines of Eq. (5.69); a = a l , a = a, j3 = ba/a , and f3 = —ca/a\ where a x , a, 
b. and c are defined in Figures 6.21 and 6.22. A triangular shape is achieved if one chooses 
ci x to be zero; other values of a t less than a will result in a trapezoidal planform. 



6.4.1. 1 Convergence studies. Spherical, cylindrical, and hyperbolic paraboloidal shell 
curvatures are considered. Moderate curvature is treated (b/Rp = 0.5). Symmetric, three- 
layer [6,— 6,6], graphite/epoxy laminates are considered. 

An equal number of terms is taken in both directions (e.g., I = J) of the polynomials. 
This yields the least upper bound for most frequencies (Leissa and Jaber 1992). The 
3x6x6 (108-term) results are compared with those obtained from the more accurate 
3x7x7 (147-term) and 3x8x8 (192-term) ones. The first zero frequencies 
corresponding to rigid body modes are deleted. 

Table 6.21 shows a convergence study for the nondimensional frequencies of a 
laminated right (i.e., c = 0) triangular (rq/a = 0) and trapezoidal (tq/a = 0.25) shallow 
shells. Results for trapezoidal shallow shells with a , /a = 0.5 are available in the literature 
(Qatu 1995c). A representative lamination angle of 30° is considered in the three-layer 
[6, —6, 6] laminates treated. The first (i.e., lowest) six frequencies are given for various 
solution sizes. Similar convergence study is available for symmetrical (c = b ) shallow 
shells (Qatu 1995c). 
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Table 6.21. Convergence of the frequency parameters fl = coa 2 -^ p/E^li 2 for right triangular and 
trapezoidal composite shallow shells, a/Rp = 0.5, a/h = 100, a/b = 1, [30°, —30°, 30°] graphite/epoxy 
laminate. 



a \t a 


Rp/R a 


No. of terms 






Mode number 












1 


2 


3 4 


5 


6 







108 


3.140 


5.795 


6.477 


10.57 


12.83 


16.23 




+ 1 


147 


3.133 


5.776 


6.410 


10.22 


12.66 


15.52 






192 


3.131 


5.772 


6.404 


10.13 


12.58 


15.24 






108 


3.194 


6.595 


7.620 


11.70 


13.70 


19.23 




0 


147 


3.186 


6.526 


7.571 


11.23 


13.55 


18.10 






192 


3.184 


6.520 


7.560 


11.10 


13.49 


17.49 






108 


3.310 


7.181 


8.617 


14.40 


17.07 


23.70 




-1 


147 


3.301 


7.137 


8.409 


13.95 


16.07 


21.25 






192 


3.299 


7.133 


8.358 


13.57 


15.68 


20.78 


0.25 




108 


2.850 


5.492 


7.565 


8.308 


11.99 


16.81 




+ 1 


147 


2.836 


5.469 


7.401 


8.224 


11.72 


14.56 






192 


2.835 


5.460 


7.318 


8.198 


11.57 


14.28 






108 


2.894 


5.847 


7.611 


10.55 


13.40 


17.29 




0 


147 


2.880 


5.809 


7.463 


10.37 


12.84 


15.18 






192 


2.879 


5.792 


7.387 


10.29 


12.64 


14.97 






108 


2.831 


5.985 


7.864 


13.10 


16.38 


23.23 




-1 


147 


2.814 


5.930 


7.717 


12.42 


14.51 


20.37 






192 


2.813 


5.892 


7.642 


12.19 


14.32 


19.96 



Convergence of the frequencies obtained for right shallow shells is observed to be 
good. The maximum difference between the 147-term solution and the 192-term solution 
is less than 5% for all the results. The convergence of the fundamental frequency is the 
best where the frequencies converged to the first three significant figures in almost all 
cases. No special effects of curvature or the (a { /a) ratio is observed. Convergence of 
frequencies obtained for symmetrical shallow shells (i.e., c = b) is observed to be slightly 
worse (Qatu 1995c). Increasing the (a, /a) ratio made the convergence slower for these 
shells. The convergence of the first two frequencies of these shells is particularly good. 
Unfortunately, increasing the number of terms further will introduce ill-conditioning in 
the stiffness matrix and may lead to worthless results in addition to increasing the 
computational time. Based on this analysis, the 192-term solution will be used in all 
subsequent analyses. 
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6.4.1. 2 Effect of varying 9 upon the frequencies . In this section, studies are made for 
symmetrically laminated shallow shells of various planforms having a three-layer angle- 
ply stacking sequence [9,— 9,6]. Results are presented for the relatively strong 
orthotropic graphite/epoxy (G/E) composites. 

Shallow shells with right triangular and trapezoidal planforms are first considered. For 
these shells c = 0. An aspect ratio ( a/b) of 1 is used because it gives rise to the interesting 
configuration with a shell “opening” angle (at the left corner of the shell) of 45°. One 
triangular planform (a { /a = 0) and one trapezoidal (a^/a = 0.25) planform are studied. 
Results are presented for the triangular planform in Table 6.22 and for the trapezoidal 
planform in Table 6.23. In each of these tables, the lamination angle in a three-layer 
laminate [9, —9, 9] is varied from 0 to 90° by an increment of 15°. Spherical, cylindrical. 



Table 6.22. Effect of varying the lamination angle 0 on the frequency parameters of three-layer [d, —6, t)\ 
graphite/epoxy right (c = 0) triangular shallow shells; a/Rp = 0.5, a/h = 100, a/b = 1. 



Lamination angle 
(degrees) 


1 


Mode number, LI 
2 3 


= wa 2 ,Jp/E l 
4 


h 2 

5 


6 


0 


2.319 


3.966 


7.085 


7.760 


9.236 


12.52 


15 


2.610 


4.908 


7.122 


8.718 


10.23 


14.60 


30 


3.131 


5.772 


6.404 


10.13 


12.58 


15.24 


45 


3.581 


4.816 


7.544 


11.21 


12.88 


13.69 


60 


3.131 


5.772 


6.405 


10.13 


12.58 


15.24 


75 


2.610 


4.908 


7.122 


8.718 


10.23 


14.61 


90 


2.319 


3.967 


7.085 


7.760 


9.235 


12.52 


0 


1.812 


3.669 


5.021 


7.345 


9.666 


10.07 


15 


2.151 


4.552 


5.574 


8.930 


9.691 


10.88 


30 


2.835 


5.460 


7.318 


8.198 


11.57 


14.28 


45 


4.076 


5.208 


7.256 


10.52 


12.48 


13.78 


60 


3.932 


5.478 


6.637 


10.69 


13.03 


14.41 


75 


2.931 


4.887 


7.577 


9.140 


10.53 


14.73 


90 


2.343 


4.051 


7.659 


8.059 


9.427 


13.06 


0 


2.274 


4.024 


7.492 


7.818 


10.35 


13.06 


15 


3.107 


4.687 


7.204 


9.956 


11.22 


15.23 


30 


4.289 


5.136 


7.648 


11.87 


13.69 


14.68 


45 


4.698 


5.647 


8.298 


11.86 


15.08 


16.44 


60 


4.289 


5.136 


7.648 


11.87 


13.69 


14.68 


75 


3.108 


4.686 


7.200 


9.961 


11.22 


15.19 


90 


2.274 


4.024 


7.492 


7.817 


10.35 


13.05 
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Table 6.23. Effect of varying the lamination angle 6 on the frequency parameters of three-layer [ 0, — 6, SI 
graphite/epoxy right (c = 0) trapezoidal shells: a l /a = 0.25, a/Rp = 0.5, a/h = 100, a/b = 1. 



Rp/R a 


Lamination angle 
(degrees) 




Mode number, Cl 


= u^^p/Ei 


h 2 








1 


2 


3 


4 


5 


6 


+ 1 


0 


2.528 


4.361 


7.182 


8.725 


11.71 


14.24 




15 


2.744 


5.148 


7.822 


9.725 


12.54 


15.00 




30 


3.184 


6.520 


7.560 


11.10 


13.49 


17.49 




45 


3.809 


6.401 


8.094 


12.82 


13.69 


17.84 




60 


4.261 


6.020 


8.000 


12.97 


15.33 


15.56 




75 


3.567 


6.382 


7.738 


10.36 


13.74 


17.39 




90 


2.973 


5.704 


7.785 


8.901 


12.81 


13.65 


0 


0 


1.923 


4.117 


5.040 


8.174 


9.957 


13.18 




15 


2.233 


4.838 


5.634 


9.489 


10.87 


13.36 




30 


2.879 


5.792 


7.387 


10.29 


12.64 


14.97 




45 


4.051 


6.149 


9.517 


10.52 


13.87 


17.67 




60 


4.897 


6.196 


8.346 


13.30 


14.33 


16.73 




75 


3.855 


6.875 


7.862 


10.89 


14.25 


17.15 




90 


2.963 


6.128 


7.957 


9.555 


13.11 


13.78 


-1 


0 


2.491 


4.431 


7.809 


9.074 


12.52 


14.52 




15 


3.313 


4.779 


8.285 


11.17 


12.88 


16.28 




30 


4.606 


5.186 


9.499 


13.56 


14.79 


15.38 




45 


5.149 


6.149 


10.77 


14.05 


15.71 


17.12 




60 


5.174 


6.017 


10.63 


13.19 


14.74 


19.33 




75 


4.061 


6.026 


8.874 


11.60 


14.96 


16.48 




90 


2.895 


5.986 


7.664 


10.83 


12.34 


15.55 



and hyperbolic paraboloidal curvatures are considered. A thickness ratio (a/h) of 100 and 
a curvature ratio (b/Rp) of 0.5 are considered. 

The 45° lamination angle resulted in the maximum first, third, fourth, and fifth 
frequencies for spherical right triangular shells with an aspect ratio of 1 (Table 6.22). The 
maximum second and sixth frequencies are obtained at angles 30 and 60°. For these shells, 
results obtained for 6=0 , 15, and 30° are the same as those obtained for 6 = 90, 75, and 
60°, respectively due to symmetry. This symmetry is lost for cylindrical shells where 
maximum frequencies are obtained at 6 > 45°. Almost all maximum frequencies are 
obtained for 6 = 45° for hyperbolic paraboloidal shells. For these shells with aspect ratio 
of 1.732 (Qatu 1995c), the symmetry is lost, and maximum frequencies are obtained at 
angles of lamination between 15 and 45° for all curvatures. For right trapezoidal shells 
with flj/a = 0.25, the maximum frequencies are obtained when 45° < 6 < 60° for almost 
all results for a/b = 1 (Table 6.23). 
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Table 6.24 presents the natural frequencies of shallow shells having symmetrical 
triangular planforms (c = b). Results for symmetrical shallow shells with trapezoidal 
planform are available (Qatu 1995c). The value of a/b = 1.732 is considered, which 
corresponds to opening angles of 60° at the origin. This ratio presents the interesting 
equilateral planform for triangular shallow shells. Three-layer laminates with various 
angles of lamination 0 are considered. Frequencies for the three types of curvature are 
included. 

Interestingly enough, for almost all the frequencies obtained for symmetrical shells 
(including those obtained for trapezoidal shapes which are not reported here), the 
maximum frequencies occur at a lamination angle equal to or more than 45°. In many 
cases, no smooth trends in the frequencies are obtained as the lamination angle is 
increased. Taking the fifth frequency of spherical shells in Table 6.24 as an example, a 
frequency parameter of 1 1.08 is obtained at 0 = 0°. Increasing the lamination angle to 30° 



Table 6.24. Effect of varying the lamination angle 9 on the frequency parameters of three-layer [0, —0, 0\ 
graphite/epoxy symmetrical (c = b) triangular shells: a/R = 0.5, a/h = 100, a/b = 1.732. 



Rp/R a Lamination angle (degrees) 



Mode number fl = axi 



2 yfp/Ei 



h 2 







1 


2 


3 


4 


5 


6 


+1 


0 


3.047 


3.486 


6.548 


6.782 


11.08 


11.10 




15 


3.215 


3.783 


6.512 


7.488 


9.905 


12.23 




30 


3.224 


4.375 


6.673 


8.391 


9.020 


14.49 




45 


3.089 


4.442 


6.638 


8.636 


9.966 


13.65 




60 


3.203 


4.021 


6.627 


7.921 


11.53 


12.38 




75 


3.210 


3.716 


6.547 


7.613 


9.438 


12.29 




90 


3.067 


3.613 


6.689 


7.675 


7.820 


12.74 


0 


0 


2.109 


2.907 


5.341 


6.110 


9.227 


9.971 




15 


2.173 


3.453 


5.661 


6.549 


9.240 


10.71 




30 


2.376 


4.658 


6.382 


7.810 


8.923 


12.07 




45 


2.675 


5.755 


6.865 


7.181 


10.86 


12.59 




60 


2.958 


5.011 


6.725 


7.873 


11.76 


12.49 




75 


3.095 


4.254 


6.394 


8.537 


10.09 


11.70 




90 


3.100 


3.922 


6.541 


7.769 


9.368 


12.54 


- 1 


0 


3.039 


3.352 


6.727 


8.910 


11.61 


12.55 




15 


2.726 


4.373 


6.617 


9.758 


11.53 


12.91 




30 


2.655 


5.671 


6.794 


9.629 


13.20 


14.75 




45 


2.662 


5.818 


7.154 


9.430 


13.48 


15.61 




60 


2.702 


5.252 


6.525 


9.413 


12.01 


13.88 




75 


2.709 


4.352 


6.123 


8.875 


10.84 


12.32 




90 


3.091 


3.681 


6.406 


7.650 


10.53 


13.42 
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Fiber Angle 0 

Figure 6.23. Effect of varying the lamination angle 0 on the frequency parameters of three-layer 
[0, — 6, 0} graphite/epoxy right (c = 0) triangular shallow shells: a/Rp = 0.5, a/h = 100, a/b = 1. 

decreases the frequency to 9.02. Increasing the angle further to 60° increases the 
frequency to its maximum at 1 1.53. Further increase in the lamination angle decreases the 
frequency to a minimum (Figure 6.23). 

6.4.2 Cantilevered 

A cantilevered shallow shell with a right triangular or trapezoidal planform is shown 
in Figure 6.24. The planform boundary is defined by the four straight lines a = a \ , a = a, 
(3 = ba/a, and (3= 0 as in Eq. (5.71). The parameters «, . a, and b are defined in 
Figure 6.24. 

6.4.2. 1 Convergence studies. Spherical, cylindrical, and hyperbolic paraboloidal shells 
with moderate depth (b/Rp = 0.5) are considered. The laminates considered here are 
symmetric, graphite/epoxy, of three-layers, with stacking sequence [0, —0, 0], An equal 
number of terms is taken in both directions (I = J) of the polynomials. The frequencies 
obtained by using 3 X 6 X 6 (108 term) are compared with those obtained from the more 
accurate 3x7x7 (147-term) and 3x8x8 (192-term) solutions. Table 6.25 sh ows a 
convergence study for the nondimensional frequencies Cl = coa 2 ^ p/E l h 2 of a 
cantilevered composite triangular (a x /a = 0) and trapezoidal (a l /a = 0.25) shallow 
shells. The lowest six nondimensional frequency parameters are given for various solution 
sizes. 

Convergence is observed to be very good in all the results. The difference between the 
147-term solution and the more accurate 192-term solution did not exceed 1% in almost 
all the results. 
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Figure 6.24. A cantilevered shallow shell on right trapezoidal planform (Qatu 1995d). 



The fundamental frequencies converged to the first three significant figures in most of 
the cases. No significant effect of the curvature or the planform shape is observed on the 
convergence characteristics. Based on this study the 192-term solution will be used in all 
subsequent results. 

6.4.2. 2 Effect of varying 0 upon the frequencies. Studies are made for symmetrically 
laminated triangular and trapezoidal shallow shells of various planforms having a three- 
layer, angle-ply stacking sequence [0, —0, 6]. All possible shapes of right triangular and 
trapezoidal planforms may be achieved by varying the parameters a l /a 1 and a/h. Shallow 
shells with right triangular and trapezoidal planforms and an a/b ratio of 1 are considered. 
Other a/b ratios were considered in the literature (Qatu 1995d). Results for a triangular 
planform (cq/a = 0) and a trapezoidal planform (a l /a = 0.25) are presented in 
Tables 6.26 and 6.27. A thickness ratio (a/h) of 100 and a curvature ratio (b/Rf) of 
0.5 representing thin shallow shells are considered. 

In all results the maximum frequencies occur at a lamination angle other than 0° 
(Figure 6.25). In fact, the maximum frequency is between double and triple of that found 
for a lamination angle of 0°. Maximum frequencies are observed at lamination angles 
of 60 and 75° in all the results except the second frequency for spherical shells (where it is 
at 0 = 45°) and the second and fifth frequencies of cylindrical shells (where the maximum 
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Table 6.25. Convergence of the frequency parameters for triangular and trapezoidal cantilevered shallow 
shells, a/Rp = 0.5, a/h = 100, a/b = 1, [30, —30, 30] graphite/epoxy laminate (Qatu 1995d). 



a t /a Rp/R a No. of terms 



Mode number. Cl = wa 



2 Jp/Eih 2 







1 


2 


3 


4 


5 


6 


+ 1 


108 


1.382 


4.741 


5.937 


10.78 


14.12 


19.07 




147 


1.380 


4.723 


5.920 


10.64 


13.92 


18.06 




192 


1.379 


4.717 


5.914 


10.63 


13.87 


17.85 


0 


108 


0.7351 


3.101 


4.290 


7.615 


11.16 


14.80 




147 


0.7349 


3.098 


4.285 


7.602 


11.06 


14.23 




192 


0.7347 


3.097 


4.283 


7.596 


11.05 


14.20 


-1 


108 


1.774 


5.531 


7.582 


11.85 


15.90 


17.98 




147 


1.768 


5.516 


7.574 


11.81 


15.71 


17.80 




192 


1.767 


5.509 


7.567 


11.79 


15.69 


17.74 


+ 1 


108 


1.272 


4.636 


5.005 


9.773 


11.72 


17.40 




147 


1.269 


4.617 


4.990 


9.688 


11.63 


16.58 




192 


1.264 


4.609 


4.979 


9.671 


11.60 


16.39 



0.25 



0 


108 


0.6728 


2.977 


3.904 


7.372 


10.66 


14.42 




147 


0.6721 


2.974 


3.897 


7.359 


10.59 


13.85 




192 


0.6721 


2.974 


3.888 


7.353 


10.58 


13.81 


-1 


108 


1.680 


4.349 


5.488 


11.68 


13.19 


17.24 




147 


1.674 


4.320 


5.472 


11.63 


13.11 


17.09 




192 


1.672 


4.316 


5.463 


11.62 


13.07 


17.02 



frequency is at 6 = 90°). Similar observation is made for triangular shells with a 0.577 
aspect ratio (Qatu 1995d). For trapezoidal shells with a\/a = 0.25, the maximum 
frequencies occur at or around 0 = 75°. Similar observation was made when the ratio 
ci \ / ci = 0.5 (Qatu 1995d). 



6.5. SHALLOW SHELLS ON CIRCULAR PLANFORMS (SPHERICAL CAPS) 

As was stated earlier, shallow shells are like plates due to the fact that they can have 
practically any planform. Among the planforms treated for shallow shells is the circular 
planform. Shallow shells on a circular planform (Figure 6.26) can still have the double 
curvature and twist. The only problems, however, which are treated in the literature for 
such shells are when they are spherical in curvature. This will give the interesting problem 
of a spherical cap, which has useful applications in many industries. 
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Table 6.26. Effect of varying the lamination angle 0 on the frequency parameters of three-layer [ 6, — 6, SI 
graphite/epoxy triangular shallow shells: a/Rp = 0.5, a/h = 100, a/b = 1 (Qatu 1995d). 



Rp/R a Lamination angle 



Mode number. fl= coa 2 sjp/E\h 2 
2 3 4 5 6 



0 


1.046 


3.455 


3.920 


7.538 


9.252 


12.84 


15 


1.117 


3.893 


4.906 


8.520 


11.58 


14.42 


30 


1.379 


4.717 


5.914 


10.63 


13.87 


17.85 


45 


1.802 


5.228 


7.088 


13.06 


15.10 


22.52 


60 


2.212 


5.162 


8.060 


13.78 


16.78 


23.50 


75 


2.231 


4.801 


8.555 


12.13 


19.77 


19.96 


90 


1.916 


4.518 


8.067 


10.77 


15.93 


21.34 


0 


0.4812 


2.035 


3.009 


5.041 


7.567 


9.618 


15 


0.5444 


2.335 


3.548 


5.717 


9.115 


10.65 


30 


0.7347 


3.097 


4.283 


7.596 


11.05 


14.20 


45 


1.108 


4.330 


4.989 


11.02 


12.74 


20.40 


60 


1.537 


4.785 


6.487 


13.02 


15.52 


23.09 


75 


1.712 


4.667 


7.797 


11.91 


19.28 


19.87 


90 


1.514 


4.361 


7.743 


10.81 


15.79 


21.06 


0 


0.9900 


3.354 


5.185 


7.459 


10.45 


12.96 


15 


1.301 


4.115 


5.981 


9.002 


12.63 


15.36 


30 


1.767 


5.509 


7.567 


11.79 


15.69 


17.74 


45 


2.242 


7.396 


9.127 


14.79 


17.30 


19.73 


60 


2.443 


8.309 


9.267 


15.91 


18.42 


22.04 


75 


2.220 


8.045 


8.903 


14.62 


19.86 


21.54 


90 


1.699 


6.588 


8.731 


13.21 


16.54 


21.64 



Such shells have received some attention when made of isotropic materials and less 
attention when made of orthotropic materials. A limited number of references treated 
these shells when made of laminated composite materials. As was stated earlier for plates, 
the difficulty of manufacturing these structures from fiber-reinforced materials, which 
require nonstraight fibers may be the cause of such lack of attention. Layers made of 
isotropic materials are easy to manufacture and the same is true for layers made of 
orthotropic materials. 

The treatment of shallow shells made of layers with rectangular orthotropy on circular 
planforms is similar to the treatment made for similar circular plates. Shallow shells with 
circular orthotropy on circular planforms will be treated here. 

Similar to plates, the fundamental formulation of the theory of shallow shells must be 
revisited when they are on circular planforms having circular orthotropy. For such shells, 
the fundamental equations need to be re-written in polar coordinates. This can be treated 
with proper selection of Lame parameters. Consider the plate of Figure 5.16 and the polar 
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Table 6.27. Effect of varying the lamination angle 6 on the frequency parameters of three-layer [ 0, — 6, ft] 
graphite/epoxy trapezoidal shallow shells: a t /a = 0.25, a/Rp = 0.5, a/h = 100, a/b = 1 (Qatu 1995d). 



Lamination angle 




Mode number, il 


= coa 2 ^p/E l 


h 2 






1 


2 


3 


4 


5 


6 


0 


1.013 


3.204 


3.390 


7.266 


8.030 


12.31 


15 


1.046 


3.777 


3.953 


8.050 


9.821 


13.59 


30 


1.264 


4.609 


4.979 


9.671 


11.60 


16.39 


45 


1.700 


5.098 


6.410 


12.11 


12.99 


20.65 


60 


2.156 


4.986 


7.843 


12.73 


16.34 


20.87 


75 


2.203 


4.692 


8.509 


11.65 


18.18 


19.93 


90 


1.904 


4.438 


8.021 


10.56 


15.24 


20.83 


0 


0.4698 


1.948 


2.789 


5.005 


7.380 


9.683 


15 


0.6718 


2.241 


3.171 


5.640 


8.795 


10.64 


30 


0.6724 


2.974 


3.889 


7.353 


10.58 


13.81 


45 


0.9934 


4.270 


4.473 


10.87 


11.77 


19.99 


60 


1.443 


4.311 


6.387 


12.35 


15.41 


21.70 


75 


1.700 


4.315 


7.791 


11.44 


18.51 


19.55 


90 


1.514 


4.279 


7.665 


10.70 


15.31 


20.64 


0 


0.9833 


3.324 


3.544 


7.424 


8.859 


12.92 


15 


1.271 


3.607 


4.065 


8.934 


10.47 


15.32 


30 


1.672 


4.316 


5.463 


11.62 


13.07 


17.02 


45 


2.112 


5.078 


7.493 


13.85 


15.87 


23.72 


60 


2.377 


5.681 


8.764 


14.11 


18.25 


21.12 


75 


2.210 


6.298 


8.830 


13.10 


19.09 


21.11 


90 


1.698 


6.277 


8.119 


12.70 


15.80 


20.97 



coordinates shown there. The following parameters can be applied to the equations 
derived earlier for shallow shells to obtain these equations in polar coordinates: 

a = r, f3 = 6 A = 1, B = r (6.28) 



6.5.1 Thin shallow shells on circular planforms 

For very thin shallow shells, where Kirchoff’s hypothesis applies, the midsurface strains, 
curvature, and twist changes are 
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6. 3.4.4 Mode shapes. In the subsequent analysis, the aspect ratio ( a/b ) is taken as 1, and 
the thickness ratio (a/h) is taken as 100 representing a typical thin shell. The curvature 
ratio (a/R) is taken as 0.5 for moderately shallow shells. Three-layer laminates (6, — 9, 9) 
are considered. The corresponding frequency parameter is given below the mode shape. 
Figures 6. 4-6. 6 give the first six mode shapes with various lamination angles for 
spherical, cylindrical, and hyperbolic paraboloidal curvatures, respectively. Mode shapes 
are shown for 9=0, 15,30, and 45° only for spherical and hyperbolic paraboloidal shells. 
For these shells, mode shapes for 9 = 60, 75, and 90° are similar to those given for the 
9 = 30, 15, and 0°, respectively, and can be obtained easily by changing the coordinates. 

For the completely free boundary condition, symmetry exists about the inplane axes 
for the isotropic and orthotropic (e.g., cross-ply) shells. This symmetry is lost for shells 
with angle-ply lamination. For the special case of diagonally orthotropic angle-ply 
laminates which are made of 45° angle layers, symmetry exists about the diagonals for 
spherical and hyperbolic paraboloidal shells only. The gradual change in contour lines 
with increasing 9 is evident in the figures. 

As the lamination angle increases, the order of the mode shapes may vary. For 
example, the second mode shape for cylindrical shells is becoming the third one when the 
lamination angle exceeds 45°, and its shape remains the same. The third mode shape 
changes gradually as 9 increases to end up with a mode shape for 9 = 90° similar to the 



0 = 0 ° 



8 = 15° 



0 = 30° 



0 = 45° 



Figure 6.4. Mode shapes and frequency parameters for completely free [ 8, — 0, 0 \ , G/E spherical shells, 
a/b = 1, a/h = 100, a/R = 0.5 (Qatu 1992c; reproduced with permission). 
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Fiber Angle 0 

Figure 6.25. Effect of varying the lamination angle 6 on the frequency parameters of three-layer 
[0, —9, 9 ] graphite/epoxy triangular shallow shells: a/Rp = 0.5, a/h = 100, a/b = 1. 
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Figure 6.26. A spherical cap. 
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For laminated shallow shells on a circular planform with each layer having circular 
orthotropy, a transformation matrix can be built from the orthotropic directions 1 and 2 
(Figure 1.3) to the polar (r. 0) coordinates, in a manner similar to that of plates. Eq. (5.76) 
will then be applied for composite shallow shells. 

Substitute Eq. (6.28) into Eq. (6.6) yields the following equations of motion for thin 
shallow shell on circular planform 

— (rN r ) + — (Np r ) — N g + rq,. = r(I{u\) 
dr d 0 

Jz( N e) + IW + N gr + rq„ = r(I x vl) (6.31) 

80 dr 

( N.. Ng \ 6 8 -> 

+ ~Rj + Tr (rQl)+ 80 iQe) + rqn = K/l#5) 

where 



r Ql — — (rM r )+ —(Mg,) Mg 
dr 80 

r Qe = TxCMft) + — ( rM r g ) + M g ,. 

80 dr 

Boundary conditions can be derived in a similar fashion. 
N 0r — N r = 0 or uq = 0 
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(6.32) 



6.5.2 Thick shallow shells on circular planforms 

For thick shallow spherical caps, where shear deformation and rotary inertia are 
considered, the midsurface strains can be derived by substituting Eq. (6.28) into Eq. (6. 17) 
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0 . , 

To n = ~jTT + » K 

_ 1 dw O , , 

yofc “ 7 Ye + h 



and the curvature and twist changes are: 

4>r 



difj r 1 8 

r dr 6 r dO 



V0 ' 



Yf I 

dr 



r 

1 0t \t r 

r 96 



r 



(6.33) 



(6.34) 



The force and moment resultants are obtained by integrating the stresses over the plate 
thickness. 

The equations of motion for thick spherical caps in polar coordinates are obtained by 
substituting Eq. (6.28) into Eq. (6.19): 

— (rN r ) + — (N 0r ) — N g + rq r = r(I{uQ + fY) 

dr 66 

— (N g )+ — ( rN rff ) + N e ,. + rq e = r{I x v l + I 2 4>e) 

66 dr 

( N r Nn \ d d 

_r i + i) + 3 r (rQr) + Ye iQe) + rq " = K/| *o ) (6J5) 

~~(rM r ) + AM 8,-) -M e - rQ r + rm r = r(7 2 «o +h$) 

6r 66 

— (Mg) + — ( rM r g ) + Mg r ~ fQg + URg = K M’O + ^3 4%) 

66 dr 

where q r , q e , and q n represent external forces (per unit area) applied either to the surface 
or as body forces. 

On each boundary, one must specify five conditions. The boundary terms for the 
boundaries with r = constant are 
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6.5.3 Free vibration of spherical caps 

Table 6.28 shows results obtained for a spherical cap with a/R (where a 


is the radius of the 



planform, as shown in Figure 6.26 and R the radius of the shell) of 0.19802. This 
constitutes a “rise” in the spherical cap at the center of 0.1, the radius of the planform. 
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Table 6.28. Frequency parameter for il = e>R^Jp/E 2 for clamped spherical cap (a/R = 0.19802). 



a/h 


[0°] 


[90°] 


[0°, 90°] 


[0°, 90°, 0°] 


[90°, 0°, 90°] 


100 


2.127 


1.453 


2.070 


2.374 


1.986 


50 


2.907 


1.603 


2.464 


2.855 


2.239 


20 


3.721 


2.040 


3.522 


3.908 


3.906 


14.2 


4.142 


2.369 


4.307 


4.314 


3.528 


10 


4.815 


2.886 


5.107 


4.955 


3.954 


Graphite/epoxy: E\ = 


13.8 X 10 6 N/cnr 


2 , E 2 = 1.06 X 10 6 N/cm 2 ’ ( 


j 12 = 0.6 X 10 6 N/cm : 


\ G 13 = G 2 3 = 


0.39 x 10 6 


N/cm 2 , 1^23 


= t' 13= 0.34. p = 


1.5 kg/m 3 . Circumferential 


wave number = 1 


(Gautham and 



Ganesan 1997). 



The results are obtained by Gautham and Ganesan (1997) who used finite element 
methods in their analysis. Graphite/epoxy materials are used with material parameters 
different to those used earlier. The material properties are listed in the table. Various 
thickness ratios are used with various lamination sequences. 

Compare the results obtained for single layer shells ([0°] and [90°] laminates). The 
first observation made is that the frequencies are higher when the fibers are oriented in the 
radial direction than those obtained when the fibers are oriented in the circular direction. 
This is the case for all thickness ratios studied. Interestingly, for the [0°, 90°] laminate, it 
gave lower frequencies than those obtained for the [0°] when the shell is thin but slightly 
higher frequencies for thicker shells. In fact, the [0°, 90°] laminate gave the highest 
frequencies when compared with all other lamination sequences studied for shells with the 
thickness ratio a/h of 0.1. 

It is also interesting to notice that the [0°, 90°, 0°] lamination sequence gave the 
highest frequencies when the shell is very thin (a/h = 100), and the single layer [0°] gave 
the highest frequencies for the thickness ratio of 50. As expected, the [0°, 90°, 0°] 
lamination sequence gave higher frequencies than the [90°, 0°, 90°] lamination sequence. 




Chapter 7 

Cylindrical Shells 



Shells may have different geometrical shapes based mainly on their curvature 
characteristics. For most shell geometries, the fundamental equations have to be derived 
at a very basic level. The type of shell curvature makes it necessary to derive equations, 
which are driven by 

1. the choice of the coordinate system (Cartesian, polar, spherical or curvilinear); 

2. the characteristics of the Lame parameters (constant, or function of the coordinates); 

3. curvature (constant or varying curvature). 

Equations for some shell geometries can be obtained as special cases of a more 
general shell geometry. For example, equations for cylindrical, spherical, conical and 
barrel shells can be derived from the equations of the more general case of shells of 
revolution. Equations for cylindrical, barrel, twisted and shallow shells as well as those for 
plates can be derived from the general equations of doubly curved open shells. 

Cylindrical shells are a special case of the general case of shells of revolution. In shells 
of revolution, the surface of the shell is constructed by starting with a line, straight or 
curved, and revolving this line around a certain axis. The surface that the line “sweeps” as 
a result of this rotation defined the shell’s middle surface. In most shells of revolutions 
treated in the literature, each point on the line maintains a constant distance from the axis 
of revolution. This will produce shells of revolutions with circular cross-section. If each 
point generates a shape other than circular, like elliptic, the shell is referred to by the shape 
of the cross-section or simply as a shell of revolution with non-circular cross-section. 
Cylindrical shells are formed by revolving a straight line around an axis parallel to the line 
itself. 

Cylindrical shells have received the most attention in the literature when compared 
with other shells. The literature on the vibration of these shells is vast. The free vibrations 
of thin isotropic cylindrical shells was the subject of more than 200 papers published by 
1970 (Leissa 1973a). Orthotropic single-layer shells and stiffened ones were the subject of 
more than 20 papers before 1970. A very limited number of these seemed to have dealt 
with laminated composite cylindrical shells. Much more information on cylindrical shell 
vibration, including laminated composite ones, is available now in many journal 
publications, reports, or other books since 1973. Although some of the recent publications 
still treat thin isotropic cylindrical shells (Lim et al. 1998a,b) and thick ones (Lim and 
Liew 1995a,b), special interest has been given to shells made of laminated composite 
materials (Qatu 2002a, b). The theory of such shells was developed before 1964 
(Ambartsumian 1964). This attention is due to the promising potential and diverse 
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applications of laminated composites in the aerospace, marine, automotive and other 
industries. The ease of manufacturing and widespread usage of cylindrical shells are other 
reasons for such attention. Other shell geometries were also investigated. 

Earlier studies on vibrations of composite shells dealt almost exclusively with 
stiffened or orthotropic shells. Weingarten (1964) considered a shell made of three 
isotropic layers and studied its free vibrations using Donnell’s shell theory (a shallow shell 
theory). The first analytical vibration analysis of laminated cylindrical shells is probably 
that of Dong (1968). Recent studies dealt with generally laminated shells (Qatu 2002a). 

A considerable amount of information on the free and forced vibration of cylindrical 
shells can be found in the books of Leissa (1973a, b) and Soedel (1993). The first of these 
books studied various shell theories and compared their results with those obtained using 
the three-dimensional (3D) theory of elasticity. A general conclusion made there was that 
all thin deep shell theories yield similar results in vibration analysis. The assumptions that 
were made there for various shell theories are used here for laminated deep thin shells. 
Certain results obtained there using the 3D theory of elasticity will also be used here for 
comparison. The book by Soedel (1993) emphasized more on forced vibrations, shell’s 
interaction with fluids and other problems. 

A consistent set of equations for generally laminated, deep, circular cylindrical shells 
will be derived. A more general approach to the analysis of shells of revolution can be 
found in Suzuki et al. (1995a, b). Open as well as closed cylindrical shells will be included 
in the present analysis. 

Consider a shell of revolution, for which the middle surface is shown in Figure 7.1. 
The fundamental form can be written as 

(d.s) 2 = (da) 2 + sin 2 c/>(d/3) 2 where da = R a d <f>, d/3 = R p d0 (7.1) 



a 





Figure 7.1. Fundamental parameters in shells of revolutions (Qatu 1999b). 
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◄ a ► 




Figure 7.2. Closed cylindrical shell. 

We will maintain the a and (3 coordinates in the subsequent analysis for convenience. The 
Lame parameters are 

A = 1, B = sin </> (7.2) 

Consider further a cylindrical shell with constant radius of curvature Rp. and infinite radii 
of curvature R a and R a p (Figure 7.2). This leads to constant Lame parameters. The 
fundamental form for cylindrical shells become 

(dv) 2 = (da) 2 + (d/3) 2 where d/3 = Rp d0 (7.3) 

and the Lame parameters are 

A= 1, B= 1 (7.4) 

It should be mentioned that the midsurface coordinates (a, /3) are maintained in the above 
equations and subsequent derivation. This results in unit Lame parameters. In most 
derivations available in the literature, the axes (x. 6) are chosen. For such choice of 
coordinates, one can either replace [3 by (Rp 8) and a by x in the following equations and 
obtain the equations in the (x, 8) coordinates or derive the equations again by replacing a 
with x and j3 with 8. In the latter case, the Lame parameters will be A = 1 and B = Rp. 
Both approaches yield the same set of equations in the (x, 8) coordinates. 



7.1. EQUATIONS FOR THIN CYLINDRICAL SHELLS 

The equations are developed for the general dynamic analysis of laminated cylindrical 
shells and can be reduced to the static and free vibration analyses. We will only consider 
laminated composite materials that have cylindrical orthotropy. 
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7.1.1 Kinematic relations 

The formulation of Eq. (7.3) can be used to treat both open and closed shells. Closed 
cylindrical shells can be treated as a special case of open shells. This is done by replacing 
the coordinate /3 with RO. The present formulation accounts for any b/Rp ratio. In fact, the 
present formulation accounts for the cases when b > 2tt/? / 3 (Qatu 1999b). These cases are 
seldom treated in the literature. 

When the general equations derived earlier for general shells in Chapter 2 are 
specialized to those of cylindrical shells, the following midsurface strains and curvature 
changes are obtained: 
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(7.5) 



The /3 subscript is dropped because there is only one radius of curvature for cylindrical 
shells (R = Rp). 



7.1.2 Stress resultants 

Consider a laminated composite thin shell constructed with very thin layers of composite 
material laminae. Applying the Kirchoff hypothesis of neglecting shear deformation, 
assuming that s z is negligible, as is customarily done in thin shell theory (or classical shell 
theory, CST), and integrating the stresses over the thickness of the shell yields Eqs. (2.64) 
and (2.65). Note that these equations are the same as those for laminated plates, which are 
valid for thin shells (as shown in Chapter 2). Note also that the orthotropy of each layer is 
assumed to follow the coordinate system or the fibers of each layer make a constant angle 
with the coordinate. 



7.1.3 Equations of motion 

By deleting the body couples and implementing unit values for the Lame parameters A 
and B 1 the reduced equations of motion become 

'6N a dN a p _ 9 2 Mg 
9a 9/3 9f- 

' dN b , ' dN a/3 , 1 I" 1 _ _- T 9 2 V 0 

9/3 9a + R[ 9/3 9a J +/?/3 1 9 1 2 

N P . 9 2 M a . d 2 M a p d 2 Mp 9 2 w 0 

R 9 a 2 "9/3 9a 9/3 2 1 9t 2 



(7.6) 
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where p a , pp, and p n are external pressure components. The above equations can be 
written in term of the coordinates ( x , 9) by substituting the following expression into them: 

A = AA (7.7) 

9(3 R 99 



Substituting Eqs. (7.5) and (2.64) into Eq. (7.6) yields the equations of motion in terms of 
displacement. Multiplying the last equation by — 1, yields Eq. (5.10). The L is coefficients 
of these equations are 
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(7.8) 



The above equations can be used for exact solutions and approximate weighted residual 
methods like Galerkin’s method. 



7.1.4 Energy functionals for cylindrical shells 

The strain energy functional for a cylindrical shell made of laminated composite can be 
written as in Eqs. (5.12) and (5.13) {U = U s + U b + U bs ): where U s is the part due to 
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stretching alone. 



U ‘=2 



+m “(£)($ + t) + “»(£)(£ + £) 



(7.9) 



U b is the part due to bending alone, 




and U bs is the part due to bending -stretching coupling. 





(7.11) 



Note that for symmetrically laminated shells, By = 0 and, hence, U bs = 0. The work done 
by the external forces as the shell displaces is the same as in Eq. (5.17) and the kinetic 
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energy of the entire cylindrical shell is expressed with the same equations used for plates 
(Eq. (5.18)). 



7.2. THICK CYLINDRICAL SHELLS 

Thick cylindrical shells are shells with a thickness smaller than ( 1/1 0)th of the smallest of 
the wave lengths and/or radii of curvature. Note that CST is applicable only when the 
thickness is smaller than (l/20)th of the smallest of the wave lengths and/or radii of 
curvature. Equations for laminated composite deep, thick circular cylindrical shells are 
derived from the previous general shell equations described in Chapter 2. This is done by 
imposing the unit Lame parameters of Eq. (7.3) to the general shell equations and setting 
both R a and R a p to infinity, while maintaining Rp. 



7.2.1 Kinematic relations 

Using Eqs. (7.3) and (7.4), the middle surface strains and curvature changes for thick 
cylindrical shells having constant radius R are 
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(7.12) 



7.2.2 Stress resultants 

The force and moment resultants are obtained by integrating the stresses over the 
shell thickness. They are defined in Eqs. (2.39) and (2.40). These equations include the 
term (1 + z/R) in the denominator. The force and moment resultants of general thick 
shells are specialized to those for cylindrical shells. For cylindrical shells Eq. (2.41) 
applies and Eq. (2.42) becomes (after neglecting the term ( / R) and higher order shear 
terms) 
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(7.13) 




266 



Vibration of Laminated Shells and Plates 



where Ay, By, and Dy are given in Eqs. (2.43) and (2.44). The terms Ay, By, Dy, Ay, By, 
and Dy are specialized for cylindrical shells 
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(7.14) 



and where equations Ayp, Byp, and Dyp, are defined in Eq. (2.44). 

One can also use the truncated equations (Leissa and Chang 1996; Qatu 1999a) 
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(7.15) 



where Ay, By, Dy, and Ey are defined in Eqs. (2.46) and (2.47). 



7.2.3 Equations of motion 

The equations of motion for cylindrical thick shells are 
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(7.16) 



The equilibrium equations can be written in terms of displacements as Lyu, + Myit, = q 
(Eq. (5.31)). The Ly and the My coefficients are given below. Eq. (2.72) represent the 
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correct boundary conditions for thick cylindrical shells. 
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L 44 = — A 55 
T45 = — ^45 

L55 = — A 44 



D 1 



9a~ 



2D 



16 



9 a 9 /3 



■ d 66 



r 

a/3 2 



D 



16 —2 
da 



+ (D n + D 66 ) 



da 0/3 



A 26 



b(3 2 



D , 



66 



9o:” 



2D 



26 



9a 9/3 



D 



22 



9^3 2 



(7.18) 



7.3. SIMPLY SUPPORTED CYLINDRICAL SHELLS 

Cylindrical shells, constructed with composite materials, will be considered in the 
subsequent analysis. Figure 7.2 shows the fundamental parameters used in these shells 
when they are closed (length a, and radius R). 

Thin cylindrical shells are like shallow shells and can have up to 16 boundary 
conditions at each edge. Twelve of these are classical boundary conditions (i.e., free, 
simply supported and clamped). This leads to numerous combinations of boundary 
conditions, particularly when the shells are open. Thick shells can have 24 possible 
classical boundary conditions at each edge (Table 2.1). This yields a higher number of 
combinations of boundary conditions for such shells. 

Like shallow shells, only those open cylindrical shells that have two opposite edges 
simply supported can permit exact solutions (for cross-ply lamination). Interestingly, for 
closed shells, this constitutes all possible boundary conditions the shell may have. The 
problem with all edges being simply supported with shear diaphragm boundaries has a 
direct, relatively straightforward solution, referred to as the Navier solution. Interestingly 
enough, closed shells with shear diaphragm boundaries at each of the opposing two edges 
permit the same exact solution. The reason is that conditions at the nodal lines of these 
shells simulate a shear diaphragm boundary. This can be mathematically proven with the 
obtained exact solution. 



7.3.1 Thin shells 

Consider a cylindrical shell that is made of a cross-ply laminate, thus A 16 = A 1() = B u , = 
/1 2 e = D 16 = £>26 = 0- The differential parameters in the equations of motion L y - become 
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(7.19) 



Consider an open cylindrical shell (Figure 7.3), with shear diaphragm (S2) boundaries on 
all four edges. That is, the boundary conditions of Eq. (2.62) for S2 boundaries apply here. 

The solution in Eq. (5.38) satisfies the boundary conditions and the equations of 
motion exactly for open cylindrical shells. These equations can be used in analyzing 
closed shells by substituting b with tt R. With /3 = Rf); the above solution can be written in 
terms of 0 for closed cylindrical shells as 

M N 

u 0 (a, /3, t) = Y Y U mn cos(a,„a)sin(«0)sin(u> m „O 

m= 0 n = 0 
M N 

v 0 (a, /3, 0 = Y Y V mn sin(a m a)cos(nO)sin((o mn t) (7.20) 

m= 0 n = 0 
M N 

w 0 (a,(3,t)= y y w mn sin(a ffl a)sin(«0)sin(w m , ! t) 

m= 0 n= 0 




Figure 7.3. Open cylindrical shell (Qatu 1999b). 
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where 

mu 

a = 

a 

o) mn is the natural frequency. Note also that for such shells, at the nodal points, where 
0=0 and it /n (for each n), analysis yields the inplane displacement u 0 (which is 
tangential to the boundaries 0=0 and tt/h (i.e., (8 = 0, Rit/n) and transverse 
displacement Wq to be zero. The other inplane displacement v 0 normal to the boundaries 
0=0 and tt/n (i.e., (8 = 0, Rjr/n ) is not zero. These are the geometric constraints for 
shear diaphragm boundaries. The forces and moments at these nodal lines can be 
determined from Eq. (2.64) together with Eq. (7.5). This yields 
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(7.21) 



Substituting Eq. (7.20) into the above equations, one gets expressions for these stress 
resultants. Note that these expressions will yield zero values at the nodal lines. Zero Np 
and Mp stress resultants are the forced boundary conditions for shear diaphragm edge 
supports. For higher modes, each segment of the shell containing double half-sine 
waves can actually be treated as an independent shell with shear diaphragm boundary 
conditions vibrating at its fundamental frequency. As will be seen later, this is an 
important observation for treating closed cylindrical shells having arbitrary boundaries at 
a = 0 and a. 

Substitute the general solution of open shells (Eq. (5.38)) into the equations of motion 
in terms of displacement yields Eq. (5.40) with the following coefficients 
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7. 3.1.1 Comparisons with previous results . Table 7.1 shows a comparison between the 
results obtained by Bert et al. using Love’s shell theory (which is a CST), the results of 
Rath and Das who included shear deformation and rotary inertia, the experimental results 
obtained by Bray and Egle, as well as those made in this study (also found in Qatu 
(1999b)). The studies were made for isotropic steel. A nondimensional frequency 
parameter fl is used in the present analysis, and the dimensional frequency in Hertz is 
calculated from the nondimensional frequency parameter fl = coR^/p/E 1 . 



Table 7.1. Comparison between the natural frequencies obtained by using various methods (h = 0.02 in., 
a = 1 1.74 in., R = 5.836 in., p = 734 X 10“ 6 lb s 2 /in. 4 , E = 29.5 X 10 6 lb/in. 2 , v = 0.285) (Qatu 1999b). 



nil = (jl>RsTpJE\ w i Hz ^ 





(Classical shell 
theory) 


Bert et al. 
(Love’s) 


Rath and Das 
(SDST) 


Bray and Egle 
(Test) 


0 


0.96852 


5295.13 


_ 


5325.97 


_ 


1 


0.59729 


3265.53 


3271.0 


3270.53 


- 


2 


0.34038 


1860.93 


1862.3 


1861.95 


- 


3 


0.20149 


1101.59 


1102.0 


1101.75 


1001 


4 


0.12908 


705.71 


705.9 


706.66 


715 


5 


0.09104 


497.74 


497.9 


497.47 


534 


6 


0.07329 


400.69 


400.3 


400.08 


410 
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0.06984 


381.83 


380.9 


380.71 


393 


8 


0.07652 


418.35 


416.8 


416.69 


426 


9 


0.08977 


490.79 


488.7 


488.54 


495 


10 


0.10730 


586.63 


583.9 


583.78 


587 


11 


0.12796 


699.26 
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822.46 
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0.99501 
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5442.54 


- 
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0.88441 


4835.28 


4837.9 


4837.67 


- 


2 


0.68107 


3723.57 


3725.5 


3424.98 


- 
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0.50153 


2741.98 


2743.1 


2742.61 
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0.36908 


2017.85 


2018.5 


2018.02 
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0.27711 


1515.03 


1515.4 
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1527 
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Table 7.2. Comparison of the frequency parameter fl 



wR^/p/Ei using CST and 3D elasticity theories. 



R/h 


a/mR 


Analysis 


0 


1 


n 

2 


3 


4 


20 


4 


CST 


0.48713 


0.26941 


0.12756 


0.13709 


0.23147 






3D 


0.48708 


0.26942 


0.12710 


0.13615 


0.22968 




1 


CST 


1.00604 


0.89941 


0.71014 


0.56855 


0.52145 






3D 


1.00434 


0.89777 


0.70810 


0.56533 


0.51612 


500 


4 


CST 


0.48708 


0.26929 


0.11813 


0.06081 


0.03711 






3D 


0.48708 


0.26929 


0.11813 


0.06081 


0.03710 




1 


CST 


0.99504 


0.88575 


0.68364 


0.50426 


0.37122 






3D 


0.99504 


0.88575 


0.68364 


0.50425 


0.37122 



Comparing the results obtained, one can conclude that the present analysis yields accurate 
results when compared with those obtained experimentally, analytically using Love’s 
CST, and shear deformation shell theory (SDST). This further shows that indeed for such 
thin shells, shear deformations can be neglected. 

Table 7.2 shows a comparison of the frequency parameter between results obtained 
here (also found in Qatu (1999b)) and those obtained using the 3D theory of elasticity 
(Leissa 1973a) for isotropic cylindrical shells. Even for relatively thicker shells with Rp/h 
ratio of 20, the comparison indicates that the present theory is still relatively accurate. 
Caution should be observed here because for composite shells, comparisons between the 
3D theory of elasticity and thin shell theory show larger difference (Bhimaraddi 1991). 
These comparisons build confidence in the equations presented here for thin shells. 



7.3. 1.2 Vibration of cylindrical thin shells. The fundamental natural frequencies are 
listed for each a/mR ratio. The a/mR ratios are selected so that they include problems that 
can be encountered in practical applications. CST would yield inaccurate results for shells 
having the ratio a/mR < 0.5 because of end effects (Leissa 1973a). Furthermore, such 
shells in typical applications are left free along the edges a = — a/2 , +a/2 and are treated 
as laminated rings (Chapter 4). For higher ratios of a/mR, the shell may be treated as a 
beam. 

The nondimensional frequency parameter fl = coR^/p/E l is used in all subsequent 
results. In the results obtained for laminated composite shells, the [0°, 90°] and [90°, 0°] 




Cylindrical Shells 



273 



lamination sequences are used in most of these results because they generally represent a 
shell with the maximum stretching -bending coupling effects (i.e., By terms are the 
highest). 

Tables 7.3 and 7.4 present results for graphite/epoxy closed and open [0°, 90°] 
laminated shells. The material properties for graphite/epoxy are 

E, = 20.02 X 10 6 psi, E 2 = 1 .3 X 10 6 psi 

(7.23 (5.68)) 

G 12 = 1.03 X 10 6 psi, v 12 = 0.3 

Figure 7.4 shows the sine waves and possible mode shapes along the circumferential 
direction of the shell. 



7.3. 1.3 Effects of the thickness ratio. Table 7.5 lists the natural frequencies for 
[0°,90°] graphite/epoxy closed shells with two different thickness ratios (R/h = 20 
and 500). These represent a thicker shell and a very thin shell, respectively. Results 
obtained from Table 7.3 are used for shells with a thickness ratio of 100 are not repeated 
here. 

As can be seen from the table, thicker shells have lower frequency parameters than 
thinner shells for shorter shells ( a/mR = 1 and 2). It is interesting to note that the 
thickness ratio has minimal effects on the natural frequencies when n = 0 and 1. For 
n > 1, the thickness ratio has a much greater effect. It is also observed that the 
fundamental frequency occurs at lower n value for higher thickness ratios. 



7. 3. 1.4 Effects of the lamination sequence. Table 7.6 lists the natural frequencies for 
[90°, 0°], [0°,90°] s , and [90°, 0°] s graphite/epoxy closed cylindrical shells. The thickness 
ratio of (R/h = 100) is used. Results obtained previously for [0°,90°] shells are not 
repeated here but can be used for comparisons. 

The first important observation is that unsymmetric lamination does not always yield 
lower frequencies. For example, when a/mR > 2.0, the unsymmetric lamination 
sequence [90°, 0°] yielded higher fundamental frequency than the symmetric lamination 
[0°, 90°]j. This is generally not the case for plates. 

Shells with the outer fibers in the circumferential direction of the shell ([90°, 0°] 
and [90°, 0°]j) give higher frequencies when compared with shells having the outer 
fibers in the longitudinal direction (i.e., [0°, 90°] and [0°, 90°] s ). The effect of 
lamination sequence is observed to be less for higher frequencies and/or lower length 




Table 7.3. Frequency parameters for [0°, 90°] graphite/epoxy closed cylindrical shells, R/h = 100. 



a/mRp 


0 


1 


2 


3 


4 


n 

5 


6 


7 


8 


9 


10 


8 


0.08907 


0.04903 


0.02140 


0.01482 


0.02075 


0.03235 


0.04723 


0.06495 


0.08543 


0.10865 


0.13460 


4 


0.17815 


0.11600 


0.06212 


0.03740 


0.03013 


0.03561 


0.04846 


0.06552 


0.08578 


0.10891 


0.13483 


2 


0.35629 


0.23975 


0.14556 


0.09650 


0.07025 


0.05915 


0.06070 


0.07187 


0.08936 


0.11121 


0.13651 


1 


0.71259 


0.44205 


0.29163 


0.20869 


0.15935 


0.12928 


0.11295 


0.10837 


0.11412 


0.12826 


0.14882 


0.5 


0.73565 


0.63822 


0.49616 


0.38973 


0.31622 


0.26575 


0.23171 


0.21047 


0.20015 


0.19960 


0.20777 
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Table 7.4. Frequency parameters for [0°, 90°] graphite/epoxy open cylindrical shells, b/R = 2.0, R/h = 100. 



a/mRp 


0 


1 


2 


3 


4 


n 

5 


6 


7 


8 


9 


10 


8 


0.08907 


0.02984 


0.01508 


0.02864 


0.05197 


0.08227 


0.11934 


0.16314 


0.21367 


0.27093 


0.33490 


4 


0.17815 


0.08060 


0.03544 


0.03305 


0.05293 


0.08263 


0.11958 


0.16337 


0.21390 


0.27117 


0.33515 


2 


0.35629 


0.17846 


0.09168 


0.06095 


0.06305 


0.08650 


0.12156 


0.16474 


0.21507 


0.27227 


0.33623 


1 


0.71259 


0.34488 


0.20014 


0.13638 


0.11052 


0.11270 


0.13631 


0.17420 


0.22209 


0.27813 


0.34152 


0.5 


0.73565 


0.55382 


0.37757 


0.27836 


0.22450 


0.20102 


0.20207 


0.22342 


0.26061 


0.31001 


0.36929 
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Figure 7.4. Mode shapes along the circumferential direction (Leissa 1973a, reproduced with permission). 



ratio ( a/mR/j ). Also, lamination sequence effects are insignificant for frequencies 
with n <2. 



7.3. 1.5 Effects of the orthotropy ratio. Table 7.7 shows the natural frequency 
parameters for various E x jE 2 ratios. To isolate the orthotropy ratio from the effects of 
shear and Poisson’s ratio, constant ratios of G 12 and v l2 are chosen. Two orthotropy 
ratios, one weak EfE 2 = 3 and the other strong E\ / E 2 = 40, are treated. The 
thickness ratio of R/h = 100, and the [0°, 90°] lamination sequence are used for all the 
results. 

The orthotropy ratio has a considerable effect on all the frequencies. Its effects on the 
fundamental frequency parameters are found to be higher for short shells ( a/mR = 0.5) 
than longer ones. This is reversed when n = 0, where the orthotropy effects are found to 
be higher for longer shells ( a/mR = 8) than shorter ones. 

The fundamental frequencies are observed to occur at a lower n value for lower 
orthotropy ratios. Similar studies of the effect of the orthotropy ratio on [90°, 0°] laminates 
yielded similar results. 




Table 7.5. Thickness effects on the frequencies for graphite/epoxy [0°, 90°] closed cylindrical shells. 



a/mRp 


0 


1 


2 


3 


4 


n 

5 


6 


7 


8 


9 


10 


RJh = 20 


8 


0.08907 


0.04912 


0.02125 


0.01106 


0.00751 


0.00761 


0.00983 


0.01315 


0.01717 


0.021S0 


0.02700 


4 


0.17815 


0.11621 


0.06225 


0.03627 


0.02330 


0.01685 


0.01457 


0.01537 


0.01821 


0.02231 


0.02726 


2 


0.35629 


0.24015 


0.14590 


0.09623 


0.06761 


0.04991 


0.03870 


0.03199 


0.02888 


0.02882 


0.03116 


1 


0.71258 


0.44245 


0.29191 


0.20838 


0.15753 


0.12393 


0.10043 


0.08346 


0.07116 


0.06255 


0.05461 (11) 


0.5 


0.73190 


0.63517 


0.49310 


0.38561 


0.31000 


0.25597 


0.21613 


0.18590 


0.16244 


0.14401 


0.10433 (13) 


R/h = 500 


8 


0.08908 


0.04861 


0.02743 


0.05217 


0.09813 


0.15823 


0.23177 


0.31859 


0.41861 


0.53176 


0.65795 


4 


0.17816 


0.11501 


0.06398 


0.06289 


0.10140 


0.15997 


0.23315 


0.31989 


0.41990 


0.53305 


0.65924 


2 


0.35633 


0.23799 


0.14609 


0.11114 


0.12399 


0.17190 


0.24126 


0.32654 


0.42594 


0.53880 


0.66485 


1 


0.71266 


0.44283 


0.29705 


0.22751 


0.20855 


0.23095 


0.28502 


0.36201 


0.45682 


0.56700 


0.69137 


0.5 


0.78908 


0.69140 


0.56195 


0.48080 


0.44477 


0.44535 


0.47644 


0.53329 


0.61211 


0.71000 


0.82492 



Values in brackets give the n values for the last frequency parameter. 
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Table 7.6. Lamination effects on the frequency parameter for graphite/epoxy [0°, 90°] closed cylindrical shells. 





a / inRp 


0 


1 


2 


3 


4 


n 

5 


6 


7 


8 


9 


10 


[90°, 0°] 


8 


0.08907 


0.04925 


0.02182 


0.01553 


0.02143 


0.03298 


0.04789 


0.06570 


0.08632 


0.10971 


0.13587 




4 


0.17815 


0.11653 


0.06276 


0.03836 


0.03147 


0.03699 


0.04975 


0.06678 


0.08707 


0.11030 


0.13637 




2 


0.35629 


0.24079 


0.14668 


0.09770 


0.07184 


0.06126 


0.06312 


0.07433 


0.09177 


0.11359 


0.13892 




1 


0.71259 


0.44339 


0.29322 


0.21025 


0.16105 


0.13136 


0.11560 


0.11160 


0.11777 


0.13216 


0.15284 




0.5 


0.73090 


0.63573 


0.49559 


0.38999 


0.31694 


0.26689 


0.23335 


0.21273 


0.20311 


0.20327 


0.21208 


[0°, 90°]j 


8 


0.08907 


0.04914 


0.02155 


0.01449 


0.01923 


0.02949 


0.04285 


0.05883 


0.07732 


0.09829 


0.12174 




4 


0.17815 


0.11627 


0.06244 


0.03765 


0.02961 


0.03354 


0.04462 


0.05980 


0.07798 


0.09882 


0.12220 




2 


0.35629 


0.24031 


0.14621 


0.09717 


0.07079 


0.05892 


0.05880 


0.06778 


0.08289 


0.10222 


0.12483 




1 


0.71259 


0.44316 


0.29322 


0.21064 


0.16165 


0.13173 


0.11501 


0.10915 


0.11271 


0.12405 


0.14149 




0.5 


0.73919 


0.64338 


0.50396 


0.40026 


0.32947 


0.28158 


0.24969 


0.22981 


0.21966 


0.21786 


0.22343 


[90°, 0°] 


8 


0.08907 


0.04914 


0.02251 


0.02341 


0.04017 


0.06422 


0.09403 


0.12935 


0.17014 


0.21638 


0.26807 




4 


0.17815 


0.11627 


0.06276 


0.04187 


0.04602 


0.06615 


0.09483 


0.12978 


0.17043 


0.21661 


0.26827 




2 


0.35629 


0.24027 


0.14626 


0.09875 


0.07888 


0.08180 


0.10211 


0.13351 


0.17262 


0.21809 


0.26940 




1 


0.71259 


0.44270 


0.29247 


0.21022 


0.16385 


0.14166 


0.14031 


0.15694 


0.18738 


0.22800 


0.27656 




0.5 


0.73296 


0.63664 


0.49550 


0.38978 


0.31790 


0.27151 


0.24589 


0.23906 


0.24950 


0.27500 


0.31295 
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Table 7.7. Orthotropy effects on the frequencies for [0°,90°] closed barrel shells G 12 /E 2 = 0.5, v n = 0.3. 



El /Ei 


a j mRp 


0 


1 


2 


3 


4 


n 

5 


6 


7 


8 


9 


10 


3 


8 


0.16032 


0.06945 


0.02655 


0.02025 


0.03190 


0.05076 


0.07436 


0.10233 


0.13463 


0.17122 


0.21211 




4 


0.32064 


0.18883 


0.08860 


0.04928 


0.04162 


0.05371 


0.07549 


0.10298 


0.13514 


0.17172 


0.21262 




2 


0.64128 


0.40679 


0.23744 


0.14725 


0.10112 


0.08418 


0.08977 


0.11021 


0.13954 


0.17495 


0.21538 




1 


0.82060 


0.66262 


0.47548 


0.34567 


0.25969 


0.20480 


0.17458 


0.16604 


0.17601 


0.20005 


0.23416 




0.5 


0.83010 


0.79006 


0.69832 


0.59750 


0.50859 


0.43735 


0.38416 


0.34841 


0.32951 


0.32670 


0.33861 


40 


8 


0.04391 


0.02876 


0.01559 


0.01247 


0.01783 


0.02770 


0.04037 


0.05549 


0.07298 


0.09281 


0.11498 




4 


0.08781 


0.06065 


0.03644 


0.02530 


0.02369 


0.02999 


0.04131 


0.05592 


0.07320 


0.09295 


0.11507 




2 


0.17562 


0.12240 


0.07652 


0.05371 


0.04302 


0.04140 


0.04751 


0.05933 


0.07520 


0.09420 


0.11593 




1 


0.35124 


0.24021 


0.15331 


0.10935 


0.08547 


0.07324 


0.06999 


0.07452 


0.08546 


0.10137 


0.12117 




0.5 


0.70248 


0.43769 


0.29410 


0.21698 


0.17233 


0.14545 


0.13014 


0.12376 


0.12504 


0.13301 


0.14671 
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7.3.2 Thick shells 

Consider again cross-ply laminates, with A 16 = A 2 6 = B 16 = B 26 = Di 6 = ^26 = 0- The 
differential parameters L tJ in Eq. (7.18) become 



Tn — 



0 2 



da 1 



1 66 



a/3 2 ’ 



Tl2 — (Al2 +^66) 



da a/3 



Tl3 — 



-A 12 

R 



d _ - o 

— , T 14 — 5n — -w 

da a a~ 

a 2 a 2 

T|5 = B 16 — -j + (B 12 + 5 66 ) — 

3a” da dp 



B, 



66 



a/3 2 



L'l 2 — ^ 



a 2 



66 



a a~ 



122 



A 45 


d 


— + 


R 


da 



T 23 — 



i 24 — ( B \2 T ^66) 



a/ 3 2 /c 

a 22 + a 44 






a 

a/3 



aaa^s 



T 25 — b, 



66 



a a~ 






22 



a/3 2 



^45 

^44 

/? 



_ _ a 2 - a 
L33 — — a 55 — — — a 44 
a«- 



a/3 2 



^22 

R 2 



L 34 — | A 



7 t 1 2 

-a 55 + — 

R J 



a a 

R |0a +[ 451 3/3 



T35 — [ ^45] 4— 
0 a? 



T 44 — A 



55 



' T>n 2 
da~ 



444 ' 



' T >66 



B 22 

R 

a 2 

a/ 3 2 



a 

9/3 



T 4 5 — A 45 + (Z)i 2 + D 66 ) 



a 2 

a« a/3 



(7.24) 



T 55 — A 



44 ■ 



■ D, 



66 



0 Q ? 2 



I) 



22 



a/3 2 



The well-known Navier-type solution can be applied to obtain an exact solution for cross- 
ply lamination and shear diaphragm boundaries at a = 0 and a , and /3 = 0 and b; as was 
performed for plates and shallow shells. Eq. (5.44) is the exact solution that needs to be 
substituted in the equations of motion in terms of displacement for cylindrical shells. 
This yields the equation [X]{A| + (a> mn ) 2 \M]{A) = 1 for free vibration analysis; where 
[K \ , [M] are the stiffness and mass symmetric 5X5 matrices, respectively, co mn is 
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the frequency, and {4} = {U mn , V mn , W mn , i// amn , t/t , QmnV ■ The K tj factors 

1 ^11 ^66 Pin ^12 0^12 "F Agg)et m ^ w 



^12 1 
r i 



^14 — B n a~„ B 66 f3„ 



K 15 — (#12 +-B66) a mAi 

^22 = ~^66 a m ~ ^22 Pn ~ 



Ksx — 



A 2 2 + A 44 

/? 



^24 — (^12 + B(,b)a m fi n 



K25 ~ B 66 a~, + B22A1 



Kt.1, — Asset,,. 



K, 4 = 



/v 

^22 

R 



Kl, s — 



At 0 ™ D 66 fr, 



^44— ^55 T) n a” j 

^45 = —(£>12 + 

K 55 = “'4 44 — D 66 a m ~ B>22 Pn 



B 22 

■f * 



Table 7.8 shows comparisons of the natural frequency parameters obtained using the 
present theory with previously published results for cylindrical open shells having shear 
diaphragm boundaries. First order SDST were used by Librescu et al. (1989a,b) and 



Table 7.8. Nondimensional frequency parameters Cl = (m 2 -\jp/E 2 h 2 for [0°, 90°1 cylindrical shells 
(, Ei/E 2 = 25, G i2 /E 2 = 0.5, G n /E 2 = 0.5, G 23 /E 2 = 0.2, v l2 = 0.3, k 2 = 5/6, a/b = 1, a/h = 10) 
(Qatu 2002a; reproduced with permission). 



Present 

SDST 


Ye and Soldatos 
(1994) 

3D 


Bhimaraddi (1991) 

3D SDST HSDST 


Librescu (1989a, b) 
SDST HSDST 


10.643 


10.6973 


10.409 


10.748 


10.919 






9.4428 


9.4951 


9.3627 


9.3653 


9.5664 






9.1755 


9.1155 


9.1442 


9.0563 


9.2642 






9.0731 




9.0613 


8.9403 


9.1506 






9.0221 


9.0616 


9.0200 


8.8840 


9.0953 


8.931 


8.959 


8.9446 


8.9778 


8.9564 


8.8026 


9.0150 


8.897 


8.933 


8.9194 


8.9477 


8.9341 


8.7779 


8.9904 


8.894 


8.934 


8.9001 


8.9248 


8.9179 


8.7640 


8.9761 


8.900 


8.944 



oo 
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Bhimaraddi (1991), who also used higher-order shear deformation shell theories (HSDT). 
Bhimaraddi (1991) also used the 3D theory of elasticity to obtain exact analytical 
solutions. It should be mentioned that Bhimaraddi (1991) made certain assumptions, 
which reduced his analysis to that of shallow shells. The previously described Navier 
solution was used to obtain these 3D results. Ye and Soldatos (1994) used the 3D theory of 
elasticity and obtained exact solutions for cylindrical shells without making the 
assumption of shallowness made by Bhimaraddi (1991). 

In the HSDT theories of both Librescu et al. and Bhimaraddi, boundary conditions at 
the upper and lower surface of the shell can be satisfied and there is no need for shear 
correction factors. They do introduce, however, boundary terms that are not easily 
understandable in real applications. Despite their added complexity, the results shown 
indicate that HSDST theories do not always yield better results than first order SDST 
theories (when compared with the 3D theory of elasticity). In all SDST and HSDST 
theories of both Librescu et al. and Bhimaraddi, the results deviate from the 3D theory of 
elasticity as the shell becomes deeper. This indicates that the error in these theories may 
very well be due to the fact that the term 1 + z/R was ignored in the stiffness coefficients. 
The results of the present theory (Qatu 1999a, 2002a) on the other hand, show closer 
approximation to the 3D results when compared with the SDST theories of Librescu et al. 
and Bhimaraddi. It also shows better approximation than HSDT theories. This shows 
again the importance of obtaining accurate stress resultant equations for laminated deep 
thick shells. 

Table 7.9 shows the frequency parameter fl = a>a 2 -^ p/E 2 h 2 for cross-ply cylindrical 
open shells obtained using a shear deformation theory with shallow shell assumptions 
(Reddy 1984a) and both deep thin and thick shell theories presented here (CST and 
SDST). The purpose of this comparison is to show how a shear deformation theory can 
yield inaccurate results when the term (1 + z/R) term is neglected. As can be seen from 
the table, the thin shell (i.e., classical) theory presented here delivers accurate results for 
the thinner shell with thickness ratio of 100. This theory, however, was not able to deliver 
accurate results for the thicker shell with a thickness ratio of 10. 

The theory of Reddy, which was derived based on the deep shell equations of Sander’s 
but later ignored the term (1 + z/R) in the stiffness parameters and introduced other 
assumptions, gave less accurate results for the deeper shells. When Reddy’s equations are 
used with accurate stress resultant’s equation, closer agreement for deep shells was 
obtained (Chang 1992). 

7.3.2. 1 Vibrations of thick cylindrical shells. Open and closed cylindrical shells are 
considered (Qatu 2004). For each of these shells, detailed studies of the curvature and 
thickness effects on the frequency parameters are conducted. The first 11 natural 
frequencies are listed for different a/mR ratios. It should be noted here that a particular 




Table 7.9. Frequency parameter li = ioa 2 ^p/E 2 h 2 for cross-ply cylindrical shallow shells (a/b= 1, Rp/R a = 0, E l /E 2 = 2 5, Gn/Ei — 0-5, 
Gu/E 2 = 0.5, G 21 /E 2 = 0.2, v l2 = 0.25, K 2 = 5/6) for cylindrical shells using shear deformation shallow shell theory (SDSST) of Reddy (1984a), 
shear deformation deep shell theory (SDST) and classical deep shell theory (CST) (Qatu 2004). 



Theory 


a/R 


[0°, 90°] 
Reddy (1984a) 


SDST 


CST 


Lamination 
[0°, 90°, 0°] 

Reddy (1984a) SDST 


CST 


[0°, 90°, 90°, 0°] 
Reddy (1984a) 


SDST 


CST 


a/h = 100 


0 


9.6873 


9.6873 


9.6960 


15.183 


15.183 


15.228 


12.226 


15.184 


15.228 




0.1 


11.831 


11.841 


11.851 


16.625 


16.613 


16.667 


16.634 


16.625 


16.677 




0.2 


16.668 


16.697 


16.709 


20.332 


20.295 


20.370 


20.361 


20.333 


20.404 




0.5 


34.914 


31.330 


31.489 


36.770 


36.629 


36.787 


36.858 


36.761 


36.908 




1.0 


65.474 


41.768 


42.111 


66.583 


62.629 


64.416 


66.704 


61.196 


62.890 


a/h = 10 


0 


8.8998 


8.9001 


9.6436 


12.163 


12.163 


15.228 


12.226 


12.226 


15.228 




0.1 


8.8879 


8.9479 


9.6856 


12.173 


12.165 


15.236 


12.236 


12.231 


15.236 




0.2 


8.9092 


9.0286 


9.7659 


12.207 


12.172 


15.259 


12.267 


12.242 


15.259 




0.5 


9.1476 


9.4577 


10.222 


12.438 


12.223 


15.415 


12.471 


12.317 


15.421 




1.0 


9.9986 


10.667 


11.520 


13.172 


12.421 


15.915 


13.128 


12.592 


15.935 
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shell configuration will yield frequencies for various m values. This is because of the 
repeated nature of the shear diaphragm boundary conditions at the nodal points. As was 
proven earlier, the half-sine mode shape can be treated as an independent shell 
configuration. The a/mR ratios studied vary between 0.5 and 8. A ratio of 0.5 represents a 
short shell and that of 8 represent a long one. As it is known, for shells having the ratio 
a/mRp < 0.5, shell theories could yield inaccurate results because of end effects (Leissa 
1973a). For each of the cases studied here the minimum natural frequency is underlined. 

The nondimensional frequency parameter (1 = ojR-JpJlf is used in the subsequent 
results. In the results obtained for laminated composite shells, the [0°, 90°] lamination 
sequences are used in most of these results because it generally represents a shell with the 
maximum stretching -bending coupling effects. The graphite epoxy (G/E) material, which 
has high orthotropy ratio is used in all studies. Isotropic cylindrical shells were studied by 
Chang (1992) and Qatu (2004). 



7. 3. 2. 2 Effects of the thickness ratio. Comparison among shell theories made for 
isotropic closed cylindrical shells for various thickness ratios show that the difference 
between thin and thick shell theories is within 1% for thickness ratio of 20 and frequency 
parameters associated with n = 0, 1,...,5 (Qatu 2004). For higher frequencies (n > 5), 
significant differences appear between both theories. Such differences reach 5% for n = 
10 and shorter shells. Results are also presented for a thickness ratio of 5. While the 
accuracy of thick shell theory may be questionable in this range, the frequencies are listed 
for possible future comparisons with 3D analyses. 

Table 7.10 lists the natural frequencies for [0°, 90°] graphite/epoxy closed shell. These 
results are plotted in Figures 7.5 and 7.6 for long composite shells (a/mR = 8) and short 
ones ( a/mR = 0.5), respectively. The results show clearly that gross error can occur when 
using CST especially for thicker and shorter shells. One important observation is that thin 
shell theory predicted a fundamental frequency at n = 4 for the short shells with a 
thickness ratio of 20. Thick shell theory predicted the fundamental frequency to be 
associated with n = 5 for such shells. For shorter shells, the fundamental frequency tends 
to occur at higher n values. It is worth noting that the fundamental mode occurs at n = 2 
for longer shells, at n = 3 for intermediate shells, and at n = 3 or 4 for shorter shells. 



7. 3.2.3 Curvature effects on shells frequencies. Tables 7.11 and 7.12 present the natural 
frequencies of graphite/epoxy shells with a [0°, 90°] lamination sequence and a thickness 
ratio (R/h) of 10 for closed and open shell configurations, respectively. Figure 7.7 shows 
the effect of varying the circumferential curvature (a/mR). Cylindrical shells with 
[0°, 90°] lamination sequence and G/E materials are used. 




Table 7.10. Comparisons among shell theories for [0°,90°] closed cylindrical shells G^/E^ = 0.5, v n = 0.3 (Qatu 2004). 



Theory 


Rp/h 


a/mRp 












n 


















0 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


CT 


20 


8 


0.08908 


0.04861 


0.02743 


0.05217 


0.09813 


0.15823 


0.23177 


0.31859 


0.41861 


0.53176 


0.65795 






4 


0.17816 


0.11501 


0.06398 


0.06289 


0.10140 


0.15997 


0.23315 


0.31989 


0.41990 


0.53305 


0.65924 






2 


0.35633 


0.23799 


0.14609 


0.11114 


0.12399 


0.17190 


0.24126 


0.32654 


0.42594 


0.53880 


0.66485 






1 


0.71266 


0.44283 


0.29705 


0.22751 


0.20855 


0.23095 


0.28502 


0.36201 


0.45682 


0.56700 


0.69137 






0.5 


0.78908 


0.69140 


0.56195 


0.48080 


0.44477 


0.44535 


0.47644 


0.53329 


0.61211 


0.71000 


0.82492 


SDT 


20 


8 


0.08907 


0.04850 


0.02726 


0.05180 


0.09709 


0.15575 


0.22669 


0.30930 


0.40302 


0.50726 


0.62139 






4 


0.17815 


0.11490 


0.06373 


0.06239 


0.10026 


0.15740 


0.22798 


0.31050 


0.40420 


0.50843 


0.62255 






2 


0.35629 


0.23783 


0.14576 


0.11047 


0.12257 


0.16900 


0.23573 


0.31675 


0.40979 


0.51367 


0.62759 






1 


0.71258 


0.44180 


0.29614 


0.22619 


0.20628 


0.22690 


0.27805 


0.35049 


0.43866 


0.53959 


0.65155 






0.5 


0.77998 


0.68421 


0.55564 


0.47389 


0.43619 


0.43405 


0.46112 


0.51230 


0.58331 


0.67076 


0.77209 


CT 


10 


8 


0.08911 


0.04810 


0.04115 


0.10098 


0.19178 


0.30881 


0.45132 


0.61884 


0.81087 


1.02687 


1.26620 






4 


0.17822 


0.11386 


0.07120 


0.10845 


0.19525 


0.31151 


0.45383 


0.62128 


0.81324 


1.02916 


1.26839 






2 


0.35644 


0.23644 


0.15148 


0.14888 


0.21639 


0.32633 


0.46632 


0.63268 


0.82399 


1.03936 


1.27806 






1 


0.71288 


0.44995 


0.31809 


0.28021 


0.31421 


0.40272 


0.53077 


0.69013 


0.87686 


1.08886 


1.32475 






0.5 


0.92024 


0.82358 


0.72155 


0.68285 


0.69753 


0.75633 


0.85381 


0.98615 


1.15019 


1.34327 


1.56317 


SDT 


10 


8 


0.08907 


0.04787 


0.04057 


0.09878 


0.18492 


0.29238 


0.41839 


0.56051 


0.71644 


0.88410 


1.06163 






4 


0.17815 


0.11364 


0.07039 


0.10592 


0.18807 


0.29474 


0.42053 


0.56254 


0.71838 


0.88596 


1.06341 






2 


0.35629 


0.23605 


0.15033 


0.14556 


0.20804 


0.30813 


0.43137 


0.57211 


0.72715 


0.89413 


1.07108 






1 


0.71258 


0.44696 


0.31433 


0.27329 


0.30084 


0.37807 


0.48809 


0.62072 


0.77029 


0.93321 


1.10697 






0.5 


0.87845 


0.78699 


0.68362 


0.63829 


0.64250 


0.68613 


0.76206 


0.86455 


0.98873 


1.13051 


1.28659 


SDT 


5 


8 


0.08907 


0.04668 


0.06964 


0.18006 


0.32593 


0.49617 


0.68369 


0.88327 


1.09116 


1.30470 


1.52199 






4 


0.17815 


0.11145 


0.09153 


0.18649 


0.32999 


0.49952 


0.68664 


0.88592 


1.09356 


1.30688 


1.52399 






2 


0.35629 


0.23444 


0.16910 


0.22425 


0.35338 


0.51725 


0.70132 


0.89857 


1.10471 


1.31684 


1.53299 






1 


0.71258 


0.46932 


0.37110 


0.38351 


0.47318 


0.61117 


0.77834 


0.96382 


1.16127 


1.36670 


1.57752 






0.5 


1.07170 


0.98124 


0.91073 


0.90474 


0.94794 


1.03049 


1.14508 


1.28503 


1.44442 


1.61838 


1.80315 
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Figure 7.5. Thin versus thick shell theories for G/E [0°,90°] closed cylindrical shells, a/mRp = 8 

(Qatu 2004). 



7.4. CLOSED CYLINDRICAL SHELLS WITH ARBITRARY BOUNDARIES 

The exact solution found and implemented for shallow shells and flat plates having two 
opposite edges simply supported and cross-ply lamination can be expanded to both open 




0.01 0.05 0.1 0.2 



Thickness Ratio h/Rp 



Figure 7.6. Thin versus thick shell theory for G/E [0°,90°] closed cylindrical shells, a/mRp = 0.5 

(Qatu 2004). 






Table 7.11. Natural frequency parameters for [0°,90°] graphite/epoxy closed barrel shells, Rp/h = 10. 



a/R a 


a/mRp 


0 


1 


2 


3 


4 


n 

5 


6 


7 


8 


9 


10 


0 


8 


0.08907 


0.04787 


0.04057 


0.09878 


0.18492 


0.29238 


0.41839 


0.56051 


0.71644 


0.88410 


1.06163 




4 


0.17815 


0.11364 


0.07039 


0.10592 


0.18807 


0.29474 


0.42053 


0.56254 


0.71838 


0.88596 


1.06341 




2 


0.35629 


0.23605 


0.15033 


0.14556 


0.20804 


0.30813 


0.43137 


0.57211 


0.72715 


0.89413 


1.07108 




1 


0.71258 


0.44696 


0.31433 


0.27329 


0.30084 


0.37807 


0.48809 


0.62072 


0.77029 


0.93321 


1.10697 




0.5 


0.87845 


0.78699 


0.68362 


0.63829 


0.64250 


0.68613 


0.76206 


0.86455 


0.98873 


1.13051 


1.28659 
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Table 7.12. Natural frequency parameters for [0°,90°] graphite/epoxy open barrel shells, b/Rp = 2.0, Rp/h = 10. 



a/R a 


a/mRp 


0 


1 


2 


3 


4 


n 

5 


6 


7 


8 


9 


10 


0 


8 


0.08907 


0.03293 


0.10955 


0.25946 


0.45710 


0.69289 


0.95840 


1.24659 


1.55182 


1.86973 


2.19697 




4 


0.17815 


0.08022 


0.11561 


0.26195 


0.45921 


0.69485 


0.96023 


1.24829 


1.55340 


1.87119 


2.19834 




2 


0.35629 


0.17713 


0.15107 


0.27660 


0.46961 


0.70372 


0.96818 


1.25552 


1.56003 


1.87729 


2.20397 




1 


0.71258 


0.35782 


0.27342 


0.35188 


0.52365 


0.74753 


1.00581 


1.28876 


1.58986 


1.90435 


2.22871 




0.5 


0.87840 


0.72110 


0.63609 


0.66993 


0.78854 


0.96932 


1.19515 


1.45345 


1.73534 


2.03448 


2.34631 
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and closed cylindrical shells. This exact solution will take the following form for closed 
cylindrical thin shells: 

M N 

u 0 (a, ft, t) = II U mn X m ( a) sinO? 0)sin( oj mn t ) 

m= 0 n= 0 
M N 

v 0 (a,P,t)= y Y V m „ Y m (a)cos(nO)s\n(oj mn t) (7.26) 

m= 0 n=0 
M N 

w 0 (a,p,t)= Y Y W mw Z m (a)sin(^)sin(c mn O 

m=0 n=0 



where <w„,„ is the natural frequency. 

The above solution needs to be substituted into the equations of motion in terms of 
displacement. This will reduce the system of partial differential equations to that of 
ordinary differential equations. Any of the solution procedure described earlier for plates 
and shallow shells can be implemented to find the exact solution. 

It should be noted here that the above solution will yield, as proven earlier, shear 
diaphragm boundary conditions at the longitudinal nodal lines. It is further observed that 
the vibrating shell segment will act as an independent shell with its own shear diaphragm 
boundaries. This important observation will enable us to break the shell into two halves at 
0=0 and tt and analyze only the upper (or lower) half with actual shear diaphragm 
boundaries at the cut edges. Approximate methods can then be used to analyze this half 
with algebraic polynomials in both the a and 6 directions, as shown in Figure 7.8. 



7.4.1 Comparison with exact solutions 

We will use the Ritz method with algebraic polynomials and elastic constraints as 
described earlier to analyze closed cylindrical shells. We will first establish the accuracy 
of the described Ritz procedure in analyzing simply supported closed cylindrical shells. 

E-glass/epoxy materials made of cross-ply [0°, 90°, 0°] laminates are chosen to 
perform a compari son among different analyses. Table 7.13 shows frequency parameters 
fl = a>a 2 ^ p/E\h 2 obtained by various methods and theories. A shell of the dimensions 
a = 2R and thickness h = a / 20 is chosen for the analysis. Note that h = tt R for closed 
cylindrical shells. The maximum difference between CST and SDST is less than 1% for 
the fundamental frequency and less than 7% for the eighth frequency. Error is defined here 
as the percentage difference between the results obtained by CST and those obtained by 
the more accurate SDST. Interestingly, for higher frequency but lower number of half-sine 
waves, the difference between the two theories is less than some of the smaller frequencies 
with higher number of half-sine waves. This is expected as the contribution of the shear 
deformation becomes higher when the double half-sine waves get smaller in dimension. 
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Figure 7.7. Curvature effects ( a/mR ) on frequency of [0°, 90°] G/E closed cylindrical shells. R/li = 10 

(Qatu 2004). 

The Ritz method converged well for the lowest six frequencies. The difference between 
the Ritz analysis and the exact solution is less than 5% for these frequencies. Error is defined 
here as the percentage difference between the exact solution and the Ritz solution. 



7.4.2 Convergence studies 

Convergence studies are needed in a Ritz analysis to establish the number of terms that 
should be used to obtain accurate results. The same E-glass/epoxy materials and cross-ply 




Figure 7.8. Closed cross-ply cylindrical shell with arbitrary boundaries. 
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Table 7.13. Frequency parameter Cl = b>Rfp/E\ of laminated closed cylindrical shell with shear 
diaphragm boundaries. a/R = 2, [90°,0°,90 o ] E-glass/epoxy, a/h = 20. 



m 


n 


Exact SDST 


Exact CST 


Error (%) 


Ritz CST 


Error (%) 


2 


i 


0.27433 


0.276 


0.68 


0.28395 


2.81 


3 


i 


0.28798 


0.295 


2.40 


0.30937 


4.92 


1 


i 


0.44506 


0.445 


0.05 


0.44683 


0.35 


4 


i 


0.44390 


0.463 


4.41 


0.46608 


0.56 


3 


2 


0.51782 


0.531 


2.47 


0.53564 


0.95 


2 


2 


0.57139 


0.577 


1.04 


0.58014 


0.49 


4 


2 


0.60392 


0.632 


4.70 


0.69821 


10.43 


5 


1 


0.66958 


0.715 


6.76 


0.73539 


2.87 


1 


2 


0.75211 


0.756 


0.50 






3 


3 


0.78224 


0.810 


3.55 







[90°, 0°, 90°] lamination, thickness ratio and length to radius ratio which were used in 
Section 7.4.1 are used here for the convergence studies. Table 7.14 lists the fundamental 
six frequency parameters for these closed shells. It is noted that except for a handful of 
frequencies, were the convergence was slow, the frequencies converges well to the exact 
solution with maximum difference less than 5% for most frequencies. 

It should be noted here that convergence characteristics of the Ritz method with 
algebraic polynomials in vibration analysis of laminated shells is different than that 
experienced for plates or shallow shells. Convergence is observed to be faster for 
frequencies other than the fundamental frequency. Having lower frequencies for higher 
number of half-sine waves for these closed shells is thought to be the reason. 

Another observation should be made here about ill conditioning. It starts to occur 
when higher number of terms are used. Ill conditioning manifests itself by giving higher 
frequencies for higher number of terms. As mentioned earlier, the Ritz method guarantees 
convergence of the frequencies from above. Meaning, as the number of terms increases, 
lower frequencies are expected. If higher frequencies are obtained, then that is due to ill 
conditioning. Ill conditioning can be improved with the use of orthogonal polynomials or 
by using higher precision computations. Inaccurate results are not reported. 



7.4.3 Frequencies for cross-ply closed shells 

Vibration studies are performed for the same shell described in Section 7.4.2 with a/R 
ratio of 2 and a/h ratio of 20. Three additional lamination sequences were studied. In 
particular, the lamination [90°], [0°], [0°,90°, 0°] sequences were studied for all six 
boundary conditions. The results are listed in Table 7.15. 
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Table 7.14. Convergence of the frequency parameter fl = coR-fp/E l of laminated closed cylindrical 
shell. a/R = 2, [90°, 0°, 90°] E-glass/epoxy, a/h = 20. 



B.C. 


DOF 


1 


2 


3 


4 


5 


6 


SFSF 


3 X 5 X 5 = 75 


0.02195 


0.02426 


0.11487 


0.13041 


0.52173 


0.58559 




3x6x6= 108 


0.02037 


0.02364 


0.11487 


0.13027 


0.27371 


0.29661 




3 X 7 X 7 = 147 


0.02036 


0.02364 


- 


- 


0.27371 


0.29661 




Error (%) 


0.02 


0.00 


0.00 


0.11 


0.00 


0.00 


SFSS 


3 X 5 X 5 = 75 


0.02305 


0.11949 


0.34910 


0.39122 


0.44299 


0.63522 




3x6x6= 108 


0.02194 


0.11944 


0.28003 


0.34910 


0.39002 


0.40414 




3X7X7 = 147 


0.02193 


- 


0.27901 


0.34910 


0.38739 


0.40221 




Error (%) 


0.05 


0.04 


0.37 


0.00 


0.68 


0.48 


ssss 


3 X 5 X 5 = 75 


0.28779 


0.44581 


0.44794 


0.47114 


0.58022 


0.69821 




3x6x6= 108 


0.28777 


0.33918 


0.44683 


0.46719 


0.55548 


0.69821 




3X7X7 = 147 


0.28395 


0.33903 


- 


0.46608 


0.53564 


- 




Error (%) 


1.35 


0.04 


0.25 


0.24 


3.71 


0.00 


sssc 


3 X 5 X 5 = 75 


0.32851 


0.45514 


0.63128 


0.69821 


0.71533 


0.74887 




3x6x6= 108 


0.32314 


0.45170 


0.61809 


0.63133 


0.69820 


0.74873 




3 X 7 X 7 = 147 


0.32087 


0.45167 


0.57013 


0.63062 


0.69816 


0.74868 




Error (%) 


0.71 


0.76 


8.41 


0.11 


0.00 


0.01 


SCSF 


3 X 5 X 5 = 75 


0.16478 


0.21858 


0.34918 


0.40494 


0.56261 


0.68067 




3x6x6= 108 


0.16474 


0.21839 


0.34910 


0.40494 


0.43584 


0.68067 




3 X 7 X 7 = 147 


0.15729 


0.21838 


0.34910 


- 


0.43307 


- 




Error (%) 


4.73 


0.00 


0.00 


0.00 


0.64 


0.00 


scsc 


3 X 5 X 5 = 75 


0.34258 


0.38502 


0.46820 


0.63169 


0.69821 


0.71567 




3x6x6= 108 


0.34246 


0.38189 


0.46820 


0.61357 


0.63091 


0.69821 




3X7X7 = 147 


0.33990 


0.38176 


- 


0.61326 


0.62921 


- 




Error (%) 


0.75 


0.03 


0.00 


0.05 


0.27 


2.50 


Note 


that for both 


laminates 


[90°], and 


[90°,0°, 90°], more 


fibers are 


in the 



circumferential direction. For the second laminate, two thirds of the fibers are in the 
circumferential direction of the shell. These two-thirds are closer to the shell outer 
surfaces rather than the middle surface, which makes their contribution to the overall 
stiffness of the shell significant. Obviously, the [90°] laminate is stiffer and yields slightly 
higher frequencies. Both laminates, however, yield significantly higher frequencies than 
those of [0°] and [0°,90°, 0°], where more fibers are in the longitudinal direction of the 
shell. 

The second observation that needs to be made here is that the effect of the lamination 
is much higher for the free cylindrical shells than it is for the clamped one. The 
fundamental frequencies for the free cylindrical shells having [90°], and [90°,0°,90°] 
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Table 7.15. Frequency parameters Cl = toR-^p/Ei of laminated closed cylindrical shell with two opposite 
edges simply supported and the others arbitrary. a/R = 2, E-glass/epoxy, a/h = 20. 



Lamination 


B.C. 


1 


2 


3 


4 


5 


6 


[90°] 


FF 


0.02060 


0.02373 


0.1043 


0.1221 


0.2808 


0.3028 




FS 


0.02209 


0.1096 


0.2868 


0.3491 


0.3680 


0.3963 




SS 


0.2685 


0.3374 


0.4338 


0.4445 


0.5440 


0.5484 




sc 


0.3114 


0.3738 


0.4444 


0.5649 


0.6252 


0.6386 




CF 


0.1499 


0.2070 


0.2932 


0.3492 


0.3878 


0.4197 




CC 


0.3383 


0.3890 


0.4722 


0.6158 


0.6342 


0.6676 


[0°] 


FF 


0.01314 


0.02149 


0.0666 


0.0964 


0.1792 


0.2159 




FS 


0.01747 


0.07615 


0.1895 


0.3491 


0.3712 


0.3918 




SS 


0.2892 


0.2896 


0.4232 


0.4445 


0.5550 


0.5693 




sc 


0.3254 


0.3327 


0.4453 


0.6682 


0.6982 


0.7252 




CF 


0.1489 


0.2071 


0.2260 


0.3459 


0.4046 


0.4174 




CC 


0.3448 


0.3450 


0.4502 


0.6665 


0.6744 


0.6982 


[0°, 90°, 0°] 


FF 


0.01351 


0.02159 


0.0684 


0.0976 


0.1894 


0.2255 




FS 


0.01770 


0.07765 


0.1988 


0.3491 


0.3724 


0.3948 




SS 


0.2856 


0.2858 


0.4389 


0.4445 


0.5574 


0.5946 




sc 


0.3334 


0.3368 


0.4593 


0.6375 


0.6862 


0.6982 




CF 


0.1454 


0.2137 


0.2247 


0.3492 


0.3610 


0.4196 




CC 


0.3493 


0.3553 


0.4680 


0.6877 


0.6982 


0.7967 



lamination sequence are about 50% higher than those of [0°], and [0°, 90°, 0°]. The impact 
of lamination on higher frequencies for FF shells is generally less than that on the 
fundamental frequencies but can still be significant for some frequencies like the third 
one. The impact of lamination on the second frequency is particularly smaller than other 
frequencies for these shells. Studies on the mode shapes will yield a better understanding 
of the reason. 

The difference between various lamination sequences is much less for the clamped 
cylindrical shells. This difference between the stiffer [90°] laminate and the weaker [0°] 
one is about 10% for the first two frequencies of the simply supported shell and less than 
that for the higher frequencies. It is also worth mentioning how the simple supports at both 
ends introduce considerable stiffness to the shell. The frequencies obtained for the SS 
boundaries are closer to the SC and the stiffest CC boundaries than the CF boundary. 



7.5. VIBRATIONS OF OPEN CYLINDRICAL SHELLS 



Open cylindrical shells can have any combinations of boundary conditions that shallow 
shells or plates have. Cylindrical shells can have 12 possible classical boundary conditions 
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per edge. This yields numerous potential combinations of boundary conditions for open 
cylindrical shells. As was done previously for shallow shells, and unless stated otherwise, 
free will mean completely free (i.e., F4), clamped will mean completely clamped (i.e., Cl) 
and simply supported will mean shear diaphragm boundaries (S2). Even with this 
simplification, we are not back to the 21 possible combinations of boundary conditions 
that a plate has. The reason is curvature. For example, a circular cylindrical shell that has a 
CFFF boundary (i.e., cantilever) will mean that the clamped edge is on the curved surface 
of the shell, which is considerably stiffer than the same shell having a FCFF boundary 
where the clamping is on the straight edge of the shell. These two boundary configurations 
(CFFF and FCFF) will yield the same results for flat plates and spherical shallow shells but 
will yield significantly different results for cylindrical shells. 



7.5.1 Comparison with exact solutions 

The accuracy of the Ritz method with elastic constraints used at a = a and (3 = b will be 
established first for these open shells. Eq. (5.66) gives the energy functionals needed to 
treat such supports. 

E-glass/epoxy materials made of cross-ply [90°, 0°, 90°] laminates are chosen to 
perform a comparison among di fferent a nalyses. Table 7.16 shows a comparison among 
frequency parameters Cl = coa 2 -^ p/E^h 2 obtained by various methods and theories for the 
analysis of such shells. This frequency parameter is chosen for the treatment of open 
cylindrical shells to allow for direct comparison between these shells and shallow shells as 
well as flat plates discussed in previous chapters. The maximum difference between CST 
and SDST is less than 1% for the fundamental frequency and less than 10% for the 10th 
frequency. Furthermore, the Ritz method converged well for the lowest six frequencies. 



Table 7.16. Frequency parameter Cl = coa 2 ^ p/Eih 2 of laminated cylindrical open shell with shear 
diaphragm boundaries, a/b = 1, [90°, 0°, 90°] E-glass/epoxy, a/h = 20, a/R = 0.5. 



m 


n 


Exact SDST 


Exact CST 


Error (%) 


Ritz CST 


Error (%) 


i 


2 


12.106 


12.438 


2.74 


13.163 


5.83 


i 


1 


12.914 


12.951 


0.29 


13.393 


3.41 


2 


2 


20.744 


21.332 


2.83 


21.948 


2.89 


2 


1 


25.147 


25.334 


0.74 


25.496 


0.64 


1 


3 


23.940 


25.422 


6.19 


26.965 


6.07 


2 


3 


29.123 


31.065 


6.67 


31.762 


2.24 


3 


2 


31.203 


32.431 


3.94 


32.754 


1.00 


3 


1 


34.010 


34.644 


1.86 


34.706 


0.18 


3 


3 


37.885 


40.767 


7.61 






4 


2 


43.431 


45.133 


3.92 
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The observation made earlier about the Ritz method converging faster for some higher 
frequencies than it is for the lower ones is observed here as well. In particular, the 
convergence is observed to be slower when higher number of half-sine waves exist in the 
circumferential direction of the shell. 



7.5.2 Convergence studies 

Convergence studies are needed to establish the number of terms used to obtain accurate 
results. E-glass/epoxy materials and a typical lamination sequence [30°, — 30°, 30°], 
aspect ratio ( a/b ) of 1.0, thickness ratio (a/h) of 20 and length to radius ratio (a/R) of 1.0 
are used in the following convergence studies. 

Seven boundary configurations representative of those to be encountered later are 
used in these convergence studies. The completely free (FFFF), simply supported (SSSS) 
and completely clamped (CCCC) boundary configurations are studied. In addition, the 
boundary conditions of cantilevered (CFFF), SFSF, CFCF and CSCS are analyzed. 

Table 7.17 lists the fundamental frequency parameters for these seven boundary 
conditions. Equal number of terms in the a and (i directions are used with equal terms for 
the inplane displacements and out of plane displacement. This led to a total number of 
terms of 75, 108 and 147 terms analyzed for convergence. 

The first important observation is that ill conditioning starts to appear when the 147 
terms solution is used. This is recognized either when the frequencies start to go higher, 
which contradicts the proven understanding of the Ritz method, or when the results are far 
off those obtained by the previous solution. Inaccurate results are not reported. It is thus 
seen that the most accurate solution can only be obtained with 108 terms. 

Error is also reported in the table. It is defined as the percentage difference between 
the last two accurate solutions. For example, for the first frequency of the FFFF boundary, 
where accurate results were obtained with the 147-term solution, the error is defined as the 
percentage difference between the 147- and 108-term solutions. For the fourth frequency, 
error is defined as the percentage difference between the 108 and 75-term solutions. Most 
frequencies compared well with the 108-term solution. This 108-term solution is adopted 
for the detailed studies on the behavior of laminated composite cylindrical shells. 



7.5.3 Frequencies for deep cylindrical shells 

Having established the accuracy of the Ritz method for analyzing composite shells with 
simple support boundaries, the method will now be extended to analyze these shells when 
under different boundary conditions. Appendix D lists the fundamental six frequency 
parameters for three-layered [ 0 , — 6 , 9] E-glass/epoxy cylindrical shells with a/b = 1, a 
thickness ratio (a/h) of 20, and curvature ratio (a/R) of 1.0. The Ritz method was used 
with algebraic polynomials having equal number of terms in the a and /3 directions, and 
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Table 7.17. Convergence of the frequency parameter Cl = a >R^Jp/E i of laminated open cylindrical shell 
with selected boundaries. a/R = 1, [90°, 0°, 90°] E-glass/epoxy, a/h = 20. 



B.C. 


DOF 




1 


2 


3 


4 


5 


6 


FFFF 


3x5x5= 


75 


3.262 


4.520 


7.674 


9.049 


9.727 


16.195 




3x6x6 = 


108 


3.251 


4.435 


7.668 


9.049 


9.599 


12.856 




3x7x7 = 


147 


3.248 


4.399 


7.555 


- 


9.468 


12.683 




Error (%) 




0.07 


0.80 


1.49 


0.00 


1.38 


1.36 


CFFF 


3x5x5= 


75 


1.972 


2.244 


5.897 


7.842 


8.671 


10.630 




3x6x6 = 


108 


1.972 


2.244 


5.848 


7.842 


8.671 


10.630 




3x7x7 = 


147 


- 


2.243 


5.793 


- 


8.668 


- 




Error (%) 




0.00 


0.04 


0.94 


0.00 


0.04 


0.00 


SFSF 


3x5x5= 


75 


4.311 


4.601 


8.950 


12.599 


12.956 


18.059 




3x6x6 = 


108 


4.311 


4.601 


8.984 


12.631 


12.848 


16.549 




3x7x7 = 


147 


- 


- 


8.904 


12.488 


12.785 


16.390 




Error (%) 




0.00 


0.00 


0.90 


1.15 


0.49 


0.97 


CFCF 


3x5x5= 


75 


7.271 


7.791 


11.527 


17.939 


18.232 


22.056 




3x6x6= 


108 


7.154 


7.737 


11.497 


17.354 


17.745 


18.539 




3x7x7= 


147 


6.773 


7.507 


- 


16.245 


17.668 


18.303 




Error (%) 




5.63 


3.07 


0.26 


6.83 


0.44 


1.29 


ssss 


3x5x5= 


75 


8.832 


11.049 


16.623 


19.778 


30.065 


31.147 




3x6x6= 


108 


9.040 


11.096 


16.823 


19.430 


21.472 


28.245 




3x7x7 = 


147 


9.004 


11.021 


16.741 


19.358 


21.472 


28.137 




Error (%) 




0.39 


0.68 


0.49 


0.37 


0.00 


0.38 


cscs 


3x5x5= 


75 


10.550 


12.817 


20.913 


23.722 


30.982 


31.223 




3x6x6= 


108 


10.550 


12.817 


20.890 


21.610 


24.408 


31.223 




3x7x7 = 


147 


- 


- 


20.881 


21.610 


24.383 


- 




Error (%) 




0.00 


0.00 


0.04 


0.00 


0.10 


0.00 


cccc 


3x5x5= 


75 


14.301 


17.173 


22.160 


26.967 


30.289 


37.582 




3x6x6= 


108 


14.301 


16.849 


21.957 


26.431 


30.289 


37.582 




3x7x7 = 


147 


- 


- 


- 


-- 


-- 


- 




Error (%) 




0.00 


1.92 


0.92 


2.03 


0.00 


0.00 



equal terms for the displacements u 0 , v 0 , and w 0 . A total of 108 degrees of freedom (DOF), 
with six terms in each direction for each displacement function, were used in the analysis. 
The zero frequencies corresponding to rigid body modes for some boundary 
configurations are not listed. 

It is interesting to see how curvature, fibers’ orientation and boundary conditions 
interact. It is generally known that additional fixation will yield higher frequencies (note 
that the zero frequencies have to be accounted for here). Furthermore, fixation on a curved 
edge will result in higher frequencies when compared with fixation on a straight edge. 
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It is also observed that when more fibers, particularly those farther away from the 
shell’s middle surface, are oriented in the circumferential direction of the shell yields 
higher frequencies. It is also found that when fibers are perpendicular to a fixed boundary, 
it yields higher frequencies than when they are parallel to that boundary. The previous two 
observations yield an interesting interaction between the impact of the boundary 
conditions, curvature and fiber orientation on the fundamental frequencies. 

In general, deeper shells yield higher frequencies than shallower ones. There were 
some exceptions to this for some boundary configurations like SSFF, where shallower 
shells yielded slightly higher frequencies than deeper shells. 

Among the important observation that should be reported are that maximum 
fundamental frequencies were obtained at different lamination angles for different 
boundary conditions. Maximum fundamental frequencies were obtained at 0° for CFFF, 
CSFF, CFSF, CFCF, CSCF, and CCCF boundaries. These were obtained at 15° for SFSF, 
SSSF, CSSF, CCSF, and SCSF conditions. Maximum fundamental frequencies were 
obtained at 45° for FFFF, SFFF, SSFF, CCFF, CSSS, CSCS and SSSS boundaries. CCCS, 
CSSS and CCSS yielded maximum fundamental frequencies at a lamination angle higher 
than 45°. In particular, the completely clamped shell was the only shell that gave 
maximum fundamental frequencies at 90°. Among the general conclusions that can be 
drawn from the above observation is that shells with the two opposite curved edges being 
simply supported or clamped tend to give maximum fundamental frequencies when the 
lamination angle is closer to 0°; with the exception of CCCS, SSSS and completely 
clamped boundaries. Shells with two adjacent edges free tend to give maximum 
fundamental frequencies close to 45°. Minor deviations are found in these observations 
when the curvature is increased. In particular, the CSFF boundary gave maximum 
fundamental frequency at 0° for deeper shells and at 15° for shallower ones; both the 
CSSS and CSCS gave maximum fundamental frequencies at 45° for shallow shells and at 
60° for deeper shells. 

One should be careful when comparing the results in Appendix D with those in 
Appendix B for shallow shells. The results in Appendix B were obtained with a/R a = 2.0 
and a/Rp = 0. Thus a CFFF boundary, for example, in Appendix B will mean that the 
clamped support is at the straight edge while the same boundary in Appendix D will mean 
that the clamped boundary is at the curved edge. 



7.6. EQUATIONS AND ANALYSIS OF BARREL SHELLS 

Barrel shells are essentially cylindrical shells for which the meridional direction of the 
shell has some initial curvature. The curvature may be due to imperfection in 
manufacturing, or is a part of the design as is the case in barrel shells. 
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Soedel (1993) presented a treatment to deal with isotropic barrel shells and simplified 
equations were derived. Barrel shells are treated as a special case of shells of revolution in 
which the angle that the radius of curvature along the shell direction makes with the center 
of revolution axis is close to 90°. This simplified the equations and introduced constant 
Lame parameters. This approach to the treatment of barrel shells is adopted here. A 
similar approach was adopted earlier using shallow shell theory (McElman and Knoell 
1971). A more general approach to the analysis of shells of revolution can be found in 
Suzuki et al. (1995a, b). 



7.6.1 Thin barrel shells 

We will first treat thin barrel shells. Thick shells will be considered next. 



7.6. 1.1 Fundamental equations. Consider a shell of revolution as shown in Figure 7.1, 
and the associated fundamental form of Eqs. (7.1) and (7.2). For barrel shells of revolution 
(Figure 7.1), the angle cf> is assumed to vary between 75 and 105°. Thus, the following 
approximation is reasonable 

sin (<t>) * 1 (7.27a) 

Keeping the curvilinear coordinates, the fundamental form can then be approximated as 

A = 1, £= 1 (7.27b) 

Based on these assumptions, we will only be able to consider barrel shells that have a small 
length to curvature ratio in the a-direction (i.e., \a/R a \ < 0.5). Note that R a can be 
a negative value. There is a geometric constraint for shells having negative R a , 
and that is I R a ( 1 — cos(a/2R a ))\ > Rp. This is necessary for the shell surfaces to remain 
non-intersecting. 

For the case of open shells (Figure 7.9), the shell might have an initial pretwist. The 
radius of twist (R a p) is included in the development of the equations. 

With constant and unit Lame parameters, midsurface strains can be simplified from 
Eq. (2.53) and expressed as 

o s «o . w o 

e„ = 

da R a 

o _ 9v 0 w 0 

ee ~W + iL f 

o = 3vo 0Mo 2wo 
7a/3 0a + 9/3 + R a p 



(7.28) 
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a 




Curvature changes can be written as 



— ( _^L , _ aw Q > \ 

dP\ R aP Rp 9/3 ) 



-1 


( «o Vo_ 


0W O ^ 


U-l 


( vq «o 


_ S^o \ 


0a 1 




9/3 


9/3 


^ ^a/3 


0 a y 



_9_/ «0 VQ _ 9wo 
9 a y R a R a p 9° 



(7.29) 



Force and moment resultants for thin shells derived in Chapter 2 (Eqs. (2.64) and (2.65)) 
and applied to plates, shallow shells and cylindrical shells also apply for barrel thin 
shells. 

Deleting the body couples, the reduced equations of motion become (for unit values of 
the Lame parameters A and B) 

dN a dN a p 1 r 9M 3M a p I 1 r dMa 9 M a p 1 = __ d 2 u 0 

0a 9/3 R a |_ 9 a 9/3 \ R a p L 9 /3 8a J P dt 2 

9(Vp dN a p 1 r 9M m afs 1 1 r 9 Mg 9 M a p 1 = _ 9 2 v 0 

9 /3 8a /? a| g |_ 8a 8/3 J |_ 0 /S 0a J P dt 2 

_ ( 2N a p , Na , NA 9 2 M g 9 2 M a/3 | 8 2 M p | 0 2 w o 

V ^a/3 «/3/ 0a 2 0/3 0a 0/3 2 P 0f 2 



(7.30) 
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The above equations can be written in terms of displacement yielding Eq. (5.10), with 
the L,j differential operators 



L\\ — -Mu + 2- 



2A,6 + 2 



— f- +2 — 

Ri R a R a p 



(B 12 + B 66 ) 



+ 4-^+2 



(D n + D 66 ) 



RaRap 



+ 2-^+2^- 

R 2 R 2 

K a p . 



0a 9/3 



+ -U 66 + 2-^+2- 



^12^- 

fl 2 



L i2 — L 2 \ — -! Aj 



(*n+*«) . 



}i + { 



(A 12 + A 66 ) + 



R a R a p R a Rp Rap 

(B l2 + B 66 ) ( B\2 + B 66 ) 



RpRap J9« 2 t Rp 

(B l6 + B 2 (,) (D l2 + D 66 ) (D 1 2 + D 66 ) 



(B 2 2 + -866) 



RpRap 



2 0,6 - 


0 2 


^a^a/3 J 


0a 9/8 


^66 , 
^a^a/3 


A>6 


R a Rp 



RpRap 



L 22 — i A fifi + 2- 



OO r\ " ID 

Rp Rp R a p 



+ ]2As 6 + 2 (Bl2+B66) + 4 ^ +2 ^+- P 66) +2 D^ +2 Du l l_gl_ 
1 V^/3 ^ 9/3 



+ W + 2 ^ + 2 |^ 



^66 , -)_^26_ 
RpRa(: 



Lio — Lqi — -< 5i 



:}i + { 



Die (D 12 + 2D 66 ) 



9a 2 0/3 



-m I + 2B„)-3^- (D ' ; + 2 °» ) 



+ Jlli + fli + 2^!L + 5i + 2^+3 



j 9 a 9 /3 2 

— ^ 1 

RaRaP 



RpRap 



R a Rp\ 0« 
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_l_ J + 16 +26 | 2 +66 _j_ (2B 66 +B i 2 ) 



Lr,-, — Lv> — ■ 



iv /3 M «i3 J 

f_R _ _ ^16 

j ^ V 

+ |-3B 26 -3^- 
+ "1 (^12 + 2B 66 ) — 3 



RaRaP 



Rp R ap 



B 16 . ^26 

R 2 + R 2 

K a p 



}i + {^ 32 Ki 

(P\2 + 2D 66 ) "I 8 3 
/C j 6a 3/3 2 



Rp a/ 3 3 



£>16 (^12 + 2I>66) 



'da 2 '6(3 



+26 0 +66_ 



;}^ + | 



B a B a p 



(B 12 + 2g 66 ) #2 

Rp R ap B) 



+ 12 _|_ +22 _|_ +26 
7?^ 



RaRap 



Rp R ap 



B22 . -, ^66 , ^12 I 9 

R 2 p 'Rip RaRp J 9/3 



^<3 9/3 



L 33 — -jOn— ^+4Z) 16 3 +2(D 12 + 2D 66 ) 

/ 9 a 4 8 a d /3 



a« 2 a/3 2 +4£>26 aaa/3 3 +£>22 a/3 4 j 



.J /Sn + 5 12+2 B 1 6 
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V 
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Conducting the proper substitutions in the general thin shell equations to specialize them 
to those for barrel shells (Qatu 1999b), the strain energy may be expressed in Eqs. (5.12) 
and (5.13) (U= U s + £4 + £4 S ) where U s is the part due to stretching alone. 



Ut ~2 J/r n 



+ 2+12 



■■(£ + ?M£ + ?M£ + 

( 9v ; o . w o \ ( 9v 0 a«o . 2w 0 \] 
\dp + R p ){da + d(3 + R ap )\ dA 



( av 0 8« 0 2w 0 V 

8mq Wq\/ av 0 du 0 2 nV 

8a 7? a jy8a 8/3 R afS/ 
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U b is the part due to bending alone, 



1 

U h = - 



d(u 0 v 0 9w 0 \ V / 9 / m 0 . v 0 Sw 0 \Y 

- + i^j) +D,i {^{nr f + if-w)l 






vo 


«0 


a/sV 


Ya/3 


Ra 


9 

s/ 1 


/ «o 


+ Z°. 


K 9/3 


V^a/3 





da )) 



+ 2 D 



16 



( 9 / «0 Vp 9 H'd \ \ 

i 0a\tf„ 77„ 




«o 



Da\ R a p R 



a(3 

Vp _ 9^0 
9/3 



da )J 

H( 



v 0 



Rap R 



lift D\Vq 
Da 



)} 



+ 2D 96 | —I — — h — 
W\R a p Rp 

Mp Vq _ 9vvq\ 
Da\R a p Rp 9/3 J 




9 Wo'’ 




9 £, 




_ 3 / 


< VQ Mq 


9/3 \ 


^^a/3 






dA 



and U bs is the part due to bending -stretching coupling. 



U hs = 
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(7.33) 
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The work done by the external forces W and the kinetic energy equations are similar to 
those derived earlier for thin cylindrical shells. Therefore, the total potential energy of the 
shell in its deformed shape is TI=U—W. 



7.6. 1.2 Simply supported cross-ply thin barrel shells. Consider a barrel shell that is 
made of a cross-ply laminate, and assume the radius of twist to be infinity, (i.e., R al 3 = 00 ). 
The differential parameters L t] in the Eq. (7.31) become 
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(7.35) 

Consider an open barrel shell, with shear diaphragm (S2) boundaries on all four edges 
(Eq. (2.74)). Eq. (5.38) presents a solution that satisfies both the boundary conditions and 
the equations of motion exactly. Substitute Eq. (5.38) into the equations of motion would 
result in Eq. (5.40), where 
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(7.36) 



Various curvature ratios in the longitudinal direction of the shell are treated including both 
negative and positive curvature. The first 1 1 natural frequencies are listed for each a/mRp 
ratio. For higher ratios of a/mR, the shell may be treated as a beam with a varying moment 
of inertia. For each case, the minimum natural frequency is underlined. The curvature 
ratio ( a/R a ) along the longitudinal axis varies from —0.5 to 0.5. The ratio +0.5 (with 
a/mRp = 0.5, and m = 1) yields a spherical shells that is “chopped” from bottom and top. 
When a/R a is taken as zero (i.e., R a = 00 ) the special case of cylindrical shell occurs. 

Tables 7.18 and 7.19 present results for graphite/epoxy closed and open [0°,90°] 
laminated shells. The curvature ratio ( a/R a ) along the longitudinal axis varies from — 0.5 
to 0.5. As was found for isotropic shells (Qatu 1999b), increasing the curvature a/R a 
increases all the natural frequencies with its maximum effect on the fundamental natural 
frequency. For example, increasing the curvature aj R a from 0.0 to 0.1 increased the 
fundamental frequency by 43% for ci/mRp = 8. Such an increase is less for lower a/mRp 
and/or higher frequencies. 

Introducing a negative curvature R a in laminated composite shells has similar effects 
on the frequencies when compared with isotropic shells (Qatu 1999b). The fundamental 
frequency is observed to reach a minimum value at a certain a/R a ratio. This minimum 
depends on a/mRp, as well as the thickness ratio (Qatu 1999b). For higher frequencies, 
introducing a negative curvature increases the frequencies. Vibration studies on the effects 
of the thickness ratio, orthotropy ratio and lamination sequence were made and available 
in the literature (Qatu 1999b). 




Table 7.18. Frequency parameters for [0°, 90°] graphite/epoxy closed barrel shells, Rp/h= 100(Qatu 1999b). 



a/R a 


ajmRp 












n 
















0 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


-0.5 


8 


0.08907 


0.02882 


0.01384 


0.03115 


0.04160 


0.05169 


0.06386 


0.07898 


0.09730 


0.11879 


0.14339 




4 


0.17815 


0.10359 


0.03684 


0.01109 


0.02524 


0.04126 


0.05727 


0.07478 


0.09458 


0.11702 


0.14221 




2 


0.35629 


0.23298 


0.13045 


0.07467 


0.04497 


0.03790 


0.04882 


0.06717 


0.08876 


0.11280 


0.13926 




1 


0.71259 


0.43859 


0.28386 


0.19667 


0.14358 


0.11078 


0.09365 


0.09091 


0.10033 


0.11837 


0.14216 




0.5 


0.73555 


0.63692 


0.49277 


0.38409 


0.30840 


0.25596 


0.22030 


0.19801 


0.18739 


0.18734 


0.19663 


- 0.1 


8 


0.08907 


0.04498 


0.01466 


0.01075 


0.02015 


0.03273 


0.04785 


0.06563 


0.08610 


0.10929 


0.13521 




4 


0.17815 


0.11353 


0.05705 


0.03112 


0.02510 


0.03317 


0.04754 


0.06531 


0.08589 


0.10919 


0.13520 




2 


0.35629 


0.23841 


0.14255 


0.09212 


0.06505 


0.05411 


0.05688 


0.06943 


0.08792 


0.11040 


0.13611 




1 


0.71259 


0.44137 


0.29008 


0.20629 


0.15619 


0.12555 


0.10898 


0.10461 


0.11093 


0.12577 


0.14696 




0.5 


0.73563 


0.63796 


0.49549 


0.38860 


0.31465 


0.26379 


0.22942 


0.20796 


0.19756 


0.19708 


0.20544 


0.1 


8 


0.08907 


0.05309 


0.02822 


0.02123 


0.02445 


0.03425 


0.04823 


0.06549 


0.08570 


0.10875 


0.13459 




4 


0.17815 


0.11847 


0.06720 


0.04378 


0.03602 


0.03954 


0.05074 


0.06683 


0.08652 


0.10933 


0.13504 




2 


0.35629 


0.24108 


0.14858 


0.10088 


0.07549 


0.06441 


0.06503 


0.07494 


0.09142 


0.11256 


0.13739 




1 


0.71259 


0.44273 


0.29317 


0.21109 


0.16251 


0.13302 


0.11696 


0.11223 


0.11748 


0.13098 


0.15093 




0.5 


0.73566 


0.63847 


0.49684 


0.39085 


0.31778 


0.26771 


0.23400 


0.21299 


0.20276 


0.20216 


0.21016 


0.5 


8 


0.08907 


0.06932 


0.05573 


0.05146 


0.05187 


0.05641 


0.06526 


0.07841 


0.09553 


0.11631 


0.14045 




4 


0.17815 


0.12824 


0.08751 


0.06978 


0.06306 


0.06340 


0.06967 


0.08124 


0.09743 


0.11763 


0.14144 




2 


0.35629 


0.24634 


0.16061 


0.11841 


0.09672 


0.08682 


0.08574 


0.09216 


0.10495 


0.12300 


0.14544 




1 


0.71259 


0.44540 


0.29932 


0.22067 


0.17516 


0.14807 


0.13336 


0.12858 


0.13245 


0.14386 


0.16160 




0.5 


0.73567 


0.63945 


0.49952 


0.39534 


0.32402 


0.27556 


0.24320 


0.22315 


0.21339 


0.21270 


0.22014 
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Table 7.19. Frequency parameters for [0°,90°] graphite/epoxy open barrel shells, b/Rp = 2.0, Rp/h = 100(Qatu 1999b). 



a/R a 


a/mRp 












n 
















0 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


-0.5 


8 


0.08907 


0.00178 


0.03282 


0.04864 


0.06782 


0.09442 


0.12887 


0.17087 


0.22014 


0.27650 


0.33982 




4 


0.17815 


0.06008 


0.01193 


0.03674 


0.06203 


0.09153 


0.12738 


0.17009 


0.21976 


0.27634 


0.33979 




2 


0.35629 


0.16679 


0.06910 


0.03762 


0.05356 


0.08545 


0.12374 


0.16808 


0.21876 


0.27599 


0.33986 




1 


0.71259 


0.33900 


0.18755 


0.11851 


0.09147 


0.09833 


0.12789 


0.16994 


0.22037 


0.27792 


0.34223 




0.5 


0.73555 


0.55136 


0.37161 


0.26910 


0.21273 


0.18826 


0.19022 


0.21371 


0.25325 


0.30468 


0.36554 


- 0.1 


8 


0.08907 


0.02385 


0.01173 


0.02885 


0.05262 


0.08294 


0.11996 


0.16372 


0.21422 


0.27145 


0.33540 




4 


0.17815 


0.07649 


0.02915 


0.02995 


0.05227 


0.08272 


0.11991 


0.16378 


0.21435 


0.27162 


0.33561 




2 


0.35629 


0.17613 


0.08715 


0.05574 


0.05964 


0.08494 


0.12095 


0.16459 


0.21515 


0.27248 


0.33652 




1 


0.71259 


0.34371 


0.19762 


0.13279 


0.10656 


0.10942 


0.13410 


0.17284 


0.22130 


0.27769 


0.34132 




0.5 


0.73563 


0.55333 


0.37638 


0.27651 


0.22214 


0.19843 


0.19962 


0.22134 


0.25898 


0.30878 


0.36838 


0.1 


8 


0.08907 


0.03584 


0.02115 


0.03093 


0.05281 


0.08257 


0.11939 


0.16306 


0.21351 


0.27071 


0.33465 




4 


0.17815 


0.08471 


0.04188 


0.03757 


0.05488 


0.08345 


0.11990 


0.16343 


0.21383 


0.27101 


0.33494 




2 


0.35629 


0.18078 


0.09622 


0.06631 


0.06702 


0.08869 


0.12269 


0.16531 


0.21532 


0.27233 


0.33617 




1 


0.71259 


0.34605 


0.20265 


0.13998 


0.11453 


0.11615 


0.13876 


0.17580 


0.22311 


0.27876 


0.34189 




0.5 


0.73566 


0.55430 


0.37876 


0.28021 


0.22687 


0.20363 


0.20457 


0.22555 


0.26231 


0.31132 


0.37028 


0.5 


8 


0.08907 


0.05988 


0.05127 


0.05467 


0.06856 


0.09280 


0.12616 


0.16765 


0.21665 


0.27286 


0.33609 




4 


0.17815 


0.10111 


0.06831 


0.06266 


0.07244 


0.09480 


0.12733 


0.16842 


0.21723 


0.27333 


0.33650 




2 


0.35629 


0.19001 


0.11440 


0.08868 


0.08684 


0.10273 


0.13204 


0.17155 


0.21956 


0.27523 


0.33815 




1 


0.71259 


0.35068 


0.21270 


0.15443 


0.13106 


0.13139 


0.15069 


0.18448 


0.22932 


0.28319 


0.34505 




0.5 


0.73567 


0.55622 


0.38350 


0.28762 


0.23638 


0.21422 


0.21492 


0.23468 


0.26985 


0.31736 


0.37505 
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7.6.2 Thick barrel shells 

7.6.2. 1 Fundamental equations. The middle surface strains and curvature changes for 
thick barrel shells having constant R a ftp and unit values for Lame parameters are 
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With infinite radius of twist (yielding barrel shells equations) the above equations become 
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The force and moment resultants are obtained by integrating the stresses over the shell 
thickness. The 1 + z/R term should be included, as well as shear deformation. This yields 
Eqs. (2.41 )— (2.44). One can also use the truncated equations for better numerical stability, 
which yields Eqs. (2.45)— (2.48). 

The equations of motion for barrel shells are 
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The equilibrium equations can be written in terms of displacements ( LyU, + M, ; m, = q) 
where the Ly and the My coefficients are listed below (7 ; - are defined in Eq. (2.57)). 
Eq. (2.72) represents the correct boundary conditions for thick cylindrical or barrel shells. 
The coefficients of the inertia matrix are 



Mji = My 

Mu = M 2 2 = -M33 = —1 1 
M m = M 2 5 = —U 
M 44 = M 55 = -7 3 
all other My = 0 



The coefficients of the stiffness differential operators are 
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7. 6.2. 2 Simply supported cross-ply thick barrel shells. The same exact solution used 
earlier for thick plates, shallow shells and cylindrical shells can be extended for barrel 
shells having shear diaphragm edges and cross-ply lamination (Qatu 2004). 

The displacement fields represented by Eq. (5.44) are used for barrel shells. This 
yields the equation [7f] { A } + or [ M ] { A } = 0 for free vibration analysis where [A"] and 
[M] are the stiffness and mass symmetric 5X5 matrices, respectively, and co is the 
frequency. The stiffness coefficients Kjj are 
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The nondimensional frequency parameter (ii = caR^Jp/Ef) is used in all subsequent 
results. In the results obtained for laminated composite shells, the [0°, 90°] lamination 
sequence is used in most of these results The moderately orthotropic graphite/epoxy (G/E) 
materials is used. 

Table 7.20 lists the natural frequencies for [0°, 90°] graphite/epoxy closed barrel shells 
with (a/R a ) ratios of 0.5. The table shows comparison between results obtained using 
SDST and those obtained using CST for various thickness ratios. Similar to cylindrical 
shells, the results show clearly that gross error can occur when using thin shell theory 
especially for thicker and shorter shells. 

Tables 7.21 and 7.22 present the natural frequencies of graphite/epoxy shells with a 
[0°, 90°] lamination sequence and a thickness ratio of Rp/h = 10 for closed and open shell 
configurations; respectively. The curvature ratio ( a/R a ) along the a-axis varies from 
— 0.5 to 0.5. Figure 7.10 shows the effect of varying the curvature (ci/R a ) for different 
circumferential curvature ratios (a/mRp). 

The first observation made here is that a slight curvature in the barrel shell with 
a/R a = 0.1 resulted in a considerable change in the natural frequencies. This is similar to 
observations made earlier for isotropic shells Qatu (2004). For longer closed shells with 
a/mRp = 8, changing a/R a from 0 (i.e., perfect cylindrical shells) to 0.1 resulted in 
increasing the natural frequency parameter by 5%. For open shells, such change resulted 
in a higher deviation. 

Another important observation is that increasing the curvature a/R a increased the 
frequencies associated with n = 1,2 and 3 of the shells with moderate length a/ tulip = 2. 
For longer shells with a/mRp = 8, increasing curvature increased the frequency 
associated with n = 1 . The other frequencies associated with n = 2 and 3 seem to have 
minimum values at a/R a = —0.3 and 0, respectively. 

Introducing a negative curvature R a in laminated composite shells has effects on the 
frequencies which are similar to those found for isotropic shells. The fundamental 




Table 7.20. Comparisons of frequency parameters obtained using different shell theories for [0°, 90°] closed barrel shells a/R a = 0.5, G 12 /E 2 — 0.5, 
V\2 = 0.3. 



Theory 


Rp/h 


a/mRp 


0 


1 


2 


3 


4 


n 

5 


6 


7 


8 


9 


10 


CST 


20 


8 


0.08908 


0.06889 


0.05765 


0.07058 


0.10761 


0.16333 


0.23457 


0.32005 


0.41923 


0.53182 


0.65761 






4 


0.17816 


0.12725 


0.08835 


0.08527 


0.11439 


0.16707 


0.23712 


0.32209 


0.42101 


0.53346 


0.65917 






2 


0.35633 


0.24464 


0.16084 


0.13013 


0.14000 


0.18247 


0.24786 


0.33064 


0.42846 


0.54029 


0.66563 






1 


0.71266 


0.44632 


0.30464 


0.23845 


0.22066 


0.24171 


0.29341 


0.36823 


0.46139 


0.57035 


0.69381 






0.5 


0.78961 


0.69301 


0.56533 


0.48574 


0.45070 


0.45160 


0.48246 


0.53876 


0.61691 


0.71415 


0.82851 


SDST 


20 


8 


0.08907 


0.06874 


0.05742 


0.07017 


0.10660 


0.16092 


0.22958 


0.31089 


0.40380 


0.50749 


0.62125 






4 


0.17814 


0.12715 


0.08811 


0.08480 


0.11331 


0.16458 


0.23205 


0.31283 


0.40547 


0.50901 


0.62267 






2 


0.35628 


0.24449 


0.16054 


0.12952 


0.13869 


0.17969 


0.24245 


0.32099 


0.41246 


0.51532 


0.62854 






1 


0.71256 


0.44533 


0.30376 


0.23719 


0.21850 


0.23782 


0.28661 


0.35688 


0.44338 


0.54307 


0.65412 






0.5 


0.78071 


0.68593 


0.55908 


0.47889 


0.44223 


0.44046 


0.46733 


0.51797 


0.58830 


0.67508 


0.77582 


CST 


10 


8 


0.08911 


0.06836 


0.06459 


0.11071 


0.19588 


0.31052 


0.45183 


0.61866 


0.81026 


1.02597 


1.26510 






4 


0.17822 


0.12611 


0.09317 


0.12209 


0.20159 


0.31451 


0.45516 


0.62168 


0.81308 


1.02863 


1.26762 






2 


0.35644 


0.24313 


0.16550 


0.16315 


0.22560 


0.33173 


0.46951 


0.63457 


0.82507 


1.03994 


1.27831 






1 


0.71288 


0.45361 


0.32532 


0.28924 


0.32250 


0.40920 


0.53564 


0.69385 


0.87981 


1.09129 


1.32685 






0.5 


0.92183 


0.82605 


0.72531 


0.68750 


0.70255 


0.76132 


0.85858 


0.99062 


1.15440 


1.34729 


1.56708 


SDST 


10 


8 


0.08906 


0.06808 


0.06399 


0.10859 


0.18919 


0.29433 


0.41920 


0.56068 


0.71623 


0.88366 


1.06104 






4 


0.17812 


0.12590 


0.09246 


0.11975 


0.19463 


0.29798 


0.42213 


0.56325 


0.71857 


0.88582 


1.06307 






2 


0.35625 


0.24276 


0.16444 


0.16010 


0.21756 


0.31380 


0.43480 


0.57421 


0.72844 


0.89488 


1.07148 






1 


0.71249 


0.45066 


0.32164 


0.28255 


0.30946 


0.38489 


0.49323 


0.62460 


0.77327 


0.93554 


1.10882 






0.5 


0.88006 


0.78934 


0.68724 


0.64289 


0.64756 


0.69120 


0.76686 


0.86897 


0.99274 


1.13415 


1.28989 


SDST 


5 


8 


0.08903 


0.06680 


0.08438 


0.18480 


0.32772 


0.49681 


0.68378 


0.88308 


1.09081 


1.30424 


1.52147 






4 


0.17805 


0.12368 


0.10862 


0.19411 


0.33339 


0.50118 


0.68745 


0.88627 


1.09364 


1.30679 


1.52378 






2 


0.35611 


0.24118 


0.18149 


0.23382 


0.35915 


0.52088 


0.70375 


0.90028 


1.10595 


1.31776 


1.53367 






1 


0.71222 


0.47330 


0.37788 


0.39091 


0.47959 


0.61638 


0.78259 


0.96736 


1.16427 


1.36930 


1.57979 






0.5 


1.07481 


0.98465 


0.91514 


0.90987 


0.95338 


1.03594 


1.15034 


1.29001 


1.44908 


1.62273 


1.80721 
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Table 7.21. Frequency parameters for [0°, 90°] graphite/epoxy closed barrel shells, Rp/h = 10 (Qatu 2004). 



a/R a 


a/mRp 












n 
















0 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


-0.5 


8 


0.08908 


0.02778 


0.03845 


0.10352 


0.18952 


0.29633 


0.42181 


0.56352 


0.71915 


0.88657 


1.06391 




4 


0.17817 


0.10126 


0.05113 


0.10080 


0.18826 


0.29641 


0.42261 


0.56469 


0.72049 


0.88799 


1.06535 




2 


0.35634 


0.22920 


0.13633 


0.13286 


0.20148 


0.30523 


0.43030 


0.57200 


0.72756 


0.89483 


1.07195 




1 


0.71268 


0.44313 


0.30696 


0.26416 


0.29269 


0.37197 


0.48373 


0.61762 


0.76805 


0.93158 


1.10577 




0.5 


0.87667 


0.78449 


0.67984 


0.63355 


0.63733 


0.68099 


0.75722 


0.86012 


0.98473 


1.12691 


1.28334 


- 0.1 


8 


0.08908 


0.04383 


0.03783 


0.09854 


0.18514 


0.29270 


0.41874 


0.56086 


0.71678 


0.88443 


1.06195 




4 


0.17815 


0.11117 


0.06623 


0.10413 


0.18756 


0.29468 


0.42065 


0.56274 


0.71862 


0.88622 


1.06367 




2 


0.35630 


0.23470 


0.14751 


0.14285 


0.20648 


0.30733 


0.43097 


0.57193 


0.72710 


0.89415 


1.07116 




1 


0.71260 


0.44620 


0.31286 


0.27146 


0.29917 


0.37679 


0.48715 


0.62003 


0.76977 


0.93283 


1.10667 




0.5 


0.87809 


0.78648 


0.68285 


0.63732 


0.64144 


0.68507 


0.76106 


0.86363 


0.98788 


1.12975 


1.28589 


0.1 


8 


0.08907 


0.05191 


0.04418 


0.09962 


0.18507 


0.29229 


0.41821 


0.56028 


0.71619 


0.88385 


1.06138 




4 


0.17814 


0.11611 


0.07466 


0.10807 


0.18885 


0.29500 


0.42056 


0.56245 


0.71824 


0.88578 


1.06322 




2 


0.35628 


0.23741 


0.15314 


0.14833 


0.20972 


0.30905 


0.43187 


0.57237 


0.72727 


0.89416 


1.07106 




1 


0.71257 


0.44771 


0.31580 


0.27513 


0.30253 


0.37938 


0.48905 


0.62143 


0.77082 


0.93362 


1.10728 




0.5 


0.87877 


0.78745 


0.68433 


0.63919 


0.64349 


0.68712 


0.76299 


0.86540 


0.98949 


1.13119 


1.28721 


0.5 


8 


0.08906 


0.06808 


0.06399 


0.10859 


0.18919 


0.29433 


0.41920 


0.56068 


0.71623 


0.88366 


1.06104 




4 


0.17812 


0.12590 


0.09246 


0.11975 


0.19463 


0.29798 


0.42213 


0.56325 


0.71857 


0.88582 


1.06307 




2 


0.35625 


0.24276 


0.16444 


0.16010 


0.21756 


0.31380 


0.43480 


0.57421 


0.72844 


0.89488 


1.07148 




1 


0.71249 


0.45066 


0.32164 


0.28255 


0.30946 


0.38489 


0.49323 


0.62460 


0.77327 


0.93554 


1.10882 




0.5 


0.88006 


0.78934 


0.68724 


0.64289 


0.64756 


0.69120 


0.76686 


0.86897 


0.99274 


1.13415 


1.28989 
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Table 7.22. Frequency parameters for [0°,90°] graphite/epoxy open barrel shells, b/Rp = 2.0, Rp/h = 10 (Qatu 2004). 



a/R a 


a/mRp 


0 


1 


2 


3 


4 


n 

5 


6 


7 


8 


9 


10 


-0.5 


8 


0.08908 


0.01671 


0.11438 


0.26359 


0.46040 


0.69564 


0.96079 


1.24872 


1.55375 


1.87149 


2.19861 




4 


0.17817 


0.06070 


0.11172 


0.26336 


0.46133 


0.69697 


0.96222 


1.25014 


1.55512 


1.87280 


2.19984 




2 


0.35634 


0.16570 


0.13927 


0.27289 


0.46888 


0.70407 


0.96896 


1.25649 


1.56106 


1.87834 


2.20501 




1 


0.71268 


0.35188 


0.26428 


0.34519 


0.51970 


0.74520 


1.00439 


1.28789 


1.58932 


1.90404 


2.22856 




0.5 


0.87667 


0.71791 


0.63132 


0.66481 


0.78388 


0.96535 


1.19179 


1.45059 


1.73286 


2.03230 


2.34437 


- 0.1 


8 


0.08908 


0.02800 


0.10942 


0.25976 


0.45745 


0.69323 


0.95873 


1.24690 


1.55211 


1.87000 


2.19723 




4 


0.17815 


0.07628 


0.11410 


0.26180 


0.45936 


0.69508 


0.96049 


1.24855 


1.55366 


1.87144 


2.19857 




2 


0.35630 


0.17484 


0.14852 


0.27562 


0.46928 


0.70365 


0.96823 


1.25563 


1.56016 


1.87744 


2.20413 




1 


0.71260 


0.35664 


0.27158 


0.35049 


0.52280 


0.74701 


1.00548 


1.28855 


1.58971 


1.90425 


2.22865 




0.5 


0.87809 


0.72049 


0.63517 


0.66893 


0.78763 


0.96855 


1.19450 


1.45290 


1.73487 


2.03407 


2.34594 


0.1 


8 


0.08907 


0.03815 


0.11023 


0.25942 


0.45691 


0.69265 


0.95815 


1.24634 


1.55157 


1.86949 


2.19674 




4 


0.17814 


0.08417 


0.11748 


0.26231 


0.45919 


0.69471 


0.96004 


1.24808 


1.55319 


1.87098 


2.19813 




2 


0.35628 


0.17940 


0.15370 


0.27769 


0.47003 


0.70386 


0.96819 


1.25546 


1.55993 


1.87718 


2.20385 




1 


0.71257 


0.35899 


0.27527 


0.35330 


0.52454 


0.74810 


1.00618 


1.28902 


1.59004 


1.90448 


2.22881 




0.5 


0.87877 


0.72175 


0.63707 


0.67099 


0.78952 


0.97018 


1.19588 


1.45409 


1.73591 


2.03499 


2.34676 


0.5 


8 


0.08906 


0.06036 


0.11821 


0.26191 


0.45769 


0.69273 


0.95789 


1.24591 


1.55105 


1.86892 


2.19616 




4 


0.17812 


0.10007 


0.12807 


0.26590 


0.46050 


0.69510 


0.95999 


1.24781 


1.55279 


1.87051 


2.19762 




2 


0.35625 


0.18849 


0.16500 


0.28318 


0.47259 


0.70510 


0.96877 


1.25568 


1.55993 


1.87704 


2.20363 




1 


0.71249 


0.36366 


0.28274 


0.35924 


0.52840 


0.75064 


1.00793 


1.29027 


1.59096 


1.90517 


2.22933 




0.5 


0.88006 


0.72423 


0.64085 


0.67510 


0.79332 


0.97348 


1.19872 


1.45655 


1.73806 


2.03689 


2.34847 



CO 
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frequency is observed to reach a minimum value at a certain a/R a ratio (Figure 7.10). For 
higher frequencies, introducing a negative curvature increases the frequencies. 



7.7. NON CIRCULAR CYLINDRICAL SHELLS 

This chapter has so far dealt with cylindrical shells having circular cross-sections. The 
circular cross-section of the cylindrical shell is a direct result of constant curvature. 
Cylindrical shells and other shells of revolutions can be built with variable curvature in the 
circumferential direction. This will result in cylindrical shells with a non-circular cross- 
section. The literature on the mechanics of such shells was reviewed by Soldatos (1999). 
Among the widely studied non-circular cylindrical shells are shells with elliptic cross-section. 

Vibration analysis of laminated composite non-circular cylindrical shells received 
limited attention. Suzuki et al. (1994, 1996) developed the fundamental equations for thin 
and thick laminated non-circular cylindrical shells and presented solutions. 

Consider the non-circular cylindrical shell shown in Figure 7.11. The curvature can be 
taken as 

d0 1 

= _ = G<M) (7.43) 

d/3 r 

where G is a constant and ( l> a function of 0. 
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Figure 7.11. Non-circular cylindrical shell. 



7.7.1 Thin non-circular cylindrical shells 

Eq. (2.61) of Chapter 2 can be specialized for non-circular cylindrical shells to give the 
following slopes 

fc =“S ! ' (744) 

When the general equations derived earlier for general shells in Chapter 2 are specialized 
to those of non-circular cylindrical shells, the following midsurface strains and curvature 
changes are obtained 



e 0 a ~ 



dll 0 

da 



k„ = — 



t = G<T> 



d 2 W Q 
da 2 ’ 

9 



9a 



e 0 e = G<P ^ + w 0 j , y Oa0 = 

kp= ~ G ^Vo{ G ^{jo~ v °)) 

y V ° 2 90 9 a) 



9vo 

9a 



G<P 



9«o 

Jo 



(7.45) 



Eqs. (2.64) and (2.65) are valid for the stress resultants of non-circular cylindrical 
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shells. The equations of motion are 



dN a 

d a 



ntf ,dN a e , T 9 ” m o 
G<P -^r- +P a = h 



G<f>- 



dNn 



90 

G<PN g 



9 0 
d N ae 
9 a 
9 2 M a 
0 a 2 



G<^G<£ 
2 G<P 



9 t z 

0M, 



e 



9 0 

ad 



9 2 M, 



909 a 



dM. 



a0 



0a 

(G<P) 2 



1 , _ J 

\ +Pe ~ h ^F 

d 2 M, 



(7.46) 



002 



4” Pn — h 



9 2 tv 0 

9r 2 



Substituting Eqs. (7.45) and (2.64) into Eq. (7.46) yields the equations of motion in terms 
of displacement (Suzuki et al. 1994). Strain energy can also be derived in a manner similar 
to that done for plates and circular cylindrical shells using Eqs. (5.12) and (5.13). 



7. 7.2 Thick non-circular cylindrical shells 

The middle surface strains and curvature changes for thick non-circular cylindrical shells are 



e 0a ~ 



e 0aS — 



To az 



9 u Q 

da 

9vo 

9a 

9w 0 

da 

a 

da 



- rrh( 9v ° 
&of) — G^P\ ■ 

00 V 00 
e ° ea ~ G ®Je 



■w 0 



<Ig 



TO/3; 



= G<P 



/ 0w o \ 

\w~ Vo ) 



(7.47) 









K -=T^- K ‘- = G0 ltF 



Eqs. (2.41) and (7.13) can be applied for non-circular cylindrical shells. The terms Ay, B, r D, 7 , 
Ay, By, and Dy as specialized in Eqs. (7.14) and/or (7.15) can be expanded to treat the problem 
of non-circular cylindrical shells. This will introduce the difficulty of having the stress 
resultants as functions of the coordinate 0, which would complicate the equations. It is 
proposed to use the average radius of curvature of the shell for R in these equations. 

The equations of motion for non-circular cylindrical thick shells are 



9 a 

90 



G<P 



9 N, 



Ba 



- G<PN g 
9 M, 



0 0 
QNqg 
9a 
dQa 



da 



da 



00 



^dM« 
G<P 



dM. 



aB 



+ q a = CfllQ + l 2 4<a) 

+ G<P Q g + q 0 = {I\Vq + Is^b) 

+ + Qn = Q\ Wo) 

' ~ Qa + m a = (IiUq + 

' ~ Qb + tn e = (7 2 v5 + l^g) 



(7.48) 



9 0 



9a 
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The equilibrium equations can be written in terms of displacements as Lyu t + My Uj = q 
(Eq. (5.31)). 



7.7.3 Vibration of non-circular cylindrical shells 

Closed non-circular thin cylindrical shells were considered by Suzuki et al. (1994), and 
later thick ones were treated by Suzuki et al. (1996). The shells considered had 
symmetrical lamination and cross-ply sequence. This results in A 16 = A 2( = A 45 = /) 24 = 
0. In addition, all the By terms are zeros. The shell had shear diaphragm at both open ends. 

The procedure described by Suzuki for obtaining exact solutions is based on the Levy 
solution presented earlier for shells and plates with two opposite edges having shear 
diaphragm boundaries. For thin shells the solution takes the form 

( rm r \ 

—j— a Isin(wf) 

( /77/jT \ 

— — alsin((wf) (7.49) 

( W.77 \ 

—j-a\sm((ot) 

This solution satisfies the shear diaphragm boundaries at a = 0 and I. A similar solution 
can be obtained for thick shells 



u Q (a , 6,t) = M m (0)cos( — — a]sin(<wf) 



( nn t \ . 
— ajsir 



v 0 (a, 6, t ) = v m (0)sin 
w Q (a, 0,t) = wJ6 ) sin 



( m ir \ . 

a I si 

i ) 

( imr \ 

T“ ] S1 

( tm r \ . 

— ajsu 



sin( cot) 
sin(<Mt) 



fjoc, 9,t) = ilf am (9 ) cos — a sin(wf) 



i// e (a, 9,t) = f gm (9 ) sin 



( mu \ . 

a Isi 

/ ) 



sin(wr) 



(7.50) 



The above solutions can be substituted in the equations of motion (when written in terms 
of displacements). This will reduce the system of partial differential equations with a and 
9 as variables to a system of ordinary differential equations with only 9 as a variable. The 
solution is found by expressing the function ( l> as an infinite power series in 9 and 
assuming the functions n,„, v,„, w m , (/%„, and ij/ enl as infinite power series of 9. Then the 
problem is divided into different classes of symmetry and each class is treated 
independently (Suzuki et al 1994, 1996). 
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r 0 = 



Let us define a representative radius and ellipticity of the cross-section as 

/ 



Mo = 



a 2 + b 2 

~2 
2 7,2 

a — b 

a 1 + b 2 



(7.51) 



one obtains 

<Z*0) = (1 + Mo cos(20)) 3/2 

1 



G = 



(7.52) 



1 “ Mo 



Graphite/epoxy materials (G/E) with E 1 = 138 GPa, E 2 = 8.96 GPa, 
G12 = G 13 = 7.1 GPa, G 2 3 = 3.45 GPa, p 12 = ^3 = v 22 = 0.3 are considered by Suzuki 
et al. (1994, 1996). Results were obtained for non-circular cylindrical shells with various 
symmetries in 9. If symmetry about both axes ( 6=0 and tt/ 2) is considered, the resulting 
modes will be referred to as SS modes. Similarly, one obtains SA, AS and AA modes, 
where in the last, antisymmetry exists around the two axes. 

Table 7.23 gives the results obtained for a three layer [0°, 90°, 0°]. For various lengths 
and ellipticity values. Moderately thick shells are considered with r„ = 6/z. The frequency 
parameter LI = a)r}^\2p(\ — V\ 2 v 2 \)/E\ is used. Some results were not reported because 
of computational limitations. 



7.8. RECENT DEVELOPMENTS 

Recent advances in the research performed on laminated composite cylindrical shells can 
be found in the review article by Qatu (2002a). Thin cylindrical shells were analyzed by 
many researchers including Rezaeepazhand et al. (1996), Christoforou and Swanson 
(1990), Lakshminarayana and Dwarakanath (1992), Narita et al. (1993), Heyliger and 
Jilani (1993), Chen, et al. (1998a, b), Tighe and Palazotto (1994), Kubala and Markus 
(1994), Sorokin (1995), Birman and Magid (1994), Lam and Loy (1995a, b), Zarutsky 
(1995), Bercin (1996), Ip et al. (1996), Bespalova and Kitaigorodsky (1996), Hu et al. 
(1997), Lam et al. (2000), and Lee and Lee (1997). Loy et al. (1999) studied the vibrations 
of antisymmetric angle-ply laminated cylindrical panels with different boundary 
conditions. 

Thick cylindrical shells were considered in various articles including Khdeir and 
Reddy (1990), Carrera (1991), Chun and Dong (1992a, b), Ganapathi et al. (1994), Tarn 
(1994), Mizusawa and Kito (1995), Suzuki et al. (1996), Mizusawa (1996), Kumar and 
Singh (1996), Shulga et al. (1999) and Xi et al. (1996). Point supported cylindrical shells 
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Table 7.23. Frequency parameters 12= wr^JUpll — of a three layer f0°,90°,0°] 

graphite/epoxy non-circular cylindrical shells. r 0 /h = 6 h (SDST) (Suzuki el al. 1994, 1996). 



Symmetry 


inir // 


Mode no. 


0.1 


Ellipticity, /z 0 
0.2 


0.3 


0.4 


SS modes 


0.5 


First 


0.172 


0.171 


0.169 


0.167 






Second 


3.085 


3.079 


3.069 


3.054 




1.0 


First 


0.253 


0.248 


0.241 


0.232 






Second 


3.129 


3.125 


3.116 


3.101 




2.0 


First 


0.660 


0.639 


0.606 


0.562 






Second 


3.394 


3.390 


3.381 


3.363 




3.0 


First 


1.386 


1.331 


1.248 


1.144 






Second 


3.944 


3.944 


3.935 


3.909 


SA modes 


0.5 


First 


0.053 


0.056 


0.060 


0.063 






Second 


1.056 


1.050 


1.041 


1.029 




1.0 


First 


0.288 


0.307 


0.326 


0.345 






Second 


1.105 


1.099 


1.089 


1.075 




2.0 


First 


1.217 


1.267 


1.272 


- 






Second 


1.403 


1.437 


1.509 


1.598 




3.0 


First 


1.963 


1.921 


1.865 


1.800 






Second 


2.663 


2.916 


3.179 


3.446 


AS modes 


0.5 


First 


0.046 


0.042 


0.038 


0.034 






Second 


1.056 


1.050 


1.041 


1.028 




1.0 


First 


0.247 


0.226 


0.204 


0.182 






Second 


1.105 


1.099 


1.089 


1.076 




2.0 


First 


1.037 


0.938 


0.838 


0.737 






Second 


1.399 


1.397 


1.391 


1.377 




3.0 


First 


1.947 


1.816 


1.632 


1.439 






Second 


2.250 


2.164 


2.129 


2.098 


SS modes 


0.5 


First 


0.179 


0.192 


0.208 


0.227 






Second 


3.085 


3.080 


3.073 


3.066 




1.0 


First 


0.253 


0.250 


0.245 


0.237 






Second 


3.129 


3.126 


3.120 


3.115 




2.0 


First 


0.664 


0.654 


0.638 


0.615 






Second 


3.394 


3.392 


3.392 


- 




3.0 


First 


1.398 


1.375 


1.337 


1.285 






Second 


3.944 


3.947 


3.949 


- 



were treated by Chakravorty et al. (1995a, b). Recently, Soldatos and Messina (2001) 
studied cylindrical shells under different boundaries. 

Layer-wise theory was used by Ramesh and Ganesan (1992), Zenkour (1998), and 
Dasgupta and Huang (1997). The 3D theory of elasticity was used by Ye and Soldatos 
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(1994) and Jiang (1997). Various theories were used and compared for the analysis of 
cylindrical shells by Timarci and Soldatos (1995). Ye and Soldatos (1996) used 3D 
elasticity theory to treat cylindrical shells with arbitrary point supports. Ding and Tang 
(1999) presented 3D free vibration analysis of thick laminated cylindrical shells with 
clamped edges. Non-circular cylindrical shells were analyzed by Suzuki et al. (1994, 
1996) and Kumar and Singh (1995). The literature on this subject was reviewed by 
Soldatos (1999). 

Wang and Vaicaitis (1998) studied active control of vibrations and noise of double 
wall cylindrical shells. Grigorenko (1998), Reddy and Tajuddin (2000) and Soldatos and 
Ye (1994) studied hollow cylinders. Effects of boundary conditions on shell vibrations 
were studied by Messina and Soldatos (1999a, b). 

A nonlinear cylindrical shell theory was introduced by Pai and Nayfeh (1992a,b). 
Nonlinear analysis of cylindrical shells was carried out by various authors including 
Tsai (1991), Raouf and Palazotto (1992, 1994), Soldatos (1992), Fu and Chia (1993) and 
Ganapathi and Varadan (1995). Dynamic stability analysis of cylindrical shells was 
performed in various studies like those of Lam and Ng (1998), Ng and Lam (1999) and 
Ng etal. (1998). 




Chapter 8 

Conical Shells 



Conical shells constitute another special type of shells of revolution. They are formed 
by revolving a straight line around an axis that is not parallel to the line. If the axis 
of revolution is parallel to the line, the special case of cylindrical shells is obtained. 
Figure 8.1 shows a typical closed conical shell of revolution. Conical shells can have 
circular and elliptic cross-sections. Only conical shells with circular cross-sections are 
considered here. Open conical shells can be produced by cutting a segment of the closed 
conical shell. An example of an open conical shell can be obtained by considering the 
shell between 0 = and 0 2 (Figure 8.1). If the side lengths of the open conical shell (for 
the fundamental mode) are less than half the minimum radius of curvature, a shallow 
conical shell theory can be developed to treat such shells (Lim et al. 1998). This will not 
be done here. 

The equation of conical shells can be obtained by deriving and substituting the proper 
Lame parameters of conical shells in the general shell equations. Consider Figure 8.2, 
which is a side view of the conical shell described in Figure 8.1. The fundamental form 
can be written as 

(d.?) 2 = (dct) 2 + a sin 2 ((p)(dd) 2 (8.1) 

which yields the following Lame parameters and radii of curvature are 
A = 1 

B = a sin( <p) 

R a = oo (8.2) 

Rp = a tan(cp) 




Figure 8.1. A closed conical shell. 
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8.1. THIN CONICAL SHELLS 

We will first discuss thin conical shells. The fundamental equations of such shells will be 
derived by substituting Eq. (8.2) into the general equations derived in Chapter 2. 



8.1.1 Kinematic relations 

Substituting Eq. (8.2) into the general Eqs. (2.60) and (2.61) yield the midsurface strains 
and curvature changes for a thin conical shell 

du 0 



1 



3v n 



e oe — 



a sin( cp) f) 0 



Uq 

a 



9v n 



TOaff — 



da 

= 'Ha 
da ’ 



1 



du Q 
a sin( cp) d0 

1 

«e = 



Wp 

a tan(<p) 

_ Vp 
a 



a sin( cp) d0 



'K 

a 



1 



f Ha 

da a sin( 9 ) dO 



a 



(8.3) 



where 



= “ 






vp 

a tan(^o) 



1 9wo 
a sin( cp) dd 



d wp 
da ’ 



(8.4) 
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8.1.2 Stress resultants 

The equations derived earlier for the general thin shells (Eq. (2.64)) can be applied for 
conical shells with proper change in the coordinates. The material considered here have 
conical orthotropy. Note that the assumption of constant stiffness parameters is made here. 
More fibers farther from the axis of revolution may be needed to maintain constant 
stiffness. 



8.1.3 Equations of motion 

The equations of motion of thin conical shells can be obtained by substituting Eq. (8.2) 
into Eq. (2.71). The resulting equations are (after being divided by B = R sin( cp)) 

dN a + N a - N e + 1 dN a8 

d a a a sin(ip) dO 



+ q a — (^i «o) 



1 



dNn 



a sin(^>) d9 



a n. 



ad 



da 



2 N. 



aO 



Qe 



a tan( cp) 



qe = (A Vo) 



(8.5) 



\ a tan( cp) / 
where 



dQ a 

da 



Qa 

a 



1 dQe , _ (T .. 2 . 

— — + q n — (/iw 0 ) 



a sin(ip) dO 



Qa = 






dM a 

da 



1 dM ea 
a sin( <p) 6 0 






Qe = 



1 



dMa 



8 M, 



ae 



2 M. 



ae 



a sin( cp) d 9 



da 



The boundary conditions for thin shallow shells are obtained by substituting Eq. (8.2) into 
Eq. (2.72). For a = constant, the boundary conditions are 



N Qa -N a = 0 
x N 0ag 



or u 0 = 0 



IN, 



0a8 



Qoa 



a tan(ip) 

1 dM 0ae 



) - 

)-( 



N t 



a6 






a tan (cp) ) 



v 0 = 0 



Qa 



1 



a m, 



ae 



a sin( cp) dO J \ a sin( cp) d 9 

M 0a — M a = 0 or ip a = 0 



= 0 



or w 0 = 0 



( 8 . 6 ) 



Moaewfel = 0 




326 



Vibration of Laminated Shells and Plates 



Substituting Eqs. (8.3) and (2.64) into Eq. (8.5) yields the equations of motion in terms of 
displacement. These can be written as 



-12 Li3 



-21 



L 2 2 L 



•23 



«0 

' ; 0 



0 



0 2 

0 ? 



«0 

' ; 0 

Lw 0 J 



E31 z.32 E33JLW0J L 0 0 /[ J 

The L,j coefficients of the above equations are 

0 a \ \ da J \ a / \ a sin( <p) 00 ) ) 

+ ^( A|l (^) + Al2 (^) + ^)) 

" ^( Al2 (i) +A22 (l) +A26 (^M^)) 



~Pa 

~PP 

~Pn J 



1 



a sin( <p) 6 9 
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The level of complexity of above equations is notable. The equations are much simplified 
when symmetrically laminated conical shells are treated. The above equations can be used 
for approximate weighted residual methods like Galerkin’s method. 



8.1.4 Energy functionals for conical shells 

The strain energy functional for a cylindrical shell made of laminated composite can be 
written as in Eqs. (5.12) and (5.13) (U = U s + U b + U hs ) where U s is the part due to 
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(8.11) 



Note that for symmetrically laminated shells, B {j = 0 and, hence, f/ hs = 0. The work done 
by the external forces as the shell displaces is the same as in Eq. (5.17), and the kinetic 
energy of the entire thin conical shell is expressed with the same equations used for plates 
(Eq. (5.18)). 



8.2. THICK CONICAL SHELLS 

The fundamental equations of thick conical shells will be derived by substituting the Lame 
parameters and radii of curvature of Eq. (8.2) into the general equations derived for thick 
shells in Chapter 2. 
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8.2.1 Kinematic relations 

Substituting Eq. (8.2) into the general equations (2.37) and (2.38) yields the midsurface 
strains and curvature changes for a thick conical shell are 
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8.2.2 Stress resultants 

The equations derived earlier for the general thick shells (Eqs. (2.4 1 )— (2.44)) are 
applicable for the special case of conical shells. The resulting stiffness parameters will be 
functions of the coordinates. This is because the radius of curvature is not constant for 
conical shells. This will yield equations that may not be attractive for practicing engineers 
and researchers. It is proposed here to take the average curvature of the conical shells 
when using these equations. Once this is done, Eqs. (2.41)— (2.44) can be reduced to those 
of conical shells. This yields equations similar to those found earlier for cylindrical shells 
(Eq. (7.14)). Alternatively, the truncated equations (2.46)-(2.48) can also be used which 
will yield equations similar to those found for cylindrical shells (Eq. (7.15)). In both cases, 
R should be taken as the average curvature. 



8.2.3 Equations of motion 

The equations of motion of thick conical shells can be obtained by substituting Eq. (8.2) 
into Eq. (2.56) derived earlier for shells in curvilinear coordinates. The resulting 
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equations, when divided by B (= a sin(<p)), are 
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The equilibrium equations can be written in terms of displacements L i; m, + M^ii, 
stiffness parameters Ly are 
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Eq. (7.17) gives the coefficients of the mass matrix. Note that the average radius of 
curvature should be used for R. The boundary conditions for thick conical shells are given 
in Eq. (2.58). 



8.3. FREE VIBRATIONS 

The free vibrations of conical shells can permit exact solution in a manner similar to that 
described earlier for flat plates and shallow shells having two opposite edges simply 
supported with shear diaphragm boundaries and cross-ply lamination method. Tong 
(1993a) obtained such exact solution for thin conical shells and later (Tong 1994a) for 
thick conical shells. Shu (1996) used differential quadrature to obtain natural frequencies. 
Lim et al. (1997b, 1998) obtained results for untwisted and twisted cantilevered shallow 
conical shells using the Ritz method. 

Table 8.1 shows frequency parameter for fl = u>R 2 ^J ph / A n for closed cones with S2 
boundary conditions. Antisymmetric cross-ply [0°, 90°] lamination was used. The results 
were obtained by Tong et al. (1994a) using exact solutions. Both a thin (classical) shell 
theory (CST) and a thick (shear deformation) shell theory (SDST) were used to obtain 
results for various thickness ratios. As was observed earlier, the difference between both 
theories is minimal for very thin shells (h/RX) of 0.01. This difference reaches 4% for a 
thickness ratio of 0.05 (corresponding to R 2 /h = 20) for <p = 30° and 8% for the same 
thickness ratio and <p = 45°. The difference between both theories doubles for moderately 
thick shells with a thickness ratio ( h/R * 2 ) of 0.1, which is not acceptable for engineering 
applications, and SDST should be used for such a thickness ratio. 

Table 8.2 shows the same frequency parameter for closed cones with different boundary 
condition. The results are obtained by using the differential quadrature method (Shu 1996). 
Four boundary conditions are analyzed. One cone angle (<p= 30°) is used in these results. 
An SC boundary condition represents a cone that is simply supported at the end having 
smaller radius of curvature and clamped at the other end having larger radius of curvature. 

The first observation made here is that the effect of the thickness ratio is much higher 
for cones with higher degree of fixation. Changing the thickness ratio from 0.01 to 0.1 
in the clamped cone resulted in frequency parameters that are five times higher. Doing 
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Table 8.1. Frequency parameter for Cl = 


(oR 2y /ph/A n for closed 


cones with S2 boundary conditions. 


h/V® 




SDST 




CST 


tp= 30' 


D 








0.01 




0.1768 




0.1769 


0.02 




0.2091 




0.2119 


0.03 




0.2304 




0.2360 


0.04 




0.2495 




0.2578 


0.05 




0.2681 




0.2794 


0.06 




0.2862 




0.3010 


0.08 




0.3193 




0.3426 


0.10 




0.3469 




0.3801 


-e 

II 

-p^ 

Ut 


D 








0.01 




0.2270 




0.2321 


0.02 




0.2691 




0.2797 


0.03 




0.3000 




0.3164 


0.04 




0.3302 




0.3529 


0.05 




0.3610 




0.3905 


0.06 




0.3914 




0.4290 


0.08 




0.3193 




0.3426 


0.10 




0.3469 




0.3801 


Antisymmetric cross-ply [0°, 90°], E\ /E 2 = 15.0, Gyi/E^ = 0.5, 


162 = 0.25, 163 : 


— v 23 — 0.3, G u /E 2 = 


G 23 /£ 2 


= 0.3846, 1/(R* 2 ) = 0.5 (Tong 1994a). 






the same for the simply supported 


cones resulted only 


in doubling the frequency. Both 


cones 


with SC and CS boundaries gave results in between, but they 


were closer to the 


completely clamped cone. 








Table 8.2. Frequency parameter for Cl = 


cuR^sJ fill / A 1 1 for closed 


cones. 




h/(R* 2 ) 


SS 


SC 


CS 


CC 


0.01 


0.1799 


0.2656 


0.2641 


0.2986 


0.02 


0.2153 


0.3852 


0.2894 


0.4625 


0.03 


0.2397 


0.4958 


0.5027 


0.6210 


0.04 


0.2620 


0.5975 


0.6141 


0.7752 


0.05 


0.2841 


0.7044 


0.7246 


0.9331 


0.06 


0.3061 


0.8059 


0.8381 


1.0843 


0.08 


0.3484 


1.0045 


1.0466 


1.3845 


1.00 


0.3863 


1.2036 


1.2571 


1.5737 



Antisymmetric cross-ply [0°, 90°], E i /E 2 = 15.0, v l2 = 0.25. G\ 2 /E 2 = 0.5; / sinf = 0.5, <p = 30° 
(Shu 1996). 
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Vibration of Laminated Shells and Plates 



The second observation made here is that the fundamental frequency occurs at a 
higher number of circumferential half sine waves for thin shells than it does for thick 
shells. This was observed earlier for cylindrical and barrel shells. 

Table 8.3 shows results obtained for open shallow conical shells by Lim et al. (1998). 
A shallow conical shell with 0, — 0 2 = 30° (see Figure 8.1) is used in the analysis, with 
i p = 15°. The shell is cantilevered at the wider end. E-glass/epoxy materials are used in the 
analysis. The lamination angle is varied from 0 to 90° in 15° increments. The lamination 
sequences of [— 8, 8, 8, — 8) which are symmetrically laminated and [—8, 8,-0, 8] which 
are antisymmetrically laminated have been used. Shell’s aspect ratio (l/b) is 1.5 with the 
length of the shell (/) being 1.5 times the curved clamped edge ( b ). A thin shell with a 
thickness ratio (l/h) of 100 is used. The Ritz method is used in this analysis. 

Interestingly, the unsymmetric lamination yielded slightly higher fundamental 
frequencies. The maximum fundamental frequency was obtained at a lamination angle 
of 30°. The difference, however, between the symmetric and unsymmetric lamination 
sequences studied here is very small. 

It is also noticed that a lamination angle other than 0° yielded higher frequencies. The 
fundamental frequency can be maximized by about 10% with the optimal choice of fiber 
angle. The second frequency was obtained at a lamination angle of 0°. A study of the mode 



Table 8.3. Frequency parameter for LI = wl^/p/Ey for an open cantilevered (the wider curved boundary 
is clamped and the others free) conical shell with E-glass/epoxy materials. 



6 (degrees) 


1 


2 


3 


4 


[-0, 6 , 9, - 


0] lamination 








0 


0.033727 


0.044772 


0.12099 


0.12207 


15 


0.034688 


0.043762 


0.12107 


0.12473 


30 


0.035949 


0.040259 


0.12079 


0.13008 


45 


0.034834 


0.036298 


0.11712 


0.13574 


60 


0.032148 


0.033685 


0.11017 


0.13669 


75 


0.030752 


0.031168 


0.10277 


0.13404 


90 


0.029683 


0.030690 


0.099392 


0.13229 


[ — 9, 0, — 0, 0] lamination 








0 


0.033727 


0.044772 


0.12099 


0.12207 


15 


0.034638 


0.043723 


0.12223 


0.12366 


30 


0.036082 


0.040105 


0.12319 


0.12826 


45 


0.035393 


0.036092 


0.11994 


0.13451 


60 


0.032286 


0.034065 


0.11233 


0.13649 


75 


0.031013 


0.031146 


0.10354 


0.13400 


90 


0.029683 


0.030690 


0.099392 


0.13229 



l/h = 100, (p = 15°, 6 1 ~ &2 = 30° (see Figure 8.1). Lim et al. (1998). 
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shapes published by Lim et al. (1998) revealed some skewness in the nodal lines, similar 
to that observed earlier for shallow shells. 



8.4. RECENT DEVELOPMENTS 

Thin conical composite shells were treated by many researchers (Ganapathi et al. 1999; 
Kayran and Vinson 1990a, b; Sivadas and Ganesan 1992, 1993; Wu and Wu 2000; 
Shu 1994; Kumar and Singh 1996; Lim et al. 1998). Thick conical shells were studied in 
several articles including those by Ramesh and Ganesan (1992, 1993), Tong (1993a, b, 
1994a, b, 1996), Xi et al. (1996) and Lu et al. (1996). Lim et al. (1997b, 1998) addressed 
the vibration behavior of cantilevered laminated composite shallow conical shells. Liu 
et al. (1997) studied vibrations of joined conical shells. Gofman (1998) examined the 
steady-state torsional oscillations of multilayer truncated cones. 

Korjakin et al. (1998) looked at damped vibrations of laminated composite conical 
shells. Stiffened conical shells were discussed by Khatri (1995). Sivadas and Ganesan 
(1991b, 1992) studied composite conical shells with variable thickness. Khatri and Asnani 
(1995, 1996) treated damping in multilayered conical shells. Prestressed conical shells 
were treated by Sivadas (1995a,b). Nonlinear analysis of composite conical shells was 
discussed by Xu et al. (1996) and Liu and Li (1995). 




Chapter 9 

Spherical Shells 



Spherical shells are another special case of shells of revolution. For these shells, a circular 
arc, rather than a straight line, revolves about an axis to generate the surface. If the circular 
arc is half a circle and the axis of rotation is the circle’s own diameter, a closed sphere will 
result. 

Shallow spherical shells on both rectangular and circular planforms were treated in 
Chapter 6. Such shells were referred to as spherical caps when they possess circular 
planforms. These shallow shells can have both rectangular orthotropy as well as spherical 
orthotropy. The treatment of both was described in the earlier chapter. 

The emphasis in this chapter is on closed or deep spherical shells composed of layers 
having spherical orthotropy. The literature on closed composite spherical shells is limited. 
This could be due to the difficulty of producing laminates that form closed spheres. 
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